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Summary 
The first mathematics course for approximately 53 percent of U. S. community college 
students is a developmental algebra course. Many such students appear to be severely 
debilitated by their previous encounters with mathematics. Due to numerous miscon- 
ceptions that dictate against a traditional course, a "reform" beginning algebra course, 
with function as the unifying concept, was designed. Since there is little research on 
this population to justify such a approach, the key research question for this thesis 
becomes: Can adult students who arrive at college having had debilitating prior experi- 
ences with algebra acquire at least a process level understanding of function through 
appropriate instructional treatment? Answering this question provides crucial informa- 
tion for future curricular design in the area of developmental mathematics at the col- 
lege level. 
The theoretical framework considers different aspects that make up the function con- 
cept, taking critical account of several current theories of multiple representations and 
encapsulation of process as object to build a view of function in terms of different fac- 
ets (representations) and different layers (of development via procedure, process, 
object, and procept). 
Ninety-two students at four community colleges completed written function surveys 
before and after a "reform" beginning algebra course. Twelve students, representing all 
four sites, participated in task-based interviews. Comparison of pre- and post-course 
surveys provided data indicating statistically significant improvement in student abili- 
ties to correctly interpret and manipulate function machines, two-variable equations, 
two-column tables, two-dimensional graphs, written definitions and function notation. 
The students were divided into three categories (highly capable, capable, and incapa- 
ble) based on their demonstrated understanding of function. Using the interviews, vis- 
ual profiles for students in each category were developed. The profiles indicate that the 
development of the concept image of function in such students is complex and uneven. 
The cognitive links between facets is sometimes nonexistent, sometimes tenuous, and 
often unidirectional. The highly capable demonstrated some understanding across all 
facets while the incapable indicated understanding of the more primitive facets, such 
as colloquial and numeric, only. Profound differences were noted particularly in the 
geometric, written, verbal, and notation facets. Overall, the target population appeared 
able to develop a process layer understanding of function, but this development was far 
from uniform across facets and across students. 
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CHAPTER I Thesis Overview 
1.1 Introduction 
A vexing problem facing U. S. college mathematics departments today is the sizable 
percentage of the student body that must begin their college career in a non-credit 
mathematics course. Courses that fall under this umbrella include arithmetic, geome- 
try, beginning algebra, and intermediate algebra. A 1995 survey completed by 275 
United States community colleges reported that 53 percent of the nearly 1.5 million 
community college students were enrolled in a developmental mathematics class 
(Loftsgaarden et al., 1997). Of these, 304,000 were enrolled in beginning algebra, the 
course that is the focus of this thesis (ibid). Sixty-three percent of mathematics depart- 
ment heads listed remediation as the major problem they face (ibid). Many develop- 
mental algebra students have been debilitated by their previous exposure to algebra. 
The students who participated in the main study for this thesis had, on the average, 
taken approximately 1.4 years of algebra previously. Fifty-nine percent of these stu- 
dents were younger than 21 years of age while 20 percent were older than 30. On a 
student attitude survey completed by 285 beginning algebra students, the statement 
"The mathematics I learn in school is mostly facts and procedures that have to be 
memorized" registered significantly high agreement. This audience is unique in that 
the students are mature and experienced and yet commonly exhibit *a procedural 
approach to mathematics. Succeeding with this population may require providing the 
students with a completely different educational experience. One option, makes func- 
tion the core concept, following the philosophy of Yerushalmy and Schwartz, who 
state: "... we believe that function is the fundamental object of algebra and that it ought 
to be present in a variety of representations in algebra teaching and learning from the 
outset" (1993, p. 41). The American Mathematical Association of Two-Year Colleges 
(AMATYC), in its Standards document (1995), recommends that "function" be one of 
the central themes of the Standards for Content (p. 13). A focus on function in devel- 
opmental algebra might be a viable alternative to the standard skills-based develop- 
mental algebra courses. 
The research reported in this thesis focuses on the understanding of functions that stu- 
dents acquire as a result of completing a "reform" beginning algebra curriculum. The 
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curriculum, which serves as the independent variable, is defined by a text (DeMarois, 
McGowen, & Whitkanack, 1996a) that uses context-based problems, function, and 
technology to develop algebraic understanding. Using "function" as a focal point of 
their beginning algebra course, the authors hope to provide students with a vehicle to 
build meaning into their work with algebra. The analysis of the data suggests that 
function is not beyond the conceptual grasp of students at this level. The understand- 
ing of function acquired by these students as a result of a semester with the "reform" 
curriculum serves as the dependent variable. For beginning algebra students, a "proc- 
ess" level understanding of function is probably more than sufficient for their future 
mathematical needs. "Process" level means the ability to view, manipulate, and cogni- 
tively reflect on the various ways function is presented and described from the point of 
view that a function consists of a set of inputs and a corresponding set of outputs, each 
output unique for a given input, in which some process defines how to determine out- 
put from input. The evidence suggests that many students can gain at least a "process" 
level understanding of function. 
1.2 Background and Statement of the Problem 
1.2.1 Creating debilitated students 
Critical to understanding the nature of the debilitation that has occurred in beginning 
algebra students is the concept of procept, introduced by Gray and Tall (1994), who 
write: "An elementary procept is the amalgam of three components: a process that 
produces a mathematical object, and a symbol that represents either the process or the 
object" (p. 121). For example, the notation f (x) where f is the name of a function con- 
tains the ideas of a process to follow to produce output from input, an object-a func- 
tion, and a symbolism f (x) that can represent either the process or the object. The 
ambiguity of the symbolism gives the symbolism its power. Those who can move eas- 
ily between the various meanings of such symbolism have compressed the information 
inherent in the symbolism. Meaning for symbols often develops by first doing proce- 
dures such as evaluating a function at a given number. Procedures may then mature 
into processes in which the idea that a function produces output from input is under- 
stood by the student without having to apply a specific algorithm to an input to get an 
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output. At some point, the concept may mature in the student's mind to the point where 
it can be thought about as an object. In this case, the student can perform operations 
on this object "function; " such as differentiation. The ability to think flexibly about a 
concept, such as function, as both a process and an object is referred to as proceptual 
thinking. Contrasting this, thinking that is dependent on the selection and perform- 
ance of appropriate procedures is called procedural thinking. Tall (1996) writes: 
"Procedures allow individuals to do mathematics, but learning lots of separate proce- 
dures and selecting the appropriate one for a given purpose becomes increasingly bur- 
densome. Procepts allow the individual not only to carry out procedures, but to regard 
symbols as mental objects, so they can not only do mathematics, they can think about 
the concepts" (p. 12). Students who rely on procedural thinking are doing much more 
difficult mathematics. Mathematics, for them, consists of disconnected cognitive units 
of algorithms triggered by a specific problem format. The divergence between those 
who interpret processes only as procedures and those who see them as flexible pro- 
cepts is called the proceptual divide (Gray & Tall, 1991). In essence, the more able 
depend on procepts while the less able depend on procedures. As cognitive strain 
grows, a student, who up to that point may have been successful, encounters difficulty 
and asks "tell me how to do it, ' desiring the security of a procedure rather than the 
flexibility of a procept. From this point on failure is almost inevitable. If someone who 
has turned to procedural thinking finds security, then additional practice of those pro- 
cedures does little more than widen the proceptual divide. Developmental algebra 
instructors regularly encounter symptoms of the proceptual divide. Their students try 
to memorize so many procedures with so little understanding that algebra is a mish- 
mash of disconnected procedures. For example, students often feel they must perform 
a procedure when given an algebraic expression. As Tall states, "... the difficulties that 
average college students have with algebra occur because of previous rule-bound 
approaches to the subject. When students do not understand what something is, at least 
they can get temporary success by becoming secure with procedures to do things with 
it" (1992, p. 3). Developmental algebra students appear to take great security and com- 
fort in procedures. Unfortunately, the procedures are often poorly understood and 
incorrectly used. 
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The fact that many students in beginning algebra have had algebra before results in a 
mental network of concept images rife with misinformation. Such cognitive networks 
contain concept images that conflict with concept definitions (Tall & Vinner, 1981). 
Concept definition refers to the mathematical definition of a concept, while concept 
image is everything associated in somebody's mind with the concept name. The stu- 
dents' prior exposure to the concepts is detrimental due to the inappropriate existing 
network. As Ausubel (1968) stated, "The most important single factor influencing 
learning is what the learner already knows" (p. vi). It is often the case that what the 
learner knows is replete with misconceptions. Personal observation suggests that stu- 
dents' concept images of variables and equations displays little overlap with the defini- 
tion of these concepts, for example. What happens when a new idea is presented in this 
context? Consider what Hiebert & Carpenter (1992) say about existing networks: "If 
the learner tries hard to fit a new idea, fact, or procedure into a current way of thinking, 
existing networks constrain the relationships that are created. At the other extreme, a 
learner may represent new information in a way that does not connect it with existing 
networks" (p. 70). Two potential problems arise. An existing network that is incor- 
rectly constructed constrains the construction of the web for a new idea. The result is a 
construction rife with misconceptions. On the other hand, if the new idea does not con- 
nect with the existing networks, a lack of connections between old and new occurs 
leading to disjointed and unusable knowledge. 
Due to prior acquaintance with numerous concepts, students exhibit profound learning 
interferences. Students are often adept at solving linear equations procedurally, and, as 
a result, resist considering the meaning of such equations or how they arise in various 
situations. They know how to "solve it; " so what's the point in learning more about the 
concept? 
1.2.2 Focusing on function 
In light of the hindrances placed on students by previous exposure to algebra, one 
approach to teaching developmental algebra suggests that the course must be radically 
different from the one students originally took. Using function as the unifying concept 
is one such approach. However, there are those who worry that introducing function at 
Facets and Layers of Function for College Students in Beginning Algebra 4 
Thesis Overview Background and Statement of the Problem 
this level may introduce new obstacles to students. Sierpinska (1992), for example, 
writes: "Lack of algebraic awareness makes the understanding of function very diffi- 
cult if not impossible" (p. 45). The curriculum described in this thesis suggests that 
function be used as a vehicle to develop algebraic awareness. 
1.2.3 Instructional treatment 
The instructional treatment involves a beginning algebra course that focuses primarily 
on function as process and introduces function in a multi-faceted way including writ- 
ten and verbal definitions, graphs, function machines, tables, equations, and function 
notation. The text (DeMarois, McGowen, & Whitkanack, 1996a) emphasizes student 
investigation of problems based on a pedagogical approach that uses a constructivist 
theoretical perspective of how mathematics is learned (Davis et al., 1990). The materi- 
als develop mathematical ideas using a core concept of function. Function is initially 
defined as "a process that receives input and returns a unique value* for output" 
(DeMarois, McGowen, & Whitkanack, 1996a, p. 92). Each function is based in a prob- 
lem situation. Functions are investigated numerically, graphically, and with function 
machines before the symbolic form is created. Tables, equations, graphs, function 
machines, verbal and written descriptions are all used to analyse functional relation- 
ships. 
1.2.4 Theoretical framework 
To develop an appropriate model from which to draw conclusions about student con- 
cept images, the researcher combined function research from several different areas. 
Some researchers (Cuoco, 1994, for example) have focused on the various aspects or 
representations of a concept while others have analysed the depth of understanding of 
a concept (See Dubinsky's APOS theory (Cottrill et al., 1996; Breidenbach et al., 
1992; Dubinsky & Harel, 1992) or Sfard's (1992) operational-structural theory, dis- 
cussed in depth later). The researcher chose to follow Schwingendorf et al. (1992) who 
contrast the vertical development of the concept implying increasing depth and the 
horizontal development relating different representations and implying breadth. 
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The elements of the breadth dimension, called facets, are conceived as consisting of 
various representations, including geometric, numeric, and symbolic. The facets of a 
mathematical entity refer to various ways of thinking about it and communicating to 
others, including verbal (spoken), written, kinesthetic (enactive), colloquial (informal 
or idiomatic), notational, numeric, symbolic, and geometric (visual) aspects. These are 
not intended to be independent or exhaustive, but provide a suitably broad framework 
to begin an analysis of the function concept. 
An area that has received much attention is students' ability to move comfortably 
between facets implying that students can choose the most appropriate facet to use for 
a given problem. Cuoco (1994, p. 125) suggests that the connections between "repre- 
sentations" are properties of a "higher-order function". The connections that are estab- 
lished or fail to exist between facets will be a consideration in this research. 
The word layer is used to refer to each depth dimension. Pre-procedure, procedure, 
process, concept, and procept are the layers of increasing depth. Pre-procedure 
assumes that the student is on the ground floor, so to speak, with respect to a concept. 
A procedure is a coherent sequence of actions-a schema of actions or a specific algo- 
rithm while a process is a cognitive entity, not dependent on individual steps, but rather 
on the result produced. Students at the procedure layer are dependent on the specific 
steps performed. Students at the process layer can cognitively accept the existence of a 
process between input and output without needing to know the specific steps. The con- 
cept layer aligns closely with the ability to treat the mathematical idea as an object to 
which a procedure can be applied. After the concept layer, a procept layer is placed, to 
indicate the flexibility to move easily between process and object layers. 
Using this framework, student profiles are created by combining the two dimensions 
diagrammatically with the layers as concentric circles representing increasing depth, 
sliced into sectors representing various facets (Figure 1.1). The facets should be 
viewed as slices that can be moved around-that is why they are disconnected. The 
nature of the boundaries between various pairs of facets and between successive layers 
is an important part of this research. 
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1.2.5 Research questions 
While using "function" as the unifying concept in a beginning algebra course for col- 
lege students is supported by several calls for reform (See AMATYC, 1996, for exam- 
ple), there is little research on this particular population to justify this approach. Thus, 
the key research question becomes: Can adult students who arrive at college having 
had debilitating prior experiences with algebra develop a process level understanding 
of function through appropriate instructional treatment? 
Before proceeding, a definition of terms is in order. "Appropriate instructional treat- 
ment" means a beginning algebra course using text materials, as previously described, 
that focus primarily on function as process and that introduce function in a multi-fac- 
eted way including written definitions, graphs, function machines, tables, and equa, 
tions. The word "student" refers to an adult community college student enrolled in a 
beginning algebra course in which the instructional treatment described above is used. 
As there is no typical such student, a detailed profile of students included in the study 
is provided. 
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The main research question is addressed by proposing several sub-questions as fol- 
lows: 
1. Will students demonstrate improved capabilities in interpreting the colloquial facet 
of function when asked to find output given input and vice versa? 
2. Will students demonstrate improved capabilities in interpreting the symbolic facet 
of function when asked to find output given input and vice versa? 
3. Will students demonstrate improved capabilities in interpreting the numeric facet 
of function when asked to find output given input and vice versa? 
4. Will students demonstrate improved capabilities in interpreting the geometric facet 
of function when asked to find output given input and vice versa? 
5. Will students demonstrate improved capabilities in the written facet by writing a 
definition of function in terms of a dynamic process? 
6. Will students demonstrate improved capabilities in the notation facet by interpret- 
ing function notation correctly and contextually? 
7. Will students exhibit consistency in their concept definition of function across ver- 
bal and written facets? 
8. Will students demonstrate an ability to adapt alternative concept definitions of 
function into their own written and verbal definitions? 
9. Is the growth of the concept image of function in students uneven? Are the cogni- 
tive links between facets sometimes nonexistent, sometimes tenuous, and some- 
times unidirectional? 
1.3 Design and Methodology 
Both a pilot study and main study were completed to assess the value of the instruc- 
tional treatment in light of the stated research questions. For both pilot and main study, 
students at four United States community colleges completed written pre- and post- 
course surveys (see appendices) probing their understanding of functions. Several of 
these students underwent one task-based interview designed to probe, in depth, their 
understanding of function. 
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The pilot study was conducted during Spring Semester, 1996. Upon analysis of the 
data collected, the surveys and interviews for the main study were modified. The main 
study was conducted during Fall Semester, 1996. Detailed results of both studies and 
how the pilot study influenced the main study are reported in later chapters. 
Data from the pre- and post-course surveys were analysed quantitatively by pairing 
each student's performance on the two instruments. The interviews were video- and 
audio-taped, transcribed, and analysed. Using data collected from all three instru- 
ments, profiles that visually depict students' understanding of function along both 
breadth (facets) and depth (layers) dimensions were developed. 
Sign and Wilcoxon Tests for Paired Data (Alder & Roessler, 1976), t-tests (related), 
and Chi-square were used to document changes in student understanding of function 
from the beginning of the course to the end of the course in the facet (breadth) areas of 
colloquial (function machine), symbolic (equation), numeric (table), geometric 
(graph), and notation (function notation). Systemic network charts (Bliss et al., 1983) 
influenced the measure of the changes along the written definition facet. In addition, 
task-based interviews were used to develop profiles of student understanding of func- 
tion along previously described facets, but also the verbal facet. Through these inter- 
views, detailed profiles were developed for each student subject to look at the depth 
the student can achieve for each facet. The profiles allowed the researcher to assess the 
connections between facets looking at both a student's consistencies and inconsisten- 
cies in their concept image of function with respect to the given facets. Key here is a 
discussion of what boundaries between facets appear to be rather porous as compared 
to which boundaries remain impenetrable. 
1.4 General Conclusions 
Comparison of pre- and post-course surveys indicates that a statistically significant 
number of students were able to demonstrate improved capabilities in: 
1. interpreting a function machine both from input to output and vice versa. 
2. interpreting a function defined symbolically both from input to output and vice 
versa. 
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3. interpreting a function defined by a two-column table both from input to output 
and vice versa. 
4. interpreting a function defined by a graph both from input to output and vice versa. 
5. writing a definition of function in terms of a dynamic process. 
6. interpreting function notation correctly and contextually. 
Based on scores on the post-course survey, the students in the main studied were 
divided into three groups: highly capable, capable, and incapable. The highly capable 
students manifested a concept image of function that was minimally at the process 
layer on all tested facets. The capable students demonstrated concept images that were 
process layer on most facets and procedure layer on at least one facet. Both these 
groups demonstrated significant growth in their understanding of function from pre- to 
post-course survey. The incapable students commonly exhibited pre-procedure knowl- 
edge on one or more facets even at the end of the course. The growth of their concept 
images of function during the course was minimal or nonexistent. One student from 
each of these three groups who participated in the interview is profiled in the discus- 
sion of the results of the main study. 
Comparison of pre-course surveys, post-course surveys, and student interviews indi- 
cates that highly capable and capable students: 
7. exhibit consistency in their concept definition of function across verbal and written 
facets. 
8. demonstrate an ability to adapt alternative concept definitions of function into their 
own written and verbal definitions. 
The interviews indicate that the growth of the concept image of function in students is 
complex and uneven, even among the highly capable. The cognitive links between fac- 
ets is sometimes nonexistent, sometimes tenuous, and sometimes unidirectional. This 
is particularly true of the incapable. For example, the link between colloquial (function 
machine) and symbolic (equations) is often strong, but the link between the symbolic 
(equation) and geometric (graph) facets is weak among even the capable students. In 
fact, links between graphs and other facets, with the possible exceptions of numeric 
(tables), remain weak or non-existent for all but highly capable students. In addition, 
incapable students seldom interpret function notation consistently and appropriately. 
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1.5 Thesis Organization 
This thesis consists of nine chapters, a bibliography, and appendices. 
Chapter 1 contains an overview of the thesis. This includes an introduction, a back- 
ground and statement of the problem, a brief description of the instructional frame- 
work on which the study is based, and the research questions. The procedures used for 
the study including the target population, general conclusions as a result of the data 
analysis, and this synopsis of the dissertation conclude the chapter. 
Chapter 2 is a general literature review. One focus of the review is on what it means for 
a student to "understand" a concept and on models for the development and measure- 
ment of understanding. Factors contributing to the mathematical debilitation of stu- 
dents by their prior exposure to mathematics are explored. Another major review is on 
research on the function concept. This includes an historical overview of the develop- 
ment of the concept along with research studies that discuss both the development of 
the concept in students, but also the difficulties inherent in learning the function con- 
cept. 
Chapter 3 focuses on the researcher's theoretical perspective and how this perspective 
is situated among past and current research. A model is presented for measuring the 
understanding of the function concept and the model is situated among the other major 
models that have been previously developed. The model will hopefully port to other 
mathematical concepts and is situated in the idea of the co-development of both 
breadth and depth when trying to understand a mathematical concept. 
Chapter 4 describes the theoretical background and the key components of the instruc- 
tional treatment on which this study is built. Over the past 10-12 years, many calls for 
reform in the teaching of algebra have been published. The researcher is co-author of a 
textbook for beginning algebra college students that radically alters the curriculum and 
emphasis of the traditional college developmental algebra course. The main theoretical 
perspective for these materials is that constructivism, use of technology, and multiply- 
linked representations will lead to better understanding in the target student popula- 
tion. Key to this perspective is the introduction of function as the unifying concept. 
Facets and Layers of Function for College Students in Beginning Algebra 11 
Thesis Overview Thesis Organization 
The structure and the philosophy of the text is discussed. The nature of the curriculum 
is described along with a brief overview of other related curriculum projects 
Chapter 5 discusses the pilot study. Included will be a description of subjects for the 
study, the instruments used, a summary of the data, and the observations resulting 
from the analysis, both quantitative and qualitative, of the data. 
Chapter 6 contains the specific statement of the thesis and a description of the main 
study. The variables for the study are described along with profiles of the participants 
in the study. The main study consisted of three instruments: a pre-course function sur- 
vey, a post-course function survey, and task-based interviews with selected students. 
Each instrument will be described in detail including the aims of each section of each 
instrument. Discussion follows regarding how the pilot study informed the main study. 
Finally, the types of triangulation used to support the validity of the findings are dis- 
cussed. 
Chapter 7 presents the quantitative data collected during the main study along with the 
statistical analysis of the data. The chapter begins by introducing the subjects that par- 
ticipated in the main study. Pre- and post-course survey data, along with the statistical 
analysis, are presented with a focus on the change in understanding of function that 
students exhibited from the beginning to the end of the instructional treatment. Addi- 
tional data collected on the post-course survey are described and analysed to conclude 
the chapter. 
Chapter 8 summarizes the qualitative data collected during the main study along with 
situating these results within the theoretical framework. Three students concept images 
of function are profiled in detail along each of the facets. The students represent sub- 
jects from the top third, middle third, and bottom third of the participants based on 
their responses on the post-course survey. A brief description of each student's back- 
ground is followed by an analysis of the depth of each student's understanding of each 
facet of function. The strength of the boundaries between facets is explored. The chap- 
ter concludes with a visual profile of each student's concept image of function. 
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Chapter 9 consists of reflections and possible extensions on the main study and thesis. 
Included is a discussion of future directions. Strengths and weaknesses of the research 
design are also a topic of this chapter. 
The bibliography consists of a list of references used during the creation of this thesis. 
Appendices include copies of instruments used during main test. 
1.6 Conclusion 
This chapter summarized the main components of the thesis. The chapter began with 
some background on the problem investigated in this thesis. The focus is on college 
students who have been previously unsuccessful at mathematics and who must take 
beginning algebra. Using an instructional treatment with function as a unifying con- 
cept, the thesis asks if this student population can minimally acquire a "process" 
understanding of function. The instructional treatment is described followed by a dis- 
cussion of the theoretical framework that focuses on a model for analysing the depth 
and breadth of understanding of a mathematical concept. The research questions are 
stated and the design and methodology are summarized. The chapter concludes with a 
brief synopsis of each chapter of the thesis. 
a 
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2.1 Introduction 
Students in college developmental algebra courses (beginning and intermediate alge- 
bra) have been exposed to the course material previously, often in high school. They 
arrive at 'college with, for the most part, a firm dislike of mathematics along with 
numerous misconceptions and overgeneralizations. It is likely that many of these stu- 
dents think about mathematics proceduraly and that they have been subjected to 
instruction that is primarily instrumental, in the sense of Skemp (1976). 
As an organizational philosophy for this Chapter, the words of Sierpinska (1992) seem 
appropriate: "It seems to me, however, that any evaluation of a teaching design sup- 
posed to promote understanding of functions has to be based on a framework that is 
external to it. It must be based on a reflection about, first, understanding, and, second, 
functions" (p. 25). As the thesis for this research addresses the reasonableness and 
effectiveness of using function as an organizing concept in beginning algebra for col- 
lege students, this research essentially focuses on the evaluation of a teaching design. 
This chapter begins with research discussing how the students arrive at college in such 
a "debilitated" state. The journey begins with a discussion of what it means to under- 
stand followed by information on how the brain works and how human beings learn. A 
discussion of the particular aspects of the students' prior mathematics experience will 
follow. These aspects contribute to the "debilitated" state many students entering col- 
lege find themselves in. Included is a look at conceptual, procedural, and proceptual 
thinking along with instrumental versus relational understanding. The historical devel- 
opment of the algebra curriculum in the United States and its implications on the way 
algebra has been taught follows. The focus moves to changes that might positively 
impact these students approach to mathematics. Included in the changes is the use of 
"function" as the focal concept in their college beginning algebra course. This section 
begins with a review of three major theoretical perspectives on the concept of function 
(Sierpinska, Sfard, and Dubinsky). The chapter concludes with a discussion of some of 
the learning difficulties that have been associated with the function concept. 
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Definitions 
Cognitive Obstacle: A piece of knowledge that in general has been satisfactory for a 
time for solving certain problems, and so becomes anchored in the student's 
mind, but subsequently that knowledge proves inadequate and difficult to adapt 
when the student is faced with new problems. 
Cognitive Root: A concept that has the dual role of being familiar to the students and 
providing the basis for later mathematical development. 
Cognitive Unit: Information that has been compressed in such a way as to fit into the 
focus of attention. 
Conceptual Thinking: Thinking that focuses on relationships among objects rather 
than the procedures performed on the objects. 
Concept Definition: The mathematical definition of a concept. 
Concept Image: Everything associated in somebody's mind with the concept name. It 
can be mental pictures, properties, processes, mental representations, contexts 
of applications, etc. 
Constructivism: A theory of learning, introduced by Piaget, in which knowledge is 
constructed by an individual in her or his mind, as opposed to being intrinsic 
from birth or existing independently of human interaction. 
Distributed Cognition: Knowledge is part of communities and in the interaction 
between people and their environment. 
Encapsulation: Conversion of a dynamic process into a static object. 
Epistemological Pluralism: There exist multiple ways of thinking and knowing. 
Instrumental Understanding: Rules without reason. 
Interiorization: Translating a succession of material actions into a system of interior- 
ized operations. 
Procedural Thinking: Thinking that focuses on routine manipulation. 
Procept: The amalgam of three components: a process that produces a mathematical 
object, and a symbol that represents either the process or the object 
Proceptual Thinking: The flexible use of symbols as process and concept. 
Relational Understanding: Knowing what to do and why. 
Selective Construction: Reflection on the result of a procedure preceding the ability to 
execute the procedure. This is used in the context of computers performing the 
procedures and students analysing the results. 
Situated Cognition: Mental representations are incomplete and that thinking is 
dependent on the world in which one exists. 
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2.3 Understanding 
2.3.1 What does it mean to understand? 
Schoenfeld states. that "mathematics consists of systematic attempts, based on obser- 
vation, study, and experimentation, to determine the nature or principles of regularities 
in systems defined axiomatically or theoretically (pure mathematics) or models of sys- 
tems abstracted from real world objects (applied mathematics). The tools of mathe- 
matics are abstraction, symbolic representation, and symbolic manipulation" (1992, p. 
344). A critical question is how to define understanding of mathematics, in light of this 
definition. One might consider understanding as having a sense of coherence about 
how we operate in the environment. Skemp (1979) suggests that: "To understand a 
concept, group of concepts, or symbols, is to connect with an appropriate schema" (p. 
148). He discusses perceptual learning in which a concept is formed from incoming 
data via the senses. Once formed the concept can be used to form more complex con- 
cepts internally using a process of successive abstraction. As this unfolds, creating 
symbols for and naming objects serves to bring the concepts together in a schema. 
Skemp goes on the discuss primary concepts (derived from sensory experiences) and 
secondary concepts (derived from other concepts) and warns that concept formation 
may be affected by the frequency of contributing experiences, noise (irrelevant infor- 
mation), and the availability of necessary lower order concepts (ibid, p. 141). To 
understand is a dynamic, rather then static, process. Skemp suggests that we are con- 
stantly updating our understanding of concepts and schemas through a process of real- 
ization, assimilation, expansion, differentiation, and re-construction (ibid, p. 125). 
Sierpinska has written extensively on the topic of understanding (1992,1994) provid- 
ing her view of what it means to understand a mathematical concept: 
It is only when we have seen instances and non-instances of the object defined, when 
we can say what this object is and what it is not, when we have become aware of its 
relations with other concepts, when we have noticed that these relations are analogous 
to relations we are familiar with, when we have grasped the position that the object 
defined has inside a theory and what are its possible applications, that we can say we 
understood something about it. (1992, p. 26) 
Distinguishing between what an object is and what it is not might be considered a per- 
cept which is an amalgam of a perception and a concept. She goes on to describe acts 
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of understanding for the function concept that will be addressed later. However, she 
classifies the acts of understanding into four categories that clarify her quote above. 
The category of identification implies the ability to recognize the object in a group of 
objects. Discrimination implies the ability to recognize the similarities and differences 
between two distinct objects. Generalization allows the extension of the use of the 
object. Finally, synthesis implies the existence of appropriate links among objects. 
Hiebert and Carpenter (1992) suggest that knowledge is represented internally-the 
structure of the internal representations is vital. On the other hand, communicating 
mathematical ideas requires an external representation (p. 66). The student physically 
interacts with some external representation. So, a person will have both an internal and 
external representation of some mathematical concept. The nature of external mathe- 
matical representations influences the nature of internal mathematical representations 
and vice versa (Greeno, 1988; Kaput, 1988). How the external representation is inte- 
grated into the internal schema substantially affects how the student "understands" the 
concept. On the other hand, by observing how a student operates on an external repre- 
sentation, the researcher gains insight into how the student's internal schema is con- 
structed. 
Once the connection between internal and external representations of a single concept 
is acknowledged, the next step is to look at several mathematical ideas and how their 
internal representations might be linked. Hiebert and Carpenter state that: "... when 
relationships between internal representations of ideas are constructed, they produce 
networks of knowledge" (1992, pp. 66-67). They go on to suggest that the structure of 
these networks may be hierarchical or web-like (ibid, p. 67). But how do such net- 
works become formed and what is the role of external representations? Hieben and 
Carpenter suggest that one way to stimulate internal connections is by building con- 
nections between external representations. In much curriculum reform today (Harvard 
Consortium calculus project, the American Mathematical Association of Two-Year 
Colleges Standards, the National Council of Teachers of Mathematics Standards), rec- 
ommendations related to connections are abundant. Focusing on the function concept, 
reform curricula commonly emphasize drawing connections between symbolic, 
graphic, and numeric aspects of function (See the Rule of Three in Hughes-Hallett et 
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al. 1992, for example). Unfortunately, a number of researchers (Sfard, 1992,1995; 
Cuoco, 1994, for example) have shown that these connections can be notoriously diffi- 
cult to make. This research will discuss both successes and failures in making connec- 
tions within the function concept. 
With the above background, Hiebert and Carpenter go on to define understanding. 
A mathematical idea or procedure or fact is understood if it is part of an internal net- 
work. More specifically, the mathematics is understood if its mental representation is 
part of a network of representations. The degree of understanding is determined by 
the number and the strength of the connections. A mathematical idea, procedure, or 
fact is understood thoroughly if it is linked to existing networks with stronger or more 
numerous connections. (1992, p. 67) 
Hiebert and Carpenter continue by noting that understanding will grow as the net- 
works increase in size and organization (ibid, p. 69). It is important to note that there is 
no agreement that understanding can be described in terms of internal representations. 
Schoenfeld states: "The mainstream idea is that humans are information processors 
and that in their minds humans construct symbolic representations of the world" 
(1992, p. 349). But conflicting theories coexist. Pea (1989) argues for distributed cog- 
nition that knowledge is part of communities and in the interaction between people 
and their environment. Alternately situated cognition theorists argue that the mental 
representations are incomplete and that thinking is dependent on the world in which 
one exists. (See Brown et al., 1989, for example). Another theory of cognition that 
allows for multiple ways of thinking and knowing is epistemological pluralism 
(Turkle & Papert, 1992). Turkle and Papert categorize, and document different styles 
of thought. They use the words "hard" and "soft" to differentiate two distinct 
approaches to understanding. 
The ideal typical hard and soft approaches are each characterized by a cluster of 
attributes. Some involve organization of work (the bards prefer abstract thinking and 
systematic planning, the soft prefer a negotiational approach and concrete forms of 
reasoning); other attributes concern the relationship that the subject forms with com- 
putational objects. Hard mastery is characterized by a distanced stance, soft mastery 
by a closeness to objects. (ibid, p. 9) 
They go on to suggest that closeness to objects "favours contextual and associational 
styles of work" (ibid, p. 10) suggesting a more web-like internal structure. The hards, 
on the other hand, may lean more toward hierarchical connections., In summary, the 
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researcher admits that several approaches to cognition coexist, but that, ultimately, 
understanding will be viewed in terms of the richness of the internal connections 
between mathematical ideas. Such connections may be influenced by one's environ- 
ment or by one's cognitive style. 
Regardless of the mode of cognition, the mental representations and connections that a 
student creates become the basis for future mathematical understanding. The connec- 
tions may be superficial reflecting no true understanding. Hiebert and Carpenter state 
that: "Connections that are weak and fragile may be useless in the face of conflicting 
or nonsupportive situations. Understanding increases as networks grow and as rela- 
tionships become strengthened with reinforcing experiences and tighter network struc- 
turing" (1992, p. 69). 
On the other hand, incorrect or inappropriate connections may be strong and resistant 
to change. Hiebert and Carpenter suggest that "... existing networks influence the rela- 
tionships that are constructed, thereby helping to shape the new networks that are 
formed" (ibid, p. 70) implying that prior knowledge could be detrimental. If the 
learner tries hard to fit a new idea into his/her thought structure, the existing networks 
affect the relationships that are created. If the learner cannot fit the knowledge into the 
network at all, the learner may represent new information in a way that does not con- 
nect it with existing networks. This results in a lack of connections between old and 
new. It also explains the lack of connections between various forms of functions, for 
example. 
Building understanding requires a substantive change in the internal cognitive network 
that may be manifested by a change in the size of the network or in a restructuring of 
the network. Hiebert and Carpenter suggest that "... the most likely scenarios for build- 
ing understanding involves increases in either the size or the structure of networks, 
these processes both building on existing networks" (1992, p. 70). Crucial to both is 
the need to establish meaningful connections between the old and the new. In many 
cases, particularly in people who have been unsuccessful with mathematics, the old 
must be restructured since the new knowledge suggests misconceptions in the old. 
However, if the new knowledge is supportive of the old, the network strengthens. 
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(Baddeley, 1976; Bruner, 1960; Hilgard, 1957 as cited by Hiebert & Carpenter, 1992, 
p. 75) The failure to establish meaningful connections may be a significant part of 
developmental algebra students' problems with mathematics. It is likely that their 
knowledge is procedural, rather than conceptual, resulting from years of instrumental 
instruction using a layer-cake curriculum. This is the topic of a later section of this 
Chapter. 
2.3.2 Understanding and the brain 
In Biological Brain and Mathematical Mind (in preparation), Tall discusses how the 
brain's operational mode influences how we learn and understand mathematics. The 
accumulation of a larger and larger collection of schemas will not produce a creatively 
thinking mind unless they are constructed in a manner that allows them to not only be 
performed but also to be thought about. Here we see the idea of the existence of mental 
representations and their connections, but, in addition, the idea of being able to think 
about the processes. This suggests the idea of a procept (Gray & Tall, 1994), the amal- 
gam of process, concept and symbol, which will be discussed extensively later. 
Crick (1994) writes that the brain as a multiply-processing organ can only make con- 
scious decisions by suppressing data, thus focusing on a limited quantity of data. This 
may not involve a specific focus in a specific place in the brain, but a facility for focus- 
ing on data. The brain must maximize its efficiency. A primitive way of doing this is to 
practice a routine sequence of actions that can be performed sequentially, focusing on 
one step at a time, whenever the right cues trigger it off. Such a strategy is used in pro- 
cedural rote-learning of mathematical techniques. To be able to do mathematics and to 
think about it requires, first, that the information be compressed in a form that will fit 
in the focus of attention. Information that has been compressed in such a way as to fit 
into the focus of attention will be called a cognitive unit. Secönd, conceptual links 
must be present to relate the current cognitive unit to other appropriate cognitive units 
stored in long-term memory. 
Tall (in preparation) writes that a coherent sequence of actions, such as see-grasp-suck, 
is called an action schema by Piaget. Such action schema are the basic building blocks 
of human perception and action. A specific schema of action, or in other words, an 
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algorithm consisting of specific steps is called a procedure. The way in which a 
schema of action (procedure) becomes a mathematical process (cognitive process not 
dependent on individual steps, only on its input and output) and then a concept is cru- 
cial the development of many mathematical concepts that are action-based. Some of 
the ways that function is conceptualized, such as an equation in two variables, are 
action-based. On the other hand, some mathematical ideas are object-based. Tall 
(1995a) suggests that their development is quite different in which the visuo-spatial 
transforms into the verbal-deductive as understanding of the concept grows. Some 
conceptions of function, such as a two-dimensional graph, may indeed follow this path 
of development. 
Turning to the way the brain represents mathematical ideas leads to the idea of a con- 
cept image. Tall and Vinner write: 
We shall use the term concept image to describe the total cognitive structure that is 
associated with the concept, which includes all the mental pictures and associated 
properties and processes.... The concept definition [is] a form of words to specify that 
concept. (1981, p. 152) 
Vinner (1992) suggests that the concept image is an entity associated in one's mind 
with the concept name. To acquire a concept, Vinner suggests that a concept image is 
formed for the concept's name. He writes: "To understand a concept means to form a 
concept image for it" (1992, p. 197). This researcher disagrees since the concept image 
formed may be riddled with misconceptions. A student whose concept image of func- 
tion consists of the requirement that the graph is a straight line exhibits questionable 
understanding of function. Vinner notes that the concept image is shaped by examples, 
resulting in the creation of prototypes (Tall & Bakar, 1992). Vinner goes on to discuss 
what students might access when working on a task. He suggests that students might 
access their concept image only, their concept definition only, both their concept 
image and concept definition (in various orders), or neither. He provides a series of 
diagrams illustrating how students, receiving input (a cognitive task), might process 
the task in terms of their mental constructions to produce output (an intellectual behav- 
iour or answer) (1992, p. 199). 
The concept image for a particular idea may develop over a lengthy time period. It is 
likely that such an image will contain many cognitive units and many conceptual con- 
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nections. This complements the development of the brain nicely. Tall (in preparation) 
writes: 
What is important is to underline the nature of the biological brain and its profound 
difference from the order and logic of the mathematical subject which it has devel- 
oped. Mathematical concepts, on the surface, may seem to be neat and well-orga- 
nized, but, underneath, in the workings of the brain, all sorts of conflicts and 
confusions occur. It is for this reason that it is possible to have conflicting portions of 
concept image. It is only when two conflicting methods are evoked at the same time 
that the conflict may become apparent. 
A key is what happens when a conflict within the concept image surfaces. Among the 
possibilities are either a reconstruction of the image or a severing of the connections so 
that the mis-conceptions can co-exist. The latter may be a prescription for failure. Tall 
suggests: "Success in mathematics involves developing meaningful concept images 
which connect together in useful ways, Wherever possible it means confronting con- 
flicts squarely and attempting to construct a resolution. Once the child acquiesces and 
simply accepts the new without reconstructing the old in a way which relates meaning- 
fully to the new context, a step has been made on the slippery slope of failure" (ibid). 
Such behaviour is commonly observed in students. For example, students often over- 
generalize the distributive property so that (a + by = an + b" . Developmental alge- 
bra teachers will confront such students with the fact that (a + b)2 is equivalent to 
(a + b)(a + b) and thus equal to a2 + 2ab + b2. Instead of reconstructing their under- 
standing of the distributive property, students are likely to file the fact that 
(a + b)2 = a2 + 2ab + b2 away as a disconnected cognitive unit soon to be forgotten. 
When asked to expand (a + b)3, such students respond a3 + b3. 
Developing true mathematical power requires the creation of a cognitive network that 
complements the working of the brain. One aspect requires sufficient compression of 
ideas to fit in transient memory. The other requires the necessary connections to ideas 
in *long-term memory so that the focus of attention of the transient memory can be 
switched efficiently. Tall writes: 
This can be done by two complementary processes: compression to configure data to 
make it appropriate to fit in the focus of attention; extension to form conceptual link- 
ages with other data to enable it to be brought quickly into the focus of attention as 
required. In this way, although the short-term memory remains essentially unchanged 
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in capacity, the potential working memory-consisting of the conscious focus of 
attention and all other concepts and processes linked to it is increased enormously. 
(ibid) 
The use of written symbolism is a powerful means of compression. The symbol "fix)" 
carries with it the symbol for function, the idea of a process, the concept of function, 
the name of a function, the variable used for input to the function, and the output of the 
function. One such symbol captures in a cognitive unit significant mathematical 
power-the power of a procept. 
Once compression into cognitive units has occurred, the focus turns to the establish- 
ment of meaningful conceptual connections. Tall discusses the value of procedures and 
the power of symbols by referring to the visually moderated sequences of Davis. 
If the symbols have an appropriate meaning, the procedure is usually carried out 
through what Davis (1984, p. 135) calls a "visually moderated sequence: ' By this he 
means a sequence of actions where a collection of symbols are written down to be 
visually scanned and operated on, then the new symbols are operated on; etc. At each 
stage the symbols are written down and a new decision is taken to operate and move 
closer to a solution. In this way an individual uses a combination of short-term focus 
to scan the written material, links with the solution process in long-term memory to 
decide what to do next, takes the required action by operating in the short-term focus, 
and then moves to a set of written symbols which are hopefully nearer the solution. 
(ibid) 
He warns, however, against purely procedural methods: "A common problem with 
procedural thinking is that it only works if the problem is given in recognizable form. 
Although procedures, which grow out of natural action schemas are an essential part 
of mathematics, naive practice of "the basics; " without a broader conceptual under- 
standing of relationships to bring relevant information into the focus of attention, is a 
recipe for disaster" (ibid). 
It appears that the number of conceptual connections is not a good indicator of a per- 
son's understanding. Tall points out that the quality and generality of the links is a key. 
He cites Krutetskii (1976) when he writes: "Those who grow to succeed compress 
information, curtail solution processes and evolve links at a higher general level, using 
the compressed general concepts that they have at their disposal (See Krutetskii, 1976 
for example). Those who continue to fail remain working with the detail, attending to 
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irrelevant factors, unable to develop the higher conceptual structures that characterise 
mathematical thinking (in preparation). 
Finally, the quality and sophistication of the conceptual network are improved by 
reflective thinking. Tall writes: "To develop a sophisticated conceptual structure 
requires the ability to think about one's knowledge, to reflect on how and why it works 
and to use this knowledge to move on to solve new problems" (ibid). Thus, just learn- 
ing procedures and doing n problems using these procedures is insufficient for devel- 
oping the necessary connections. A focus solely on procedures may indeed create a set 
of disconnected units that can only be accessed in specific instances. No network is 
created. The links to long-term memory are non-existent. The symbols have little or no 
meaning. No transfer can take place to other mathematical situations. The student is 
stuck with a growing list of disconnected facts and, as the number of disconnected 
units grow, so does the strain on the student. Eventually, a collapse occurs and the stu- 
dent becomes a victim of the proceptual divide. 
2.3.3 Conceptual and procedural knowledge 
Hiebert and Lefevre (1986) define conceptual knowledge as "knowledge that is rich 
in relationships" (p. 3). On the other hand, procedural knowledge is "composed of the 
formal language, or symbol representation system... [and] the algorithms, or rules, for 
completing mathematical tasks" (ibid, p. 6). The implication is that conceptual knowl- 
edge represents learning with understanding. Procedural knowledge can be stored in 
memory as isolated facts with few, if any, connections to other relationships. We know, 
however, that some procedural knowledge is valuable, as discussed in the previous 
section. Hiebert and Lefevre furthermore assert that procedural knowledge is meaning- 
ful only if its is linked to a conceptual base. Hieben and Lefevre write: 
... relationships between conceptual and procedural 
knowledge depend on the connec- 
tions learners construct between their representations. From an expert's point of view, 
procedures in mathematics always depend upon principles represented conceptually. 
If the learner connects the procedure with some of the conceptual knowledge on 
which it is based, then the procedure becomes part of a larger network, closely related 
to conceptual knowledge. Procedures connected to networks gain access to all infor- 
mation in the network. (ibid, p. 78) 
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We see in this statement the importance of connected cognitive units. Too often stu- 
dents learn procedures to solve specific problems. These procedures, due to a layer- 
cake curriculum and instrumental instruction (discussed in the next section), remain 
disconnected from other parts of the student's mental network thus creating no real 
understanding. 
Tall (in press) suggests that conceptual knowledge can be thought of as a connected 
web of knowledge, a network in which the linking of relationships is as prominent as 
the discrete pieces of information. Relationships pervade the individual facts and prop- 
ositions so that all pieces of information are linked in some network. In fact, a unit of 
conceptual knowledge cannot be an isolated piece of information; by definition it is a 
part of the conceptual knowledge only if the holder recognizes its relationship to other 
pieces of information. (Tall, in preparation) 
Conceptual knowledge can be difficult to achieve. Creating conceptual knowledge 
requires the juggling of multiple cognitive units and the conceptual connections 
between them. Tall writes: "A learner with inadequate images to cope with the new 
knowledge may find such an approach too demanding of the limited processing power 
of his or her focus of attention and seek the comfort and security of formal proce- 
dures" (ibid). At this point, the learner has opted for acquiescence to memorizing dis- 
connected facts and is ultimately headed for collapse in their mathematical network. 
2.3.4 Relational and instrumental understanding 
According to Skemp (1976), relational understanding is demonstrated by knowing 
what to do and why while instrumental understanding can be thought of as rules 
without reason. Instrumental understanding often involves a multiplicity of rules rather 
than fewer principles of more general application. Skemp (1976) writes: "Instrumental 
understanding necessitates memorising which problems a method works for and 
which not, and also learning a different method for each new class of problems" (p. 
23). The advantages of relational understanding include improved adaptability to new 
tasks and less dependence on memory. Relational understanding promotes the building 
of effective connections internally. Skemp makes this point emphatically. 
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The kind of learning which leads to instrumental mathematics consists of the learning 
of an increasing number of fixed plans, by which pupils can find their way from par- 
ticular starting points (the data) to required finishing points (the answers to the ques- 
tions). The plan tells them what to do at each choice point, as in the concrete example. 
And as in the concrete example, what has to be done next is determined purely by the 
local situation.... There is no awareness of the overall relationship between successive 
stages, and the final goal. And in both cases, the learner is dependent on outside guid- 
ance for learning each new 'way to get there'.... In contrast, learning relational mathe- 
matics consists of building up a conceptual structure (schema) from which its 
possessor can (in principle) produce an unlimited number of plans for getting from 
any starting point within his schema to any finishing point. (ibid, p. 25) 
In discussing the decisions students must make when learning instrumentally, Skemp 
alludes to the local situation. In the process, we see no significant connections being 
made in the learner's internal representation. The facts are isolated-discrete bits of 
information that are only useful if the problem situation is replicated. The knowledge 
proves useless when the student is confronted with a slight variation in the problem sit- 
uation. Hiebert and Carpenter lend support when they write: "... learners who possess 
well-practised automatized rules for manipulating symbols are reluctant to connect the 
rules with other representations that might give them meaning" (1992, p. 78). The 
irony for college student in developmental algebra courses is that the best strategy for 
them to develop understanding is to let go of the old strategies-to unlearn, to break the 
unwanted connections. Unfortunately, as Heibert and Carpenter suggest, this is a very 
difficult task! "Students are reluctant to give up familiar strategies, especially if they 
do not understand them and thus do not recognize their inadequacies" (ibid, p. 79). Tall 
(in preparation) writes: "Forgetting inappropriate connections is a valuable part of 
learning because it refines the cognitive structure by removing unnecessary clutter. " 
This follows Skemp (1971) who suggested that the making of new connections is an 
expansion of current knowledge, but the losing of old connections requires a recon- 
struction of knowledge. Hieben and Carpenter go on to discuss what must be done 
instructionally. "Teaching environments should be designed to help students build 
internal representations of procedures that become part of larger conceptual networks 
before encouraging the repeated practice of procedures" (1992, p. 79). One such envi- 
ronment and its influence on students' learning of function is a focus of this research. 
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2.3.5 Process-product dilemma 
Understanding 
Davis (1975) writes about the process-product dilemma that regularly confronts the 
users of mathematics. He suggests that one difficulty transitioning from arithmetic 
thinking to algebraic thinking stems from the fact that 3+5 is a question in arithme- 
tic, but in algebra "is both an indication of a process and also a name of the answer" 
(ibid, p. 18). Davis foreshadows the idea of the proceptual divide by suggesting that 
the cognitive demands in learning algebra include the ability to use symbols "to indi- 
cate both a process and also the result that will be obtained when one carries out the 
process" (ibid, p. 28). Generally, mathematical symbolism often stands for both a 
process and a product. The expression 2x +3 can be thought of as the process multi- 
ply an unknown number by 2 and add 3. It may also be considered a product in that it 
is an algebraic entity in its own right as determined by context: an expression in one 
context, a function in another context, to name two. Successful mathematicians do not 
give a second thought to this "dilemma". They easily are able to see mathematical 
symbols ambiguously: as both processes and products. Unsuccessful students, how- 
ever, have great difficulty dealing with this ambiguity. While the researcher observed a 
basic algebra class, the class discussed the situation in which a store was offering a 10 
percent discount and charging a6 percent tax. The students were asked if it was better 
to receive the discount first or to be charged the tax first. The discussion proceeded to 
the point where p was being used for the list price of an item and that a person would 
pay either 1.06(0.9p) or (1.06p)0.9. One student said, she could not understand the 
second expression. She said that she didn't know how one could multiply by 0.9 until 
the value of p was known. She viewed 1.06p as a process that required an answer 
before another process could be. executed. She could not see the same expression as a 
product (or object, as Dubinsky might call it) that could be operated on in its own 
right. She was unable to get past this process-product dilemma. The explanation of the 
answer thus made little sense to her. 
2.3.6 Procedural and proceptual thinking 
Previous sections have laid out some basic theory on how the brain assimilates mathe- 
matical ideas. The focus in this section is on the problems students encounter when 
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trying to learn mathematics. The researcher notes how instrumental instruction often 
results in procedural learning in which students acquire a large set of disconnected 
procedures for dealing with mathematical problems. When this collection becomes 
unmanageable, the result is the creation and resulting widening of the proceptual 
divide until these students are "debilitated". They enter college with at least one and 
often more year of high school algebra, but, based on placement results, end up in a 
beginning algebra course that carries no college credit. The mathematical preparation 
that led to this problem is the detailed of this section. 
Tall (in preparation) discusses how the brain operates to handle mathematical proc- 
esses suggesting that the brain has evolved in such a way as to create links between 
successive actions. These then may become routine and, thus, they may either become 
a cognitive unit or may form links between cognitive units. This may seem to suggest 
that routine practice of skills is the key to learning mathematics. On the contrary, while 
some practice of skills seems to be important, another key aspect of learning is the 
ability to use symbols to compress ideas into cognitive units. The value of compres- 
sion has been well-documented by Krutetskii (1976). Students who are able to com- 
press mathematical ideas are able to fit richer cognitive units into their focus of 
attention. For the "less able" student, the lack of compression forces a more difficult 
mathematics on him or her as suggested by Tall when he writes: "The methods availa- 
ble to so-called slow learners actually force them to learn slower still. The slowness of 
moving on to more efficient ways places even greater burdens on those who are finding 
mathematics difficult. The mathematics that they do is not properly compressed, will 
not fit into their focus of attention, and becomes even more difficult still" (in prepara- 
tion). 
This description seems to profile many of the learners in a college beginning algebra 
class. It is likely that many of the students that are the subject of this research evidence 
are primarily procedural thinkers whose strategy in previous mathematics courses has 
been to study examples and mimic the steps from the examples on other problems. 
Their cognitive units consist of small bits of actions on objects and, often, these 
objects have little meaning. There are few, if any, conceptual connections that allow 
students to compress the actions into cognitive units. Tall (1995a) writes: "However, if 
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the mathematics places too great a cognitive strain, either through failure to compress 
or failure to make appropriate links, the fall-back position resorts to the more primitive 
method of routinising sequences of activities -rote-learning of procedural knowl- 
edge" (p. 67). These students are victims of the proceptual divide, as discussed in 
Gray and Tall (1994). Gray and Tall argue that more able students do qualitatively dif- 
ferent mathematics from the less able students. The more able have knowledge that is 
capable of generating new knowledge. The less able actually are prone to failure 
because they are doing more difficult mathematics than the more able (Gray, 1991). 
Gray and Tall (1994) go on to define proceptual thinking as a combination of concep- 
tual and procedural thinking (p. 122). Earlier in the paper, they refer to procedural 
thinking as routine manipulation of objects. They write: "Procedural thinking is char- 
acterized by a focus on the procedure and the physical or quasi-physical aids that sup- 
port it" (p. 132). Their definition of conceptual thinking relies on the quality of the 
cognitive connections linking cognitive units. They quote Hiebert and Lefevre (1986) 
who wrote that "... by definition [a piece of information] is part of conceptual knowl- 
edge only if the holder recognizes its relationship to other pieces of information" (pp. 
3-4). The flexible thinking based on this definition of conceptual knowledge, as 
opposed to thinking based on procedures, is conceptual thinking. Finally proceptual 
thinking depends on the ability to compress stages of the symbol manipulation so that 
the symbols can be viewed as objects. Gray and Tall later write: 
Proceptual thinking includes the use of procedures. However, it also includes the flex- 
ible facility to view symbolism either as a trigger for carrying out a procedure or as 
the representation of a mental object that may be decomposed, recomposed, and 
manipulated at a higher level. This ambiguous use of symbolism is at the root of pow- 
erful mathematical thinking and makes it possible to overcome the limited capacity of 
short-term memory. It enables a symbol to be maintained in short-term memory in a 
compact form for mental manipulation or to trigger a sequence of actions in time to 
carry out a mathematical process. It includes both concepts to know and processes to 
do. (1994, pp. 125-126) 
Here we see the procept carrying the burden of becoming the cognitive unit. Each 
aspect of the procept is accessible at appropriate times using conceptual links. Procep- 
tual thinkers are doing a qualitatively different kind of mathematics that is easier for 
them. The divergence, the "bifurcation of strategy; " between those who interpret proc- 
esses only as procedures... and those who see them as flexible procepts is called the 
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proceptual divide (Gray & Tall, 1991). In essence, the more able depend on procepts 
while the less able depend on procedures. If the cognitive strain on the individual grow 
too great, it may be that someone, previously successful, founders and asks "tell me 
how to do it, " anxiously seeking the security of a procedure rather than the flexibility 
of a procept. From this point on, long-term failure is almost inevitable (Gray & Tall, 
1991), even though this person may be able to do the procedures for short-term suc- 
cess. If someone who has turned to procedural thinking finds security, then additional 
practice of those procedures does little more than widen the proceptual divide. 
Support for the concept of the proceptual divide is found in Krutetskii's (1976) study 
of the mathematical abilities of schoolchildren. Krutetskii studied the mathematical 
abilities of gifted, capable, average, and incapable students. He found that the gifted 
curtail solutions so they work in a few steps, remember high level strategies, and 
essential information. Capable and average students only curtail after practice. The 
incapable remember only incidental information that does not generalize. Rather than 
being creative and rich with conceptual links, their knowledge is isolated and imita- 
tive. According to Krutetskii (1976): 
There are three basic stages of mental activity in solving a mathematical problem: 
gathering information needed to solve the problem, processing the information so as 
to obtain a solution, and retaining information about the solution.... Pupils who are 
especially capable are better able to grasp the essence of a problem at once than are 
less capable students. The capable students can generalize mathematical material rap- 
idly and easily; they tend to skip over intermediate steps in a logical argument, to 
switch easily to another solution method, and to strive for an "elegant" solution where 
possible; and they are easily able to reverse their train of thought if necessary. Finally, 
capable students tend to remember the relationships in a problem and the principles of 
a solution, whereas less capable pupils tend to remember only specific details, if any- 
thing, about a problem. (p. xiv) 
Krutetslcii notes the average and incapable pupils at first perceive only disconnected 
facts when presented with a problem; they focus on the concrete data from the outset. 
Incapable students tend to be debilitated by the memory of a previous procedure for 
solution that exerts an inhibiting influence when a process needs to be constructed for 
a new problem. He writes: 
Incapable pupils are characterized by a poor memory for generalized mathematical 
material, abstract mathematical relations and symbols, particular problem types, pat- 
terns of reasoning and proofs, and generalized methods of problem-solving. Incapable 
pupils usually recall only specific numerical data or specific facts about a problem.... 
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In doing examples, the gifted see the shape and focus of the essentials, the capable 
focus on the details, which they can do, but they lack any sense of more global struc- 
tures thus leading them to become procedural. (ibid, p. 299) 
We see in this statement the distinction between procedural thinking and proceptual 
thinking. As noted, earlier, the incapable and average are doing much harder mathe- 
matics than the gifted or even the capable. The listing of the various differences 
between the capable and the incapable litters the abyss created by the proceptual 
divide. 
One other reference is worth noting before moving on. The concept of conceptual 
preparation was introduced by Ali and Tall (1996) when they studied the various meth- 
ods students used to differentiate and integrate. Instead of the most gifted student pro- 
ducing curtailed solutions with fewer steps, there was little correlation between the 
level of mathematical ability and the number of steps used in the completion of an 
algorithm. Instead the better students exhibited more stable knowledge structures and 
were more likely to use conceptual preparation prior to applying a standard algorithm. 
For example, when asked to find the derivative of 1 +Z x2, better students were more 
X2 
likely to exhibit a conceptual preparation by performing the differentiation on the 
equivalent form X+1 causing a simpler algorithmic procedure. 
Ali and Tall conclude: 
when problems are designed which can be simplified by an initial conceptual prepara- 
tion, the more successful students are more likely to conceptually prepare than the 
less successful students. With problems where the preparation involves using a more 
specific method that is shorter or a generalisable method which happens to be longer, 
the more successful students are likely to be aware of thq alternatives, some using the 
shorter method, some preferring the more general method and having confidence in 
their ability to carry out the manipulation. (ibid, p. 2-26) 
These results support the difference in doing mathematics between those who think 
proceduraly versus those who think proceptually. The conceptual connections that 
allow a student to recognize an equivalent form contribute to the student's overall 
mathematical understanding. 
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2.4 Factors Contributing to the Creation of "Debilitated" 
Students 
2.4.1 The algebra curriculum 
The standard U. S. high school algebra curriculum must carry some blame for the mis- 
understandings and confusions college developmental algebra students have. Kaput 
(1995) writes: 
School algebra in the U. S. is institutionalized as two or more highly redundant 
courses, isolated from other subject matter, introduced abruptly to post-pubescent stu- 
dents and often repeated at great cost as remedial mathematics at the post secondary 
level. Their content has evolved historically into the manipulation of strings of alpha- 
numeric characters guided by various syntactical principles and conventions, occa- 
sionally interrupted by "applications" in the form of short problems presented in brief 
chunks of highly stylized text. All these are carefully organized into small categories 
of very similar activities that are rehearsed by category before introduction of the next 
category, when the process is repeated. The net effect is a tragic alienation from math- 
ematics for those who survive this filter and an even more tragic loss of life-opportu- 
nity for those who don't. (p. 71) 
Davis (1989) provides a similar indictment when he writes: "Our biggest problem is 
that the wrong kind of learning experiences are being aggregated into the wrong kinds 
of courses, aimed at producing the wrong kind of mathematical `knowledge"' (p. 117). 
Later he states: 
From my perspective, these courses have the following structure: The students is 
asked to perform some fragmentary piece of a ritual. The student sees no purpose or 
goal to this activity, other than extrinsic goals (such as pleasing the teacher) or com- 
petitive goals (such as doing it better than Joey does). Consequently the student sees 
no reason why the ritual is performed one way and not another. The theory underlying 
such courses seems to be: If the students spend enough time practicing dull, meaning- 
less, incomprehensible little rituals, sooner or later something WONDERFUL will 
happen. I have never shared this optimism. (pp. 117-118) 
A look at the historical development of the algebra in the U. S. sheds further light on 
the problem. Philipp et al. (1993) provide a detailed historical perspective on the 
forces that have shaped the algebra curriculum. They cite Jones and Coxford (1970) 
who report that algebra joined the high school curriculum in the first half of the 19th 
century due to pressure from Harvard, Yale, and Princeton who listed algebra as a 
required course for entrance. The procedural-oriented college algebra course was 
ported, virtually unchanged, to the high school supported by the theory of faculty psy- 
chology. Philipp et al. write: 
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The theory presumed the existence of a few discrete faculties in the mind, including 
memory, imagination, observation, will, and reasoning. It was believed by mental dis- 
ciplinarians that the curriculum should include those topics that best developed such 
faculties of mind. Mathematics was high on their list, because memorizing tables 
would develop the capacity of memory, constructing proofs would develop reasoning, 
and solving a lot of tedious exercises would develop the will. (1993, p. 244) 
The curriculum remained essentially the same until the 1890s. At that time, Philipp et 
al. cite Osborne and Crosswhite (1970) who state that a survey of mathematics teach- 
ers in 1890 indicated dissatisfaction with the emphasis on manipulation. During the 
1890s, national and international organizations began to call for reform, moving away 
form the emphasis on symbol manipulation in algebra. The theory of faculty psychol- 
ogy was seriously challenge opening up the possibility for a more concept-oriented 
curriculum. Finally, there were calls to unify the mathematics curriculum around the 
function concept. In spite of all this, the curriculum changed little. Between 1910 and 
1920, the theory of social efficiency replaced the approach to the curriculum promoted 
by the mental disciplinarians. Philipp et al. write: "Mental discipline dominated curric- 
ulum theory of the 19th century offering support for a proceduraly oriented algebra 
curriculum that made few attempts at developing meaning. The social efficiency 
model, which dominated between the two world wars, stressed multiple curricula for 
different segments of the population, depending on career goals" (ibid, p. 247). Nei- 
ther theory has completely disappeared to date. 
The historical development of algebra provides a contrasting viewpoint to the algebra 
defined by the U. S. high school curriculum. Sfard (1995) presents a detailed survey 
and interpretation of the development of algebra from both historical and pyschologi- 
cal perspectives. She argues for the value in this since "difficulties experienced by an 
individual learner at different stages of knowledge formation may be quite close to 
those that once challenged generations of mathematicians" (ibid, pp. 15-16). She 
looks at the development of algebra hierarchically moving from a mathematical idea 
being initially conceived operationally, and then reified (converting computational 
operations into object-like entities) into an object arguing that resistance to new 
objects may "stem from the inability to reify a process" (ibid, p. 16). By an operational 
viewpoint, Sfard means that a mathematical idea is "conceived as a computational 
process rather than as a static construct" (1992, p. 60). Treating mathematical ideas as 
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if they are object-like entities represents a structural viewpoint, according to Sfard 
(1992). Kieran (1992) cites three stages through which algebra developed: rhetorical, 
syncopated, and symbolic. The first stage, rhetorical, is "characterized by the use of 
ordinary language descriptions for solving particular types of problems and lacked the 
use of symbols for special signs to represent unknowns" (p. 391). The second stage 
was initiated by Diophantus (c. 250 A. D. ), who introduced the idea of using letters for 
unknowns. Vieta (1540-1603) extended Diophantus' idea by using letters to represent 
givens as well as unknowns. This development ushered in the symbolic stage (See 
Harper, 1987 for more information on these stages). Kieran concludes: "Vieta's inven- 
tion of an extremely condensed notation permitted algebra to be more than merely a 
procedural tool; it allowed the symbolic forms to be used structurally as objects" (ibid, 
p. 391). Sfard argues that, while the move to symbolic algebra promotes a structural, 
rather than operational, viewpoint, students with several years of algebra tend to use 
rhetorical or syncopated algebra rather than symbolic algebra. She continues by argu- 
ing that operational conceptions precede structural conceptions, and reification (the 
transition form operational to structural) is quite difficult. Vieta's invention signalled 
the move of algebra from operational to structural. Continuing discomfort with the 
notion of variable eventually resulted in complete dearithmetization of algebra by Pea- 
cock (1891-1858), among others, who proposed that a variable be treated as a thing in 
itself, rather than a generalized number. The result is the "severing of a mathematical 
idea from its operational origins in order to attain full reification" (Sfard, 1995, p. 29). 
In a study of students' beliefs about the meaning of symbols and manipulations by 
Linchevski and Sfard (1991), most students viewed "algebraic expressions as mean- 
ingless symbols governed by arbitrary established transformations" (1995, p. 30). 
While, on the surface, reflecting surprising mathematical maturity, these results sug- 
gest that "a student may become quite skilful in manipulating such mathematical 
objects as number, function, or algebraic expression even without reifiying them" 
(Sfard, 1995, p. 35). Sfard argues that algebra, as taught in school, is presented struc- 
turally when the students really need a treatment that moves them from operational to 
structural carefully. She paraphrases Picasso in writing: "in mathematics a pupil 
should be a Platonic realist before turning into a formalist and being able to deal with 
pure abstraction brought into being by stipulation" (ibid, p. 30). With respect to curric- 
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ulum and teaching strategy, she states two principles: "New concepts should not be 
introduced in structural terms. A structural conception should not be required as long 
as a student can do without it" (1992, p. 69). This historical review concludes with a 
quote that summarizes the obstacles confronting students when introduced to algebra. 
Thus, the cognitive demands placed on algebra students include, on the one hand, 
treating symbolic representations, which have little or no semantic content, as mathe- 
matical objects and operating upon these objects with processes that usually do not 
yield numerical solutions, and, on the other hand, modifying their former interpreta- 
tions of certain symbols and beginning to represent the relationships of word-problem 
situations with operations that are often inverses of those that they used almost auto- 
matically for solving similar problems in arithmetic. It took centuries for the field of 
algebra to undergo these developments. Yet students beginning their first algebra 
course are expected to reify (Sfard, 1991) algebraic representations almost immedi- 
ately. (Kieran, 1992, p. 394) 
With this in mind, the next section focuses on the students in a college developmental 
algebra course who have been "debilitated" by this approach to the algebra curricu- 
lum. 
2.4.2 "Debilitating" prior experiences with algebra 
In light of student difficulty in moving from operational to structural conceptions or, 
likewise in moving from procedural to proceptual thinking, it is not difficult to see why 
so many students succumb to the proceptual divide. Due to instructional pressures and 
students' inability to think proceptually, they resort to memorizing so many proce- 
dures with so little understanding that algebra is a mishmash of disconnected proce- 
dures. For example, when confronted with an algebraic expression such as 2x + 3, 
many will set the expression equal to zero and solve for x. Wagner, Rachlin, and 
Jensen (1984) found that many students try to add "= 0" to any expression they were 
asked to simplify. Kieran (1983) also found that students could not assign meaning to a 
variable in an expression because the expression was not set equal to something. Stu- 
dents feel they must perform a procedure when given an algebraic expression, rather 
than seeing the expression as an object in its own right. As Tall states, "... the difficul- 
ties that an average college student has with algebra occur because of previous rule- 
bound approaches to the subject. When students do not understand what something is, 
at least they can get temporary success by becoming secure with procedures to do 
things with it" (1992a, p. 3). 
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Beginning college students prior mathematical experiences often have focused on the 
procedural aspects of mathematics-routine manipulation of objects. Mathematics is a 
series of procedures to factor polynomials, solve equations, solve inequalities, sim- 
plify radicals, and add rational expressions, to name a few. Little time is spent on foun- 
dation concepts such as variable. A quick look at any standard textbook reveals one 
sentence devoted to the concept of a variable, even though Usiskin (1988) documents 
at least six different meanings of variable. The overemphasis on mathematics as proce- 
dures to follow forces these students to do harder and harder mathematics than their 
counterparts who are thinking proceptually. 
These students have an aversion to contextualized problems, though the type of con- 
textualized problem they have been exposed to are worthy of disdain. Typical contex- 
tual problems involve determining how long it will take two planes to be 500 miles 
apart or how long it will take to repair one of the planes once it lands if you know the 
average rates of work for repair persons. School mathematics has little relationship 
with the problem solving students must do in their everyday lives. The students view 
mathematics as a set of procedures to follow that have little or no relationship to any- 
thing beyond the classroom. They are "alien" in the sense of Duffin and Simpson 
(1995). Few have ever had the need to simplify a radical, solve a quadratic equation, or 
evaluate an algebraic expression outside of the context of a mathematics class. 
Sierpinska (1992) discusses some epistemological obstacles that are present when stu- 
dents encounter the concept of function. She defines an epistemological obstacle as an 
obstacle that "... is not just ours or maybe a couple of other people's, but is more wide- 
spread, or has been widespread for some time or in some culture" (ibid, p. 28). The 
first obstacle she cites is: "Mathematics is not concerned with practical problems" 
(ibid, p. 31). It is exactly this obstacle that has predominated the textbook presenta- 
tions of algebra and that has led students to mindless symbol manipulation. To such 
students, mathematics has little use beyond the classroom walls. 
Helping students develop mathematical literacy and competence based on a founda- 
tion of previously-learned mathematics that lacks an understanding of concepts such 
as order of operations, variable, function, and equation is a major hurdle. These stu- 
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dents have a well-defined view of the role of the teacher and the student. The teacher's 
role is to lecture with examples followed by assignments of 40-50 problems just like 
the examples. The student's role is to mimic the examples when doing the homework 
problems. Unfortunately the students develop little or no understanding of the con- 
cepts. Furthermore, no connections are constructed among related ideas. As stated by 
Dubinsky (1991), "... imitation and memorization do not lead to cognitive construc- 
tions and the result is that students' desire to learn through growth is suppressed" (p. 
120). Students who enrol in these courses have mixed feelings of resentment and 
antagonism. They expect poor performance and have high test anxiety. Such students 
see no use for algebra outside of the course and are unable to apply algebraic concepts 
to problems beyond the classroom. 
Another major difficulty is building proceptual understanding on a foundation of pro- 
cedural learning over a period of twelve years of education. Students have constructed 
extensive internal networks around such concepts as variable and equation that are 
loaded with misconceptions. The researcher asked students at the beginning of an 
intermediate algebra course to describe their understanding of variable. The "best" 
answer was that a variable is a letter that can be replaced with a number. The majority 
could provide no explanation of what a variable is. Students were also asked to define 
"equation". Their examples included 2x +3 and x+5>7. Again, most could provide 
absolutely no statement or example of what an equation is. These are students that 
have taken, at the minimum, one year of algebra prior to this course. As instructors 
begin to deal with such concepts at college they realize all too well that students' 
"existing networks influence the relationships that are constructed, thereby helping to 
shape the new networks that are formed" (Hiebert & Carpenter, 1992, p. 70). Papert 
(1980) alludes to the problems that may arise when new knowledge conflicts with old. 
New knowledge often conflicts with the old, and effective learning requires strategies 
to deal with such conflict. Sometimes the conflicting pieces of knowledge can be rec- 
onciled, sometimes one or the other must be abandoned, and sometimes the two can 
both be "kept around" if safely maintained in separate compartments. (p. 121) 
Unfortunately, it seems that many students who have previously taken algebra keep old 
misconceptions at the expense of new, correct conceptions or keep both around in their 
mind. So a college student in beginning algebra often has an extensive network of 
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knowledge about algebra when he or she begins the course. If the student's existing 
networks were sound, the prior experience positively influences student learning. It 
appears that many students' existing networks contain aspects of concept images that 
conflict with the concept definition. There appears to be some disagreement as to 
whether the concept definition is a part of, or separate from the concept image. Dubin- 
sky and Harel (1992) define concept image in their glossary as follows: "Everything 
associated in somebody's mind with the concept name which is not the concept defini- 
tion. It can be mental pictures, properties, mental representation, contexts of applica- 
tions and even statements" (p. 17). In this case, the concept image is separate from the 
concept definition. However, Tall and Vinner (1981) define concept image somewhat 
differently: "We shall use the term concept image to describe the total cognitive struc- 
ture that is associated with the concept, which includes all the mental pictures and 
associated properties and processes" (p. 152). Tall and Vinner consider the concept 
definition to be part of the concept image. It is still entirely, possible for the concept 
definition to conflict with other aspects of the concept image. Tall and Vinner write: 
"We shall call the portion of the concept image which is activated at a particular time 
the evoked concept image. At different times, seemingly conflicting images may be 
evoked. Only when conflicting aspects are evoked simultaneously need there be any 
actual sense of conflict or confusion" (ibid). Thus, if a student `s evoked concept 
image includes both an aspect of the concept and the concept definition and if these 
aspects are in conflict, the student may be forced to somehow eliminate the conflict by 
some modification of his/her concept image. 
One might consider the concept image as that which forms the mental representations 
and connections that are required for understanding. One possible structure views each 
node of the concept image, if sufficiently simple, as a cognitive unit and treats the con- 
ceptual connections as the necessary links between nodes. Within the concept image, 
we see the possibility of the four categories of understanding alluded to by Sierpinska 
(1992). The students' prior exposure to the concepts may be detrimental due to the 
inappropriate existing network-inappropriate cognitive units or conceptual connec- 
tions in the concept image. The conflicts go unnoticed since they are often not present 
simultaneously. Two cognitive units may be in distinct conflict, but unless the student 
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has been asked to seriously reflect on this conflict, both remain part of the concept 
image and co-exist due to the lack of a connection that might expose the conflict. It is 
often the case that what the learner knows is replete with misconceptions. Students 
who are the subject of this research hold concept images of variables and equations 
that display little overlap with the definition of these concepts. What happens when a 
new idea is presented in this context? Consider what Hiebert and Carpenter say about 
existing networks: "If the learner tries hard to fit a new idea, fact, or procedure into a 
current way of thinking, existing networks constrain the relationships that are created. 
At the other extreme, a learner may represent new information in a way that does not 
connect it with existing networks" (1992, p. 70). Two potential problems arise. An 
existing network that is incorrectly constructed constrains the construction of the web 
for a new idea. The result is an construction rife with misconceptions. On the other 
hand, if the new idea does not connect with the existing networks, a lack of connec- 
tions between old and new occurs leading to disjointed and unusable knowledge. 
Due to prior acquaintance with numerous concepts, students exhibit profound learning 
interferences. The researcher has observed students who are adept at solving linear 
equations, and, as a result, resist considering the meaning of such equations or how 
they arise in various situations. They know how to "solve it", so what's the point in 
learning more about the concept? 
Contributing to this dilemma are the three kinds of learning described by Duffin and 
Simpson (1995). These include "natural" which fit into a person's mental structures, 
"conflicting" which are inconsistent with a person's concept images, and "alien" 
which cannot be connected into a person's mental structures. The proceptual divide 
may arise when the mathematical information presented is either "conflicting" or 
"alien". Worse, an attempt to undo procedural learning in "remedial" courses may be 
met with resistance because relational instruction may be "conflicting" or "alien" with 
the previously built algebraic knowledge structures. 
Simoneaux and Kirshner (1994) reported research on the "negative consequences of 
rote (relationship-poor) learning preceding meaningful (relationship-rich) learning. 
They conducted a study in which one group of U. S. eight graders received rote learn- 
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ing followed by meaningful learning on the perimeter and area of basic geometric 
shapes. The second group received a brief meaningful instructional treatment. Using a 
pretest/posttest/retention test design, focusing on the students' comprehension and 
their ability to transfer their learning to new settings, the researchers report that the 
first group who received rote instruction initially performed significantly less well than 
the second group on both the posttest and the retention test. Simoneaux and Kirshner 
write: 
... the experience of memorizing material and 
being able to regurgitate it equated to 
learning for these students. Memorization inhibits free, open-ended, creative explora- 
tions of ideas and materials... Rote learning sets up superficial associations related to 
solution procedures. These may conflict with subsequent meaningful instruction. In 
such cases, either prior structures remain, thus making new relationships impossible; 
or, structures have to be unlearned and new relationships constructed. This unlearning 
and relearning creates unnecessary obstacles (interferences). Thus when initial mathe- 
matics of a concept focuses on memorizing procedures, facts, and definitions, subse- 
quent meaningful learning may be impaired. (1994, pp. 222-223) 
One distinction that should be made is a distinction between rote-learning and routini- 
zation. While rote-learning relies on memorization and is relationship-rich, routiniza- 
tion (repeating something several times to build up an action schema) may indeed be 
relationship-rich and contribute to relational understanding, in the spirit of Skemp 
1976). 
In some sense students like those described above may be working with a poorly con- 
structed cognitive web built on procedural efficiency that must be de-constructed and 
then re-constructed so that the concepts are understood relationally. Their understand- 
ing may be, at best, pseudo-conceptual (Vinner, 1997) allowing them to proceed 
through prior mathematics courses with little understanding. Students' experiences 
with mathematics primarily consist of automatized algorithms for the manipulation of 
symbols. This presents the instructor with a tremendous obstacle since he or she must 
constantly deal with interferences from the existing cognitive network. One example 
of such interferences is the overemphasis on equation solving in algebra. Students 
learn mechanical steps for solving linear and quadratic equations in one variable. 
When confronted with any mathematical expression or statement, their impulse is to 
"solve it". The instructor may have a goal of relational teaching in terms of where 
equations come from, what it means to solve an equation, numerical or graphical solu- 
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tion techniques, and interpretation of solution, but the students desire to execute proce- 
dures interferes with attempts to develop deeper understanding. The interferences 
presented by previous rote learning require a radically different approach to the mate- 
rial. The critical question is how completely can we neutralize these interferences? 
The fact that students bring with them these interferences suggests serious cognitive 
obstacles. As stated in Tall (1989a) with references to Bachelard (1938/1983) and 
Brousseau (1986), an obstacle is "a piece of knowledge that has in general been satis- 
factory for a time for solving certain problems, and so becomes anchored in the stu- 
dent's mind, but subsequently that knowledge proves inadequate and difficult to adapt 
when the student is faced with new problems" (p. 88). Epistemological obstacles as 
defined by Sierpinska (1992) have been alluded to previously. Here the discussion 
focuses more on cognitive obstacles. A student may have procedural knowledge of 
how to solve 3x-1 =- 2 for x, but may be unable to adapt this knowledge to solve 
3x -y=2 for x. If students must solve the latter equation for x, they may internalize 
a new procedure rather than building on their previous ability to solve 3x -1=2. 
They have two separate cognitive entities for solving these equations with no concep- 
tual connections. Each cognitive entity may be organized proceduraly as a visually- 
moderated sequence, in the sense of Davis (1984). These students survived thus far 
using mimicry and memorization as their primary learning mechanisms. When they 
enter college, they place in courses much lower than their background would predict 
due to the inadequacy of their approach to learning (due to the lack of connections in 
their concept images and to their emphasis on procedural, rather than proceptual, 
understanding). This is a criticism of both the mode of instruction and the organization 
of the curriculum. Tall writes that "... the way in which we limit the child to simple 
cases for a substantial period of time, before passing on to more complex cases, is 
bound to set up cognitive obstacles.... our curricula, designed to present ideas in their 
logically simplest form, may actually cause cognitive obstacles... " (1989a, p. 88). This 
curriculum design persists through high school and often through college courses as 
well. A scan of commonly used college texts finds many very short sections that 
present one mathematical idea with many examples. There is often little or no connec- 
tion between one section and the next. The principle of optimal complexity may cause 
problems, as a result, since students will tend to make the simple more complex. Thus, 
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by "dumbing down" the texts, the effect may be to make mathematics even more diffi- 
cult for the students. Written descriptions are kept to a minimum. Applications appear 
in their own separate sections at the end of chapters (where they can be avoided 
because students have trouble with them). This wouldn't necessarily be critical if the 
text did not define the curriculum. Unfortunately, in many schools, the text is the de 
facto curriculum. Topics are laid on topics with few connections and little opportunity 
to look at any idea in depth. It has been said that the U. S. algebra curriculum is a mile 
wide and an inch deep. The shallow curriculum produces students with little, if any, 
depth of understanding. 
2.5 Function as an Organizing Principle 
2.5.1 Acts of understanding and epistemological obstacles 
Function was selected as a focal and organizing topic for the reorganization of the col- 
lege beginning algebra curriculum because of its central importance in mathematics 
and because of its power for modelling real-life situations. Dubinsky and Harel (1992) 
suggest in their Foreword that function may be the single most important concept in 
mathematics classes from kindergarten up. Eisenberg (1992) writes: "A major goal of 
the secondary and collegiate curriculum should be to develop in students a sense of 
functions" (p. 154). In terms of applicability to everyday life, Sierpinska (1992) 
writes: "the notion of function can be regarded as a result of the human endeavour to 
come to terms with changes observed and experienced in the surrounding world" (p. 
31). Since many students taking beginning algebra in college will take very little addi- 
tional mathematics, function seems to be the most important mathematical idea for 
them in terms of applicability to their future lives. From this point of view, a review of 
the theoretical perspectives for the function concept seems appropriate. ' 
The first theoretical perspective considered is described by Sierpinska (1992) who dis- 
cusses 19 acts of understanding and 16 acts of overcoming epistemological obstacles 
related to the function concept. Her epistemological obstacles are inherent difficulties 
that arose during the evolution of the concept. Sierpinska suggests that the epistemo- 
logical obstacles cannot be avoided and that they are important in the development of 
thinking about the concept. 
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The acts of understanding described by Sierpinska come under four categories-identi- 
fication, discrimination, generalization, and synthesis-that have been described previ- 
ously. Using these four broad categories, Sierpinska goes on to list the acts of 
understanding. The first two focus on recognizing the role of function as a way of 
describing changes and relationships in everyday life. Students must recognize that 
quantifiable change is a regular occurrence in everyday life and realize that it is impor- 
tant to have some quantifiable way of discussing the relationship among changes that 
occur. Her third act of understanding aims at the quantities that are changing. This act 
suggests that students must clearly identify the variables involved in the relationship. 
Related to this is the fourth act of understanding: the ability to distinguish between 
variables and parameters in a given situation. The fifth act requires the learner's ability 
to discriminate between the independent and dependent variables. Her next two acts of 
understanding focus on an understanding of the replacement set for variables. She sug- 
gests that this falls under the category of synthesis and generalization of the idea of 
numbers and the ability to discriminate between number and quantity. Act of under- 
standing 8 requires the learner to establish a connection between function and physical 
laws, seeing that functions are useful in the statement of physical laws. Next, the stu- 
dent must be able to discriminate between the notion of function, in its own right, and 
the various representations that are used to describe the function. This really goes back 
to the question: What is a function? Is it the equation that describes the relationship? Is 
it the graph? Is it the function machine? Or is it the collection of all the ideas united as 
a single cognitive image? The next two acts focus on the synthesis of the general con- 
cept. Act 10 suggests that the student must be able to discriminate between the mathe- 
matical definition and the description of the mathematical object, function. Going 
hand-in-hand with his notion, students must be able to conceive of function as an 
object, something that will be discussed at great length later. The next four acts focus 
on further discrimination: the ability to discriminate between functions and relations; 
the ability to discriminate between functions and sequences (considering sequences as 
a subset of functions for which the domain is the set of natural numbers); the ability to 
discriminate between coordinates of points on a curve and the line segments fulfilling 
some function for the curve; and, discrimination between the various representations 
of function and the function itself. Act of understanding 16 concludes by pointing out 
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the need for synthesis of the different ways of describing functions, representing func- 
tions, and talking about functions. The relationships among all these that students 
develop is a focal point of this dissertation. 
Along with the acts of understanding, Sierpinska describes the attendant epistemologi- 
cal obstacles. The first obstacle is the historical viewpoint that mathematics is not con- 
cerned with practical problems. This obstacle stands in the way of making functions 
meaningful to students and making students want to learn about functions. Many of 
the recent calls for reform have attacked this obstacle by arguing for mathematics 
being studied within a contextual framework. The next obstacle addresses a common 
technique for exploring functions: computing ordered pairs for the relationship. This 
obstacle suggests that computing ordered pairs for the relationship is somehow 
"below", in the sense that it is unworthy of consideration by the serious mathemati- 
cian, the object of study in mathematics. Focusing on how things change rather than on 
what is changing is the next obstacle. This is parallel to the act of understanding that 
focuses on the identification of the varying quantities. The next obstacle suggests the 
problem in discriminating between known and unknown quantities versus discriminat- 
ing between variables and parameters. Students with some algebra have much experi- 
ence in discriminating between known and unknowns, but have seldom had to deal 
with the idea of parameter in any detailed way. For example, solving equations such as 
x+2=5 is a common occurrence in beginning algebra where the letter x stands for 
an unknown that soon will be known. However, understanding the significance and 
different meanings of all the letters in y= ax +b is an entirely different problem. In a 
similar vein, distinguishing between dependent and independent variables is the next 
obstacle. What represents the input and what represents the output is a key issue in the 
definition of a specific function. This is an area that frustrates students since they often 
mistakenly believe there is one and only one way to specify the input and output. The 
next obstacle aims at the conception of number. Sierpinska refers to this obstacle as the 
"heterogeneous conception of number" (ibid, p. 39) in which, for example, propor- 
tions are considered something different from equations and a ratio is something dif- 
ferent from a quotient. The next obstacle concerns the attitude that everything is 
number, blocking the discrimination between variables representing physical quanti- 
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ties and variables representing numbers. Viewing functions and physical laws as dif- 
ferent entities in separate compartments constitutes the next obstacle blocking the 
connections between mathematics and real-life applications. Viewing proportions as a 
relationship different from other kinds of relationships is described as the next obsta- 
cle. The next two obstacles target the overemphasis on symbolic manipulations and 
symbolic forms in representing, defining, and manipulating functions. The next obsta- 
cles revolve around the role of formal definition with respect to function suggesting 
that one does not build a fruitful concept image by focusing only on the formal defini- 
tion of function. The concept is much richer and must develop over time. The next 
obstacle strikes at the notion that functions are sequences, thus giving a too-narrow 
conception of function. Coordinates and graphs are the focus of the next two obstacles. 
Not seeing coordinates as numbers and allowing graphs to contain points where the 
function is not defined summarize these two obstacles. The last obstacle concerns the 
conception of changes in variable. This obstacle suggests that changes in the variable 
are viewed as changes in time. 
Based on this list of acts of understanding and epistemological obstacles, Sierpinska 
goes on to make some suggestions. She states that students must be interested in stud- 
ying the relationship between things that change. Functions should initially be intro- 
duced as a construct for describing such real-life or physical changes. She states that 
numerical methods, such as table-building, are valuable activities in the growth of 
understanding. Next, it is important, instructionally, to focus not only on the change, 
but what is changing. Sierpinska suggests that some facility with algebraic manipula- 
tions is a prerequisite to understanding functions. This research must deal directly with 
this issue as, in this "reform" curriculum, functions are used to give meaning to alge- 
braic manipulations and to the equivalence of expressions that result from such manip- 
ulations. The importance of a variety of representations and the relationships between 
them is an important part of the teaching of functions. Finally, she suggests that infor- 
mal definitions are appropriate at the beginning level, something that the curriculum 
that is the subject of this research supports. 
Facets and Layers of Function for College Students in Beginning Algebra 45 
General Literature Review Function as an Organizing Principle 
2.5.2 Operational versus structural thinking 
Sfard (1992) provides a theoretical framework for function that includes a specific 
path of understanding from operational to structural. While her theory may apply to 
several mathematical objects, her focus is on the function object. She suggests that the 
problem students have with certain mathematical concepts stems from the difficulty 
with reification. Sfard writes: "Awareness of the long and painful processes preceding 
the birth of mathematical objects may be the key to understanding some of the difficul- 
ties experienced by so many learners" (p. 59). She begins establishing this awareness 
by contrasting structural and operational viewpoints. Sfard says that we are operating 
from a structural viewpoint if we treat mathematical ideas as "object-like entities" (p. 
60). An operational viewpoint is active if the mathematical idea "is conceived as a 
computational process rather than a static construct" (p. 60). Sfard suggests that many 
mathematical ideas are thought about operationally prior to their conception as struc- 
tural. In fact, in her paper analysing the historical development of algebra (1995), she 
argues for viewing mathematics "as a hierarchy in which what is conceived operation- 
ally (i. e., as a computational process) on one level is reified into an abstract object and 
conceived structurally on a higher level" (p. 16). Sfard goes on to describe the evolu- 
tion of algebra "as a constant (but not necessarily conscious) attempt at turning com- 
putational procedures into mathematical objects, accompanied by a strenuous struggle 
for reification" (1995, p. 17). 
Central to Sfard's theory are the steps involved in moving from operational to struc- 
tural conceptions. She begins with familiar objects and discusses performing processes 
on these objects. For example, a linear polynomial in one variable, such as 2x + 3, 
might be a familiar object to a student who has studied polynomials previously. 
Among the processes we might perform on this polynomial are evaluation for a given 
value of x and solving when we wish to determine x given a value for the polynomial. 
In this sense, we think of the polynomial as establishing a process that returns output 
(a value of the polynomial) for a given input (a value for x). Now we have created a 
function idea in a procedural sense. Sfard refers to this step as interiorization. From 
this conception, one can generalize a function as returning a unique output for a given 
input without being dependent on the specific procedure. This step is called condensa- 
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tion and represents a process phase in the understanding of function. Sfard writes: 
"Condensation means a rather technical change of approach, which expresses itself in 
an ability to deal with a given process in terms of input/output without necessarily con- 
sidering its component steps" (1992, p. 64). Finally, the idea of function can be 
thought of structurally so that a function can be something that one can perform proc- 
esses on, such as composition or differentiation. Sfard refers to this very important, 
and difficult step as reification writing: 
in the mind of the learner, it [reification] converts the already condensed process into 
an object-like entity. In other words, while condensation is a gradual quantitative 
change, reification should be understood as a sudden qualitative jump in the way of 
looking at things-an ontological shift comparable to a transition from one scientific 
paradigm to another. The fact that a process has been interiorized and condensed into 
a compact, self-sustained entity, does not mean, by itself, that a person has acquired 
the ability to think about it in a structural way. Without reification, her or his approach 
will remain purely operational. (1992, p. 65) 
It may be argued whether the jumps from one stage to another are necessarily gradual 
or sudden. The path that a student takes in deepening his/her understanding may deter- 
mine whether there are smooth transitions or sudden jumps between the stages. 
Sfard suggests that her theory of concept acquisition has similarities with that of Gar- 
cia and Piaget (1989). Their cycle of intraoperational, interoperational, and trans-oper- 
ational in some sense mirrors the evolution from operational to structural that Sfard 
describes. Sfard suggests that the operational approach has value-when answers to 
mathematical questions are the goal, but the structural approach- in which long 
sequences of steps are converted into cognitive units with appropriate conceptual con- 
nections, in the long run, reduces the cognitive strain (Harel & Kaput, 1991) and thus 
reduces the chances of the proceptual divide occurring. This argument suggests that 
the structural notion is similar to the proceptual conception of a mathematical idea, but 
she does not discuss the importance of being able to easily move between operational 
and structural conceptions as required. 
Sfard goes on to discuss some possible sources for the difficulty with reification. First, 
she references Garcia and Piaget in noting as we attempt to acquire a new mathemati- 
cal idea, "certain initial properties of objects can no longer be accepted, or else they 
lead to contradictions in interpretative schema" (from Piaget & Garcia, 1989, p. 204). 
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Such concessions, especially when the student has interiorized them into his or her 
concept image, can be difficult to release. In fact, Sfard points out that what must be 
given up is often exactly what imparted meaning to the concept. In essence, to reify the 
function concept, students may be forced to let go of the procedural conception. This 
conception may be the very thing that formed the concept image of function for some 
students. In fact, Tall (1996) argues that we don't give up the procedural conception, 
but, rather, develop a conceptual or even a proceptual understanding where one can 
move flexibly among the various conceptions. 
Another possible source of difficulty in reification involves a Catch-22 situation. Sfard 
writes: 
There is an apparent discrepancy between two conditions which seem necessary for a 
new abstract object to be born. On the one hand, it appears that reification must pre- 
cede any mention of higher-level manipulations-of the manipulations to be executed 
on the concept in question.... On the other hand, before a real need arises for regarding 
the lower-level processes as fully-blown objects, the student may lack the motivation 
for putting up with the existence of a new "intangible" thing.... The necessary drive 
will not be created unless an inability to think structurally turns into an obvious hin- 
drance for further progress.... To sum up, higher-level interiorization is a precondition 
for a lower-level reification, and vice versa... It follows, therefore, that at the crucial 
junctions in the development of mathematical knowledge a learner may become 
embroiled in a potentially dangerous vicious circle. (1992, p. 68) 
For example, Sfard might view function as a lower-level object to the process of differ- 
entiation. As long as function has not been reified, the higher-level process (differenti- 
ation) lacks input. On the other hand, the student may have no motivation to view a 
concept, such as function, as an object, especially if it requires the severing of concep- 
tual links that have previously been a part of the concept image. 
Sfard goes on to address instructional issues in light of her theory that the understand- 
ing of a new mathematical idea must progress hierarchically from operational to struc- 
tural. First, she suggests that new mathematical ideas should not be introduced 
structurally. In fact, bowing to the fact that reification is difficult to achieve, she sug- 
gests that the structural conception should not be required until absolutely necessary. 
Sfard discusses some difficulties that students have with the function concept in light 
of her theory. She first argues that an inability to place an object in an appropriate class 
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is a clear sign that a structural conception is not present. We see this kind of behaviour 
when students rely on prototypes (See Tall & Bakar, 1992) in an attempt to classify 
objects as functions or not functions. Sfard refers to students' tendency to associate 
functions with algebraic expressions as pseudostructural which indicates a "semanti- 
cally debased conception" (1992, p. 75). Graphs are another way of thinking about 
functions, but there is almost no connections between a graph and the underlying alge- 
braic formula. Sfard writes: "Such a flatly conceived notion, lacking operational 
underpinnings, remains detached from the previously developed system of concepts 
and does not preserve its identity in transitions from one representation to another and 
from context to context" (ibid, p. 75). There seems to be a hint of a problem in her the- 
ory at this point-the fact that it is difficult to think of graphs operationally. In fact, Tall 
(1995) suggests that cognitive development of objects, such as graphs, may follow a 
hierarchy more dependent on visuo-spatial prototypes than on the interiorization, con- 
densation, reification steps proposed by Sfard. 
Sfard concludes her paper with a discussion of some ways to stimulate structural 
thinking. She suggests that incorporating computer programming will help to increase 
students' understanding of the processes that underlie the mathematical concepts. Tall 
and Thomas (1991) talk about the conceptual benefits of using computers to promote a 
more dynamic view of algebra when they write: 
The results of our work suggests differential effects between the computer-based 
approach to algebra, with its emphasis on letters as generalized numbers and the tradi- 
tional skill-based type module with its emphasis on acquiring manipulative skills. It 
seems that the computer work promoted a deeper conceptual understanding, whilst 
the other work, as expected, initially facilitated better surface skills. However, when 
the computer module was combined with the skill-based one then it led to a superior 
overall performance without detrimental effect on skills. (p. 140) 
Heid's work in calculus (Heid, 1988a) supports the fact that students using the compu- 
ter for conceptual work perform better on higher level conceptual problems than stu- 
dents from a traditional calculus course. Additionally, Heid showed that a brief 
treatment of skills at the end of the course was sufficient in that students from the test 
group and the traditional group were not significantly different in their ability to do 
routine manipulations. 
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The hierarchical nature of learning that Sfard describes suggests that a student must be 
good at executing certain procedures in order to develop an understanding of the 
object. With the increasing presence of symbol manipulators, it could be argued that 
this step may not be necessary. For example, Tall (1991b) introduces the idea of the 
principle of selective construction of knowledge in which a software is used to carry 
out algorithms (procedures) so that the student can concentrate on the object and the 
properties of the object. This allows the student at some point to focus selectively on 
the process and at another point on the objects. It is important to note that both activi- 
ties are still required. Tall (1991) writes: "Both activities remain essential, for the proc- 
ess is needed to be able to do the mathematics and the higher level relationships are 
essential to fit it together in a meaningful way" (p. 258). Sfard supports the use of mul- 
tiple representations to stimulate reification. She writes: "Tables, symbols, graphs-all 
these static and integrative ways of picturing functions, may have a reification-stimu- 
lating effect.... exposing students to many kinds of representations may be helpful in 
uprooting quasi-structural conceptions" (p. 79). Tall (1992b) suggests that the crucial 
issue might be in the identification of a cognitive root for the concept. He defines cog- 
nitive root as a concept that has the "dual role of being familiar to the students and 
providing the basis for later mathematical development" (p. 497). He goes on that sug- 
gest that function as process may act as a cognitive root for the formal c9ncept of func- 
tiön, though warns of obstacles in this approach. Finally, Sfard suggests: "Open 
discussion on such ontological subjects like the nature of mathematical entities and the 
difference between processes and objects will put the student face-to-face with her or 
his implicit beliefs... In the case of function, the presumptions that there must be an 
algorithm behind every mapping is probably the one which should be attacked with 
particular force" (1992, p. 79). In conclusion, Sfard believes that reification can be 
stimulated by external forces, but that for some students, it may be an unreachable 
goal, and for others, it may be a long time in coming. She states: "For an abstract 
object to be born, a long period of incubation may sometimes be necessary" (ibid, p. 
83). Other researchers have focused on how to increase the depth of understanding of 
mathematical concepts. We look next at the APOS theory as proposed by Dubinsky 
and his research group. 
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2.5.3 APOS theory 
Like Sfard's hierarchical model for the acquisition of mathematical concepts, a 
research group headed by Dubinsky has developed and tested a theory, the APOS the- 
ory, for the growth of understanding of mathematical concepts along the depth dimen- 
sion. This theory is explicated in several places in the literature including Dubinsky 
(1992) and Breidenbach et al. (1992). More recently, the theory has been updated, as 
described in Cottrill et al. (1996). This section summarizes the theory along with its 
theoretical underpinnings. 
Dubinsky (1992) describes how this theoretical perspective arose out of an interpreta- 
tion of Piaget's theories, particularly the theory of reflective abstraction. He discusses 
the three major kinds of abstraction identified by Piaget. Empirical abstraction arises 
by drawing knowledge from the properties of objects (Beth & Piaget, 1966, pp. 188- 
189). Pseudo-empirical abstraction produces properties "that the actions of the sub- 
ject have introduced into objects" (Quoted from Dubinsky, 1992, p. 97 referencing 
Piaget, 1985, pp. 18-19). Finally, reflective abstraction is drawn from "the general 
coordinations of actions and, as such, its source is the subject and it is completely 
internal" (ibid, p. 97 referencing Piaget, 1972, pp. 37-38). Dubinsky goes on to differ- 
entiate between the three types of abstraction when he points out that empirical and 
pseudo-empirical abstraction requires that actions be performed on objects to con- 
struct knowledge. Reflective abstraction, on the other hand, "... interiorizes and coordi- 
nates these actions to form new actions and, ultimately new objects" (ibid, p. 98). 
Dubinsky goes on to claim that, based on Piaget, "new mathematical constructions 
proceed by reflective abstraction" (ibid, p. 98 referencing Beth & Piaget, 1966, p. 
205). He concludes by suggesting that reflective abstraction is "a description of the 
mechanism of the development of intellectual thought" (ibid, p. 99). 
Based on the above theoretical perspective from Piaget and several years of research, 
the APOS theory has evolved to a current form as described in Cottrill et al. (1996). 
The definition of mathematical knowledge put forth by this research team states: 
Mathematical knowledge is an individual's tendency to respond, in a social context, to 
a perceived problem situation by constructing, re-constructing, and organizing, in her 
or his mind, mathematical processes and objects with which to deal with the situation. 
(p. 171) 
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This research team identifies actions, processes, and objects as three general types of 
mathematical knowledge. Furthermore, these three are organized into structures called 
schemas. Cottrill et al. define action as "any mental or physical transformation of 
objects to obtain other objects" (ibid, p. 171). For example, the ability to plug numbers 
into an algebraic expression and calculate is an action. Reflection on an action leads to 
the interiorization of the action as a process. This is similar to the interiorization dis- 
cussed by Sfard (1992). 
A process is a purely cognitive act that does not rely on the performance of a specific 
sequence of steps. Cottrill et al. write: "A process is a transformation of an object (or 
objects) that has the important characteristic that the individual is in control of the 
transformation, in the sense that he or she is able to describe, or reflect on, all the steps 
in the transformation without necessarily performing them" (ibid, p. 171). Some indi- 
cation that a person has moved from action to process is the demonstrated ability to 
reverse a process or to combine a process with other processes. With respect to the 
function concept, a "process-level" understanding might be indicated by a student rec- 
ognizing that two functions are equal when the same input produces the same output 
even if two different algorithms are used to produce the output. For example, 
f (x) = 5x + 10 and g(x) = 5(x + 2) produce different algorithms on x, but are 
equal since the two algorithms are equivalent. A student who says these are different 
functions might have an action conception while a student who says they are the same 
might have a process conception of function. 
Next, we move to the object phase. A student at the object phase has reified the process 
as object, in the sense of Sfard. Cottrill et al. define an object as something that "is 
constructed through encapsulation of a process. This encapsulation is achieved when 
the individual becomes aware of the totality of the process, realizes that transforma- 
tions can act on it, and is able to construct such transformations" (ibid). Thus, a func- 
tion has become an object to a student when he or she realizes that a function itself can 
be used as an input or an output for some higher-level process. Cottrill et al. go on to 
point out that objects can be de-encapsulated back to processes and that the ability to 
move back and forth between process and object is an important part of understanding 
a mathematical idea. Here we see as hint of procept, as discussed by Gray and Tall 
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(1994). The student who can view a symbol flexibly as both a process and an object 
has the flexibility in thinking to choose the appropriate conception in a given problem 
situation. This is an example of proceptual thinking. 
The final piece in this puzzle of conceptual development is the schema. Skemp (1979) 
writes of "varifocal theory" in which a schema is a concept if one views the schema as 
an entity and a concept is a schema if one looks at the details of the concept. Skemp 
writes: "Concepts and schemas are not distinct kinds of mental entities. sometimes one 
classification is better, sometimes the other, according to the purpose. A schema can be 
thought of as a concept with interiority" (ibid, p. 141) Skemp notes that interiority 
refers to the quality or dimensions of a concept (ibid, p. 116). As a counterpoint, Cot- 
trill et al. write: "A schema is a collection of actions, processes, objects, and other 
schemas that are linked in some way and brought to bear on a problem situation" (ibid, 
p. 172). They go on to suggest that schemas via reflection can be transformed into 
objects. Finally, objects can be transformed by action into new processes, objects, and 
schemas. To some degree, schema evokes an image of a cognitive network that has 
been compressed into a cognitive unit. If not just one cognitive unit, a schema is at 
least a collection of closely related cognitive units with the appropriate conceptual 
connections. 
Summarizing, the theoretical framework of Dubinsky and his colleagues sees the proc- 
ess of understanding beginning with actions on already-understood objects. These 
actions become interiorized into processes that are cognitive entities which can be 
coordinated with other processes and which can be reversed. These processes are 
encapsulated into new objects on which higher-level actions can be performed. The 
development of these cognitive structures occurs through the process of reflective 
abstraction. Finally, a schema is a collection of these actions, processes, and objects. A 
crucial question relates to the necessity of this sequence of stages in developing an 
understanding of a concept along the different ways a concept can be thought of. If a 
particular aspect of a concept lies in a visuo-spatial dimension rather than in an object 
"to be acted upon" dimension, are these stages of development still appropriate? Such 
questions are discussed in relation to the theoretical framework in the next chapter. 
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2.6 Difficulties with the Function Concept 
Now that some of the major theoretical frameworks for developing an understanding 
of function have been discussed, the attention turns to research evidence of difficulties 
in such development. Sierpinska's list of epistemologickl obstacles has already been 
discussed. In this section, attention is focused on some of the cognitive obstacles that 
occur when a student tries to develop an understanding of function. 
Given a set of examples, what rules do students use to determine if the example is that 
of a function? Not surprisingly, Vinner and Dreyfus (1989) suggest that the mathemat- 
ical objects that students identify as examples of a concept are not necessarily the 
same as the objects determined by the concept definition. In identifying student beliefs 
about functions, Vinner (1983) reports that 10th and 11th grade students studying in 
academically selective high schools in Jerusalem who were taught the function process 
using the Dirichlet approach manifested the following beliefs: the relationship defined 
by the function should be systematic; the function must be a term or an equation; the 
function is identified by only one of its representations; the function should be given 
by one rule; different rules are okay for different domains as long as the domains are 
"regular; " I. e. no singleton domains; a rule that is not algebraic may be a function if it 
is endorsed by the mathematical community; graphs should be regular and systematic; 
and, a one-one correspondence is expected. Vinner (1992) goes on to discuss "com- 
partmentalization" in the setting of function. Compartmentalization occurs when two 
items of knowledge are incompatible and yet reside simultaneously in one's concept 
image. For example, a student interviewed as part of this research was able to accept a 
random two-column table as a function, but unwilling to accept a table in which the 
input was generated by one rule and the output was generated by another rule as a 
function. Another example occurs when students deal with different representations of 
function. Students in this research commonly accepted the equation of a circle as a 
function while identifying its graph as not being a function (most likely blindly apply- 
ing the "vertical line test"). Compartmentalization suggests the lack of appropriate 
conceptual links within a concept image. The disconnected cognitive units often act as 
coping mechanisms in the face of conflict. Instead of dealing with the conflict 
squarely, the student removes the link that creates the conflict allowing the two oppos- 
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ing ideas to co-exist in the mind. Ultimately the use of examples and isolated, discon- 
nected rules, such as the vertical line test, result in a muddled concept image lacking 
meaningfulness. V inner writes: "Students recall words, symbols, or even pictures that 
are related to the topic which they are asked, but all theses do not make a meaningful 
idea. They are part of meaningless communication that students try very often in 
classes or in exams just to make the impression that they know something, an impres- 
sion they have to make in order to survive" (1992, p. 211). Separating the meaningful 
from the purely procedural in a students mind is one of the more difficult tasks 
researchers must deal with in constructing models of student understanding. 
Since a concept, such as function, consists of several different representations, 
researchers have probed the difficulties that arise across these representations. Eisen- 
berg (1992) argues that it is crucial to connect geometric and symbolic representations. 
In doing so, he suggests that there are two sources of difficulty: epistemological obsta- 
cles, in the same vein as Sierpinska (1992), in which symbol manipulation and proofs 
are viewed as "real" maths while visualization is not; and, cognitive difficulties 
between visual and analytic processing. In essence, graphs are visuo-spatial based (fig- 
ural) while symbols tend to be more process-based. In support, Vinner and Dreyfus 
(1989) suggest that while most students can graph simple functions, they often treat 
the graph of a function as something external to the function itself and not really part 
of its essence. 
Eisenberg goes on to discuss the importance of the visual, acknowledging the difficul- 
ties inherent in thinking visually first. He writes: "The emphasis of getting students to 
think of concepts first in a visual framework and then in an analytic one, is a switch in 
direction that is most difficult to obtain" (1991, p. 161). Part of this difficulty may be 
linked to instrumental instruction and procedural learning, which place their emphasis 
on manipulating the analytic. In fact, Eisenberg goes on to impugn mathematics more 
generally: "... functions and their associated notions are not conceived visually, and 
that this non-visual approach hinders one's development of-having a sense for func- 
tions... it is the conclusion of this author that this unwillingness to stress the visual 
aspects of mathematics in general, and of functions in particular, is a serious impedi- 
ment to students' learning" (ibid, p. 152). 
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Eisenberg (1992) addresses some of the difficulties inherent in using a visual empha- 
sis. He lists difficulties at three different levels. A visual emphasis is: more difficult 
(cognitive); is harder to teach (sociological); and, not mathematical (epistemological). 
Much blame can be placed at the feet of academic knowledge which Eisenberg 
charges is procedural and disconnected. To defend this charge, he cites the Cheval- 
lard's (1985) theory of mathematical didactics. Central to this theory is didactical 
transposition defined as "the change knowledge undergoes as it is turned from scien- 
tific, academic knowledge to instructional knowledge as it is taught in school' (p. 169) 
Table 2.1 displays the comparison between features of academic and instructional 
knowledge. 
TABLE 2.1: Didactical transposition 
Academic 
knowledge 
Instructional 
knowledge 
intricate sequential 
numerous links links eliminated 
nonsequential "sound bites" 
contextualized non-contextualized 
stresses concepts stresses procedures 
Eisenberg writes: "New knowledge is formulated, for the purpose of teaching, in a way 
that stresses computational procedures, and this necessarily allows for sequential pres- 
entations" (ibid). This directly impacts the predominance of the analytic over the vis- 
ual. Analytic processes precisely rely on the sequential nature of the knowledge while 
the visual tends to be nonsequential, intricate, and with numerous links. 
Artigue (1992) lends support to Eisenberg's argument discussing what this researcher 
calls the didactic contract. This contract includes the assumed role of the teacher and 
the role of the student in a classroom. Artigue writes: "Traditional teaching is based on 
the fiction of the possibility of learning through continuity" (1992, p. 111). The impact 
on students in differential equations is that "most of them [students] are convinced 
there exists a recipe allowing the exact integration of each kind of differential equation 
and that the aim of research in this field is to complete the cookbook" (ibid, p. 112) 
Replace "differential equations" with another mathematical field and the quote 
remains valid. Artigue argues for "inter-setting" relations that are ultimately settings 
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requiring the use of several different representations of a concept. Three different reg- 
isters of interaction are mentioned, two of which are pertinent to this research. The first 
is interpretation in which information is given simultaneously in two different repre- 
sentations. Problem solving requires interaction between the representations. The sec- 
ond register of interaction is prediction in which information is given in one 
representation, but the solution to the problem requires a different representation. In 
discussing representations, Artigue pays particular attention to the visual as compared 
to the analytic suggesting that the visual development is inferior in the minds of math- 
ematicians and thus in the minds of students as well. Artigue writes: "Beliefs and hab- 
its about the status and role of a graphic setting act as didactic obstacles and they have 
to be explicitly questioned in order to obtain the necessary epistemological changes 
both in teachers and in students" (ibid, p. 132). 
Eisenberg (1992) goes on to mention the different processing requirements of the vis- 
ual versus the analytic. He cites Larkin and Simon (1987) who wrote: "... the diagram- 
matic [visual] representation preserves explicitly the information about the topological 
and geometric relations among the components of a problem, while the sentential 
[analytic] representation does not" (p. 66). Tall (1995a) specifically makes this point in 
his- outline on the development of a cognitive structure. Interaction with the external 
world produces perceptions that may be primarily objects (visual) or actions (ana- 
lytic). In the quest toward advanced mathematical thinking the objects develop as 
visuo-spatial prototypes become more verbal-deductive. On the other hand, actions 
become symbolized as processes which in turn become encapsulated as objects. the 
interaction between the two is through conceptual links, if they exist. If such links are 
absent, two parallel developments may occur, but lack the connections necessary to the 
development of true mathematical power. Vinner (1992) states: "People remember vis- 
ual aspects better than analytic aspects" (p. 212) This may be due to the fact that the 
visual may more easily become a cognitive unit. To remember the analytic, appropriate 
conceptual connection must be present. 
While the preceding discussion has focused on just difficulties between analytic and 
visual representations, many other student difficulties have been documented. Eisen- 
berg (1991) notes that the notational complexities of the function concept often present 
obstacles to understanding. Herscovics (1989) agrees stating that the notation "is very 
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efficient because it condenses a great deal of information, but the economy of notation 
can also create a cognitive obstacle" (p. 76). Eisenberg points out that students do not 
understand that functions transform every point in the domain to a new position. 
Finally, he mentions the process-product dilemma of functions acting as operators as 
well as objects. 
Martinez-Cruz (1995) reports on research aimed at "developing a conceptual knowl- 
edge of functions in technology-enhanced classes" (p. 279). He used 8 students in a 
pre-calculus class using a Demana and Waits text in a case study. The question investi- 
gated was "What are the concept images and the concept definition of function that 
students have? " A practice test was given at beginning of study followed by inter- 
views, observations, and other material that was submitted. The author identifies 3 
models: a graph model, an equation model, and a unique correspondence model. It is 
interesting to note the lack of tables-this study was prior to the easy accessibility of 
tables on graphics calculators. The author appears to focus on the various representa- 
tions of functions, but have provides little insight into the depth of understanding. For 
a student with a graph model, there was the often-reported result that the student only 
identified graphs as functions if they were within his experience. Martinez-Cruz 
writes: "He [the student] recognized a function when he has seen or graphed a similar 
or identical graph. Otherwise, he would reject a function based on his experience" 
(ibid). Here again the emphasis on prototypes is demonstrated. In the equation model, 
a key issue relates to whether students require functions to be expressible as equations 
and whether all equations are functions. The unique correspondence model refers to 
the formal definition of function that emphasized one unique output for each input. 
The paper concludes by looking at links between the models. One reported link was 
the interpretation of the vertical line test. The other link is given by translating between 
representations. Concluding, Martinez-Cruz states that "for some students one single 
model was more anchored in their mind than others, and they acted accordingly" 
(ibid). This research suggests a common structural element in the development of a 
concept image of such a complex concept as function: the tendency to allow one par- 
ticular aspect or model to dominate all others. This is not such a problem if the model 
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is sufficiently robust, but, if not, it may lead to highly compartmentalized understand- 
ings. 
Janvier (1978) focuses attention on speed-distance graphs. Given the speed-distance 
graph of a car on a racetrack, students were asked to select the shape of the racetrack. 
Students tended to view the graph as a picture of the motion as opposed to a dynamic 
indication of the relationship between distance and speed. In this way, the contextual 
situation served as a distracter to an appropriate interpretation of the graph. 
Monk (1992) focuses his research on difficulties dealing with the visual representation 
only. He distinguishes between students'who see graphs pointwise as opposed to see 
graphs across-time. A pointwise view focuses on seeing a specific value for one com- 
ponent given a specific value for another component. An across-time view, rather than 
focusing on specific points, looks at graphs in terms of the patterns of change that will 
occur in one component given a pattern of change in the other component. This dis- 
tinction relates nicely with Eisenberg's difficulty in seeing a function operate across its 
domain. Another difficulty reported by Monk is that of iconic translation that is the 
over-literal interpretation of a graph, similar to Janvier (1978). An example is the stu- 
dent who, in attempting to draw a time versus speed graph, draws a graph that displays 
the movement of the object in time. Dugdale (1993) reinforces the iconic translation 
when she notes that a frequently observed student error involved ignoring the labels on 
the axes and looking "for a graph that resembles a "picture" of the event described" (p. 
109). She refers to this as the "graphs-as-picture notion" (ibid, p. 110). Kerslake 
(1977) also noted that students confuse graphs with pictures. 
Markovits, Eylon, and Bruckheimer (1988) wrote a chapter specifically focusing on 
the difficulties students have with function. They begin by listing four components in 
understanding function. Each component is divided into two parts: a passive part and 
an active part. The first component relates to the ability to differentiate between func- 
tions and nonfunctions. This component seems closely related to the identification and 
discrimination acts of understanding mentioned in Sierpinska (1992) The second com- 
ponents focuses on the ability to find output given input and vice versa along with the 
ability to recognize the domain and range of a function. The ability to recognize equal 
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functions and to be able to move between representations is the third component. 
Finally, the ability to identify and give examples of functions satisfying specific con- 
straints is the last component. Based on these four components, the authors identified 
the following difficulties based on a study of 14 to 16 year old students. Students had 
difficulty with the terminology such as domain and range. They often ignored domain 
and range. Students struggled with locating points on the graphical representation indi- 
cating an inability to easily move between analytic and graphical representations. The 
misconception that every function is linear was documented, as it had been previously 
by Markovits, Eylon, and Bruckheimer (1983). Certain types of functions, such as the 
constant function, functions represented by discontinuous graphs, and piecewise- 
defined functions, give students difficulties. Finally, the authors mention that students 
often exhibit difficulty in technical manipulations. 
Various researchers have identified other difficulties. Herscovics (1989) notes the fol- 
lowing: the use and role of literal symbols cause difficulties in moving between table 
and graphic representations; students believe that functions should be given by only 
one rule. If two rules are given, there are two functions; and, graphs should be "reason- 
able" and "regular" with no angles. Karplus (1979) notes, in a study of secondary 
school students, that students were likely to process data mechanically even though the 
data arose from a physical context. There was little evidence that the students con- 
nected the data to the physical setting. Eisenberg and Dreyfus (1989), in working with 
secondary students on graphical transformations, mention concern that students 
viewed the transformations in terms of two static states rather than as dynamic proc- 
esses. Goldenberg (1988) points out that varying the constant term in a linear function 
provides the illusion of either a vertical or an horizontal shift, that graphs on graphics 
calculators are highly dependent on the specific viewing window used, and that stu- 
dents may misinterpret the domain of a function based on the viewing window used. 
Graham and Ferrini-Mundy (1989) report that students tend to say a graphical repre- 
sentation is not a function unless a formula is associated with the. graph. They also 
report that piecewise-defined functions are a source of difficulty. Moschkovich, Sch- 
oenfeld, and Arcavi (1993) point out that students have difficulty knowing what to 
focus on when they see a graph. A related issue is when to use one representation and 
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when to let go of that representation in favour of another. Finally, Tall and Bakar 
(1992) discuss the fact that students commonly ignore the definition of function and, in 
its place, develop a set of prototypes for identifying functions. The paper concludes 
with a statement of a difficult obstacle: 
The learner cannot construct the abstract concept of function. without experiencing 
examples of the function concept in action, and they cannot study examples of the 
function concept in action without developing prototype examples having built-in 
limitations that do not apply to the abstract concept. (Tall & Bakar, 1992, p. 50) 
2.7 Conclusion 
This chapter surveyed literature on understanding, on factors that contribute to stu- 
dents who have been "debilitated" by their previous mathematical experiences, and on 
the understanding of the function concept. The chapter began with a set of definitions 
of key terms. Next, what it means to understand mathematics was explored. In this sec- 
tion, the researcher discussed the relationship of understanding to the biological devel- 
opment of the brain. The distinction between conceptual and procedural knowledge 
was discussed and related to relational versus instrumental understanding. Next a brief 
discussion of the process-product dilemma inherent in the symbolism of mathematics 
led directly to a discussion of the distinction between procedural versus proceptual 
thinking. 
The subjects of this research are college students who have been unsuccessful at math- 
ematics before. This is verified by their enrolment in a beginning algebra course 
offered at the college. The researcher argues that these students have been "debili- 
tated" by their prior experiences with mathematics. The nature of this "debilitation" is 
situated in the context of the issues related to understanding described in the preceding 
section. To understand the debilitation, the researcher places blame on both curriculum 
and instruction. The section provides an historical perspective on the development of 
the algebra curriculum in the United States and is followed by a focused discussion on 
the prior experiences of the target students with this curriculum that contributed to 
their debilitation. Emphasis is placed on the nature of the students' concept images of 
basic mathematical ideas. 
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Since the target students have, been unsuccessful with algebra in the past, the 
researcher postulates that they require an instructional treatment that is markedly dif- 
ferent from their prior experiences. The concept of function is the focal point of this 
revised curriculum. The chapter reviews the major theories related to the acquisition of 
the function concept. Included are discussions of Sierpinska's epistemological obsta- 
cles, Sfard's operational versus structural thinking, and Dubinsky's APOS theory. The 
chapter concludes with an overview of the difficulties students have in acquiring the 
function concept, reviewing the findings of several researchers. 
This chapter lays the groundwork for the theoretical framework that will structure this 
research. The next chapter explicates this framework and situates the framework 
among other conceptual models that have been developed to help researchers assess 
student understanding of mathematical concepts, and, specifically, of the function con- 
cept. 
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CHAPTER 3 Facets and Layers of 
a Concept 
3.1 Introduction 
The previous chapter reviewed the research on understanding and learning along with 
research in general and with respect to the function concept. One key area of investiga- 
tion, especially with increased availability of graphics calculators and computers, has 
been multiple representations. Thompson takes exception with some of the emphasis 
on multiple representations stating: "I believe that the idea of multiple representations, 
as currently construed, has not been carefully thought out, and the primary construct 
needing explication is the very idea of a representation... The core concept of "func- 
tion" is not represented by any of what are commonly called the multiple representa- 
tions of function, but instead our making connections among representational activities 
produces a subjective sense of invariance" (1994, p. 39). To learn a mathematical con- 
cept, one must acquire both a breadth and a depth of understanding of the concept. As 
suggested by Schwingendorf et al. (1992), one might measure both the breadth of the 
students' concept image (see Tall & Vinner, 1981; Vinner, 1983; Tall, 1989b) and the 
depth of the student's understanding in order to identify the student's knowledge of the 
concept. This research uses the word facet to describe the breadth dimension, avoiding 
the preconceptions about representations suggested by Thompson, and the word layer 
to identify the depth dimension. This chapter introduces a framework for a mathemati- 
cal concept based on facets and layers. Student understanding of the function concept 
is analysed using this framework as a lens. Another focus of the discussion relates to 
the nature of the boundaries between facets and between layers. The chapter concludes 
with a brief description of other conceptual models for understanding that have been 
proposed and how these relate to the framework proposed in this chapter. 
3.2 Facets and Layers of a Concept 
3.2.1 Facets of a mathematical concept 
The breadth dimension of function is exemplified by what are commonly listed as the 
multiple representations, such as symbolic, numeric, and geometric. To avoid the diffi- 
culty Thompson refers to with respect to the idea of representation, DeMarois and Tall 
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(1996) introduced the vocabulary of facets. Others have used the word "aspects" to 
express a similar idea. For example, Selden and Selden (1992), in their review of 
research on the function concept, write: "we will discuss various aspects (definitions, 
representations, conceptions) of function. For an expert, each aspect will suggest all 
the others, and any one aspect of function is convertible to another at will. However, 
novices often lack the ability to go back and forth between different aspects, and there 
is some evidence to suggest that familiarity with one aspect of function can interfere 
with developing an understanding of others" (p. 2). Webster's New World Dictionary 
defines a facet as "any of a number of sides or aspects" (Guralnik, 1980, p. 500). The 
facets of a mathematical entity refer to the various aspects of the entity. Depending on 
the mathematical entity, the facets might include a written description, a verbal 
description, a kinesthetic (enactive) demonstration, notational conventions, numeric 
aspects, symbolic aspects, geometric aspects, and colloquial (informal or idiomatic) 
aspects. Each contributes to the horizontal dimension that defines the entity. All math- 
ematical concepts may not exhibit all of the facets, but these serve as a starting point to 
measure the breadth of understanding of the concept. 
The facets of a concept may be visualized 
by thinking of each as a slice (sector) of a 
circular object (Figure 3.1). The idea of a 
slice is important since the pieces may be 
disconnected and moved around so that any 
facet may appear "next to" any other facet. 
That is why the figure displays the slices as 
disconnected. Also important to note is the 
"sloppy" nature of the boundaries. While the 
written Zkic 
geometric 
numeric colloquial 
symbolic notation 
Figure 3.1: Facets of a mathematical entity 
boundaries between some facets may be virtually non-existent, the boundaries 
between other facets may be impenetrable, as alluded to by Selden and Selden (1992). 
One focus of this research will be on the nature of the boundaries between the facets. 
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3.2.2 Layers of a mathematical concept 
DeMarois and Tall (1996) use the term layers to refer to the various strata of the depth 
dimension in the development via cognitive process to mental object. Webster's Dic- 
tionary describes a "layer" as "a single thickness, coat, or stratum" (Guralnik, 1980, p. 
800) In this framework, pre-procedure, procedure, process, concept, and procept 
are considered layers of increasing depth. Pre-procedure assumes that the student is on 
the ground floor, so to speak, with respect to a concept. Such a student exhibits no dis- 
tinguishable concept image of the entity, at least from a mathematical point of view. 
For example, most students have encountered the word "function" as used in standard 
English, but many fewer will have heard this word used in a mathematical context. A 
procedure is a coherent sequence of actions-a schema of actions. A procedure is a 
"specific algorithm, " as mentioned earlier and can be likened to Davis' visually-mod- 
erated sequence (Davis, 1984, p. 35). On the other hand, a process is a cognitive entity, 
not dependent on individual steps, but rather on the result produced from the original 
input. While a procedure may be a cognitive entity also, the procedure layer is exem- 
plified by the need to carry out a specific sequence of steps when considering a mathe- 
matical entity, similar to Dubinsky's action phase. The process layer manifests itself 
when the student can think about an entity as a generic activity not reliant on a specific 
algorithm. The student, given a two-column table, who must know the specific 
sequence of steps used to convert values in the left column to values in the right col- 
umn is most likely at the procedure layer while the student, given a two-column table, 
who can accept the table as a function without knowing the algorithm used may be, at 
least, at a process layer. As another example, the expressions 2x +6 and 2(x + 3) 
represent two different procedures. The results of applying each procedure to a given 
input are the same. Students who view these as different functions might be classified 
at the procedure layer while those who classify these as the same function might be 
placed at the process layer. In fact, Cuoco (1994) suggests that students with this abil- 
ity have "the necessary cognitive development to think about function as object" (p. 
130). According to Cuoco, "Students who view functions as actions think of a function 
as a sequence of isolated calculations or manipulations" (ibid, p. 122). Students at the 
procedure layer are dependent on the algorithm performed to obtain output from input. 
Cuoco suggests that "students who view functions as processes think of functions as 
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dynamic (single-valued) transformations that can be composed with other transforma- 
tions" (ibid, p. 122) and goes on to suggest that when students can view functions as 
"atomic structures that can be inputs and outputs to higher-order processes" (ibid, p. 
123), such students have an object conception of function. The concept layer aligns 
closely with the object conception as described in Dubinsky's APOS framework (Cot- 
trill et al., 1996, for example) and with the structural mode of thinking of Sfard (1992). 
In this framework, the set of concepts is treated as a superset of the set of objects. Con- 
cepts can be either nouns or adjectives. For example, both "cup" and "red" are con- 
cepts, but "cup" is a noun while "red" is an adjective. Nouns can be acted upon while 
adjectives cannot. A cup can be filled, lifted, dropped, or washed. These are examples 
of actions on the noun "cup". No similar actions are apparent for acting on the adjec- 
tive "red". An object will be considered a concept that can be acted upon. In this sense, 
a mathematical entity like function is an object that, in turn, is a concept. The procept 
layer is designed to indicate the flexibility in moving easily between process and 
object layers as required. The procept layer is closely connected with the ability to 
exhibit proceptual thinking about the mathematical entity. Students reach the most 
depth (the procept layer) when they can demonstrate flexibility in viewing a mathe- 
matical entity as either a process or a concept, as required by the problem situation. 
The depth dimension has been discussed extensively in the literature (see Cottrill et al., 
1996; Breidenbach et al., 1992; Dubinsky & Harel, 1992; Goldenberg at al., 1992; 
Gray & Tall, 1994; Schwingendorf et al., 1992; Sfard, 1992; Thompson, 1994, for 
example). Layers are closely aligned with the proceptual structure of the entity. The 
depth development, as described by layers, is related to Sfard's components of concept 
development. Sfard differentiates between the various depth dimensions of concept 
acquisition when she writes: 
A constant three-step pattern can be identified in the successive transitions from oper- 
ational to structural conceptions: first there must be a process performed on the 
already familiar objects, then the idea of turning this process into a more compact, 
self-contained whole should emerge, and finally and ability to view this new entity as 
a permanent object in its own right must be acquired. These three components of con- 
cept development will be called interiorization, condensation, and reification, 
respectively. 
Condensation means a rather technical change of approach, which expresses itself in 
an ability to deal with a given process in terms of input/output without necessarily 
considering its component steps. 
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Reification is the next step: in the mind of the learner, it converts the already con- 
densed process into an object-like entity. In other words, while condensation is a 
gradual quantitative change. reification should be understood as a sudden qualitative 
jump in the way of looking at things-an ontological shift comparable to a transition 
from one scientific paradigm to another. The fact that a process has been interiorized 
and condensed into a compact. self-sustained entity, does not mean, by itself, that a 
person has acquired the ability to think about it in a structural way. Without reifica- 
tion, her or his approach will remain purely operational. (1992, pp. 64-4)5) 
Interiorization occurs as a student moves from the pre-procedure layer to the proce- 
dure layer. Condensation implies that a student has moved from the procedure to the 
process layer. Finally, reification implies the shift from process to concept, similar to 
Dubinsky's encapsulation. The cumulative measure of the vertical development 
(Schwingendorf et al., 1992) results in layers of understanding. 
3.2 displays a visualization of the layers of a mathematical concept. Again it is 
Figure 3.2: Layers of a mathematical entity 
important to note that the boundaries between the layers may vary from porous to 
impenetrable. Sfard (1992) alludes to the fact that condensation (moving from proce- 
dure to process) may be gradual and quantitative while reification (moving from proc- 
ess to concept) may be sudden and qualitative. The procedure-process boundary may 
be rather porous while the process-concept boundary, as suggested by the research by 
Sfard (1992), Breidenbach et al. (1992), and Dubinsky and Harel (1992), may be 
impenetrable, at least for some students. Finally, what causes a student to develop the 
flexibility required to cross the concept-procept boundary? Is traversing this boundary 
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reserved for only our most capable, as discussed by Krutetskii (1976)? Can learning 
activities be designed to promote the traversing of this boundary? These are questions 
future research needs to address. 
3.2.3 Facets and layers combined 
Figures 3.1 and 3.2 can be used as visual organizers to analyse a student's concept 
image of a given mathematical entity. The two dimensions may be combined by view- 
ing the layers from the top, rather than from the side, and slicing the layers into pieces, 
as represented by the facets. 
The visualization in Figure 3.3 provides-a convenient way of graphically displaying a 
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colloquial written 
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Figure 3.3 Facets and layers 
dent's concept image of a mathematical entity. 
Shading may be used to indicate a student's observed depth of understanding for a 
given facet. The result is a snapshot of the student's concept image at a given instant in 
time. Comparing snapshots at various points in a student's development provides 
insights into the growth (or decay) in the student's understanding of the mathematical 
entity over time. Note that this visualization may oversimplify the complexity of the 
cognitive structure. Each facet may not be amenable to the various layers. Some fac- 
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ets, such as numeric, might be essentially more primitive than other facets, such as 
symbolic. As mentioned previously, the boundaries are porous. Facets flow into each 
other, such as the symbolic and notation facets. Layers flow into each other such as the 
procedure and process layers. It may be at these porous boundaries where the most 
interesting information occurs. Finally, a third dimension could be added to layers and 
facets called levels. Each level might be a collection of layers and facets. Achieving 
the procept layer for one facet may be a precursor to moving into the procedure layer 
at the next level. For example, students often encounter evaluation of expressions prior 
to the function concept. Students may have already encapsulated the algebraic process 
of evaluation as the concept of expression. By applying this knowledge to function, 
they may move from the level of expression to the level of function. 
3.2.4 Co-development of both facets and layers 
The co-development of understanding the various facets of a mathematical entity and 
of the increasing depth of understanding of the entity along each facet is an important 
issue. Figure 3.3 implies that there may be a pre-procedure, procedure, process, con- 
cept, procept path of increasing depth along each facet. This may not be the case. 
There are at least two distinct paths of development in mathematical growth: one 
based on objects and being visuo-spatial and a second based on actions on objects that 
lead through processes finally to procepts. Tall (1995a) indicates that perceptions of 
and interactions with the external world produce both objects and actions. If action- 
based, then growth may follow a path described by Sfard's operational-structural 
sequence or Dubinsky's APOS (Cottrill et al., 1996, for example) or the Procedure- 
Process-Concept-Procept layers discussed above. However, if object-based, then the 
layers might be significantly different with increasing depth occurring as a result of, as 
Tall describes, "visuo-spatial prototypes becoming successively more verbal-deduc- 
tive" (1995a, p. 64). Mathematical concepts, like function, consist of a number of fac- 
ets. Some of these facets, such as symbolic, are initially perceived as action-based 
while others, such as a graph, may be initially perceived as object-based. The distinc- 
tion between object-based and action-based suggests the possibility of two very differ- 
ent paths in developing increasing depth for these facets. This may suggest why the 
connections between certain facets prove to be so difficult. For example, Schwartz 
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(1992) suggests that the symbolic representation reveals the process nature of function 
while the geometric representation reveals the object nature of function. Contrasting 
this point of view, Goldenberg et al. (1992) argue that the geometric facet of function 
should be dynamic in order to construct an appropriate concept image and a concep- 
tual link between the symbolic and geometric facets. In developing snapshots of a stu- 
dent's concept image of a mathematical entity along the lines of Figure 3.3, the issue 
of connections between facets with different paths of increasing depth for a given facet 
will be considered. 
3.3 Facets and Layers of the Function Concept 
3.3.1 The facets of the function concept 
The previous discussion has introduced the facet-layer framework for any mathemati- 
cal entity. What if that entity is "function"? Three of the facets-numeric using tables, 
geometric using graphs, and symbolic using equations-have been discussed exten- 
sively in the literature. (Cuoco, 1994; Schwingendorf et al., 1994; Sierpinska, 1988; 
Thompson, 1994, for example) Written and verbal descriptions of function represent 
two other facets. Function notation defines the notational facet. Function machines are 
used to explore the colloquial facet. Finally, the kinesthetic aspect might be revealed 
by asking students to act out their understanding about function. Table 3.1 displays a 
list of specific facets as applied to the entity "function". However, note that several of 
TABLE 3.1: Function facets 
Generic Facets Function Facets 
numeric two-column tables or sets of ordered pairs 
geometric rectangular coordinate graphs 
symbolic equations in two variables 
written definition expressed in writing 
verbal definition expressed orally 
kinesthetic physical demonstration of what a function is 
colloquial function machines 
notation function notation 
these facets have sub-facets. For example, there are several ways to represent a func- 
tion symbolically. Both f(x) =x+1 and f. x -> x+1 are symbolic ways of defining 
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the same function. Visually, a two-dimensional coordinate graph provides a visualiza- 
tion for functions of one variable from the real numbers to the real numbers. Other vis- 
ualizations, such as drawing correspondences from domain to range, can also be used 
for the geometric facet. Another visualization, dubbed Dynagraphs (Goldenberg, 
Lewis, & O'Keefe, 1992), allows the user to dynamically manipulate the domain vari- 
able and observe the affect on the range variable. Each variable is displayed in its own 
space as opposed to being viewed in the same plane like the rectangular coordinate 
system. Verbal and written descriptions can vary greatly, with each definition ade- 
quately describing the entity. Crucial here is the ability to assimilate various "correct" 
definitions into one's concept image and the ability to detect problems with "incorrect" 
definitions. The function machine, as an example of the colloquial facet, provides an 
informal entry into the mathematical entity. 
Another issue is the information about a function supplied by each facet. Given an 
equation in two variables which is solvable for one of the variables, one can identify 
the input variable, the output variable, and the process. A function machine displays 
similar information. The equation and function machine do not, however, provide sig- 
nificant information about the behaviour, such as extrema, of the function unless one 
knows about the behaviour of certain classes of function. Equations and function 
machines have a dynamic feel in that they can be considered manipulable. On the 
other hand, a two-column table provides information about the input and output, but 
hides the process. Furthermore, the table is only partially expressive of a function if it 
is developed from an equation or a graph. The table may be fully expressive of the 
function if it is created from data. A table may indicate some of the behaviour of the 
function (intervals on which the function is increasing, for example), but care must be 
taken in how one interprets the contents of the table. A table on paper is static, but, on 
a graphing calculator, becomes dynamic. A graph provides information about the 
input, the output, and the behaviour of the function, but does not, like the table, make 
the process explicit. A graph is often viewed as static (an object) which causes students 
problems when they must somehow manipulate a graph. The written, verbal, and 
kinesthetic facets depend on where the emphasis is placed. Some students may place 
Facets and Layers of Function for College Students in Beginning Algebra 71 
Facets and Layers of a Concept Facets and Layers of the Function Concept 
the emphasis on the input-output pairs, for example, while others may focus on the 
process. 
3.3.2 Analysing the layers of the function concept 
While the layers-pre-procedure, procedure, process, concept, procept-represent a 
merging of models for measuring the depth of understanding, this research attempts to 
analyse each facet along this depth dimension. A key question relates to the evidence 
needed to support a claim that a students is at a given layer for a given facet. The 
researcher looks at the work of several others to help define some key points in this 
development. First, the ability to reverse a path may be considered a distinguishing 
feature between being at a procedure layer versus a process layer. Dubinsky and Harel 
(1992), following Breidenbach et al. (1992), use reversibility as a test to differentiate 
between their action and process stages. Eisenberg (1992) writes: "Levels of under- 
standing exist which can be measured by the ability to reverse the path of develop- 
ment" (p. 174). Reversibility can be applied particularly to the symbolic, numeric, 
geometric, colloquial, and kinesthetic facets. The ability to reverse, within the frame- 
work of one of these facets, is used as evidence that the student may be at a process 
layer as opposed to a procedure layer for the given facet. 
Dubinsky and Harel (1992), based on the work of Breidenbach et al. (1992), discuss 
the fact that a process conception of function is composed of several aspects. They 
identified, as a result of interviews with students, four factors that affected students' 
conception of function. Among these were restrictions students placed on the concept. 
The manipulation restriction was defined as "the ability to perform explicit manipula- 
tions, or you do not have a function" (1992, p. 86). Several facets, especially the sym- 
bolic and, numeric, are subject to this restriction. Others, such as the written, verbal, 
and colloquial, may be affected. The quantity restriction, which requires that the inputs 
be numbers, again cuts across several facets, the most obvious being the numeric and 
the symbolic. The continuity restriction seems to be unique to the geometric facet. The 
second factor identified by Dubinsky and Harel is the severity of the restriction. For 
example, some students with the manipulation restriction must know the specific 
sequence of steps before admitting to a function while others are comfortable if they 
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are aware of a procedure to follow even if they cannot carry the procedure out. The 
ability to construct a process when none is explicit is the third factor. The numeric, 
geometric, and, maybe, the colloquial facets would be most susceptible to this factor. 
Finally, Harel and Dubinsky cite the "uniqueness to the right' 'condition as the fourth 
factor. This condition refers to the fact that, for each input, a function can have one and 
only one output. They also mention the confusion between this condition and one-to- 
oneness. This factor crosses all the facets, though it may be less apparent in the kines- 
thetic facet. Indeed, Dubinsky and Harel report protocols in which the "uniqueness to 
the right" condition is applied correctly in one setting (facet), incorrectly applied in 
another setting (facet), and ignored completely in a third setting (facet). This research 
contains data supporting this phenomena. 
Dubinsky and Harel (1992) go on to differentiate some specific behaviours that they 
suggest provide evidence of a student being process-oriented versus action-oriented. 
With respect to the symbolic facet, Dubinsky and Harel, referencing equations in two 
variables, suggest that a student is at an action stage if a student must explicitly solve 
for a variable before stating whether the equation represents a function or not. On the 
other hand, students who can state that the equation, such as 3x - 5y = 7, is a func- 
tion or not without doing the physical solving are more likely to be at the process 
stage. With respect to the numeric facet, Dubinsky and Harel analyse how students 
respond to sets of ordered pairs. Again, the question is to determine if the set of 
ordered pairs is a function. Students who are likely to be at the action stage look for 
rules that relate the first component to the second component while students who are 
most likely process-oriented do not need to know a specific rule in order to answer the 
question. Finally, with respect to the geometric facet, Dubinsky and Harel note that it 
may be hard to distinguish an action phase since graphs are given as static objects or, 
in other words, in a figural form. They suggest that students are likely to be at the 
action stage if students do not accept discrete points as functions and if students are 
essentially ruled by prototypes to determine if a graph is a function or not. Students are 
likely to be process-oriented if they associate the graph, with a process that moves from 
input to output and if they demonstrate the ability to reverse the process by being able 
to move from output to input. 
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Dubinsky and Harel use this framework to analyse interviews with students to deter- 
mine if the student can be classified at the action level or at the process level. They use 
of combination of all this information to place the student somewhere on the contin- 
uum between action and process. The research findiigs reported herein suggest that an 
alternate snapshot might view the students at different layers for different facets. For 
example, a student may be at a procedure layer for the geometric facets, at the process 
layer for the symbolic facet, and at a concept or even procept layer for the written 
facet. The diagram in Figure 3.3 will be used to analyse the depth (by layers) of the 
concept image for each given facet, where possible. The ideas expressed by Dubinsky 
and Harel looking at the action-process continuum are used in this research to help dis- 
tinguish between the procedure and process layers. 
Schwingendorf et al. (1992) take particular aim at analysing the depth (action, process, 
object) of understanding along written, symbolic, and geometric facets using students 
in calculus at an U. S. university as their subjects. As part of the study, the authors 
spend some time discussing the boundary between the symbolic and geometric facets. 
Monk (1992) takes particular aim at the layers of the geometric facet when he con- 
trasts "pointwise questions" with "across-time questions" as mentioned in Chapter 2. 
Students who are only able to deal with "pointwise questions" may well be at the pro- 
cedure layer for the geometric facet, while students who are able to correctly answer 
"across-time questions" may be operating at a process layer for the geometric facet. A 
third type of question that focuses on the graph as an object might provide insight as to 
whether a student has reached a concept layer for the geometric facet. 
An interesting question asks if there are notions equivalent to pointwise versus across- 
time conceptions for other facets. For example, considering the symbolic facet, ques- 
tions asking students to find specific outputs for given inputs might be considered 
"pointwise" while questions that focus on the behaviour of the output over a range of 
inputs might be considered "across-time". A similar type of analysis could be applied 
to the numeric (tables) and colloquial (function machine) facets. Such questions could 
prove helpful, in separating the student who is at the procedure layer from the student 
who is at the process layer for the given facet. 
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The preceding contains ideas for classifying students at either the procedure or the 
process layer for the numeric, symbolic, and geometric facets. The discussion also 
applies to the colloquial facet. A student could be assigned to the concept layer if he/ 
she demonstrates an ability to treat each of the facets as manipulable objects (I. e., Use 
each as an input to a higher level procedure). Evidence that the student has reached the 
procept layer lies in the student's demonstrated flexibility in moving between thinking 
of the facet as a process and as a concept. Cuoco (1994) discusses the procept layer 
when he writes: "... if students are to use functions as objects, they must have at first 
dealt with these functions as processes. And, if students are to use functions as both 
processes and objects, they must be able to de-encapsulate functions-as-objects into 
the underlying processes" (p. 123). 
Little has been said about the layers as applied to the verbal and written facets. In ask- 
ing students to write about or to talk about functions, a key to determining the depth of 
their understanding is the flexibility with which they write about or talk about func- 
tion. If a student's written/verbal description relies on a specific procedure to produce 
output from input, this student is likely to be at the procedure layer. If the student is 
able to discuss function as a general process, he/she most likely is at a process layer. 
This includes seeing a function as a relationship between input and output. A student 
who can think of function as an object, who can describe it as a "thing" that can be 
manipulated, might be at the concept layer. The ability of a student to move flexibly 
between the process conception and the object conception, as demonstrated in written 
and verbal descriptions, might be evidence that this student is proceptual with respect 
to verbal and written facets. Finally, an indicator of the strength of a student's verbal 
conception of function is the student's ability to assimilate alternate function defini- 
tions into his/her own definition. 
Another facet that has received little attention is the notational facet. How does the stu- 
dent interpret function notation? If a student can only interpret function notation as 
multiplication, he or she may not even be at the procedure layer. If a student must 
know a specific algorithm in order to imbue function notation with meaning, he or she 
is most likely at the procedure layer. A student who sees function notation, such as 
f (x), and is willing to accept it as a symbol for a process may be at the process layer. 
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Evidence that a student is at the concept layer lies in the student's ability to manipulate 
function notation as an object. Is the student comfortable with symbolism such as 
f+g or fog when no specific functions are given? Assigning a student to a procept 
layer implies that he or she can flexibly move back and forth between viewing function 
notation as a process and viewing the notation as representing an object. 
Finally, how do layers apply to the kinesthetic facet? Critical to answering this ques- 
tion is how the student demonstrates physically what a function means to him or her. 
For example, a student who demonstrates a specific algorithm might be at the proce- 
dure layer while a student who demonstrates a more generic process might be at a 
process layer. Students at the concept layer might portray a function as a "thing" rather 
than as some action to perform. Students who can demonstrate function as both a 
"thing" and as some action may be proceptual kinesthetically. 
3.3.3 Boundaries between facets 
One area that has received some attention is students' ability to move comfortably 
between facets. Each facet may be either a conceptual unit or consist of a connected 
web of conceptual units. In this latter case, each facet may constitute its own concept 
image. Crossing the boundaries suggests the creation of appropriate conceptual links 
between the facets. The existence of these links implies that students can choose the 
most appropriate facet to use for a given problem. 
The relationship between the numeric facet, the symbolic facet, and the geometric 
facet has been the subject of much research. Cuoco suggests that the connections 
between "representations" are properties of a "higher-order function" (1994, p. 125). 
In essence, there is a mapping from one facet to another facet. In discussing traditional 
transformations on functions, Cuoco writes: "Activities such as these can be quite use- 
ful in helping students' understand the *connections between the function [symbolic 
facet] and the graph [geometric facet], but these connections are properties of the 
higher-order function G" (ibid, p. 125). He has previously defined G as a function that 
acts on a function f to produce a graph. Of course, seeing the boundary between sym- 
bolic and geometric as a function may require the ability to think of function as an 
object that can be acted upon. Cuoco also argues for the use of the numeric facet, pos- 
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sibly as an intermediary between symbolic and geometric. Instead of thinking of G as 
a function directly from the symbolic facet to the geometric facet, think of G as a com- 
posite function that first converts the symbolic to the numeric and then converts the 
numeric to the geometric. He suggests that such an approach might reinforce the idea 
that a graph is "just one method for visualizing a process" (ibid, p. 136). 
Demana and Waits (1990) were among the first textbook authors to incorporate, as a 
major feature, the study of functions using numeric, symbolic, and geometric facets 
simultaneously. In the Preface, the authors note that their focus is on the connections 
among the symbolic, the geometric, and the problem situation. Demana, Schoen, and 
Waits (1993) subsequently discuss the importance of tables as an entry point into func- 
tions when they write: "... the frequent use of tables helps to establish function as a 
major theme of mathematics, a theme that is missing from the typical early curricu- 
lum" (p. 22). Kaput (1989) notes the importance of tables foreshadowing the eventual 
dynamic link, using computer graphing software, between the symbolic, geometric, 
and numeric facets. Kaput suggests that some representations are display-based while 
others are action-based. He postulates that the numeric and geometric facets are prima- 
rily display-based while the symbolic tends to be action-based. He goes on to detail 
some software under development to dynamically link these facets. He mentions one 
other facet-the colloquial facet- when he discusses function machines as good candi- 
dates for computer simulations. Finally, the idea of approaching each function using 
these three facets was carried through to the Calculus by Hughes-Hallett and Gleason 
(1992) with the "Rule of Three". 
Schwartz and Yerushalmy (1992), Confrey (1993), and Kaput (1989,1993,1995) par- 
ticularly address the issue of software in linking, among others, the symbolic, numeric, 
and geometric facets. Schwartz and Yerushalmy (1992) discuss a curriculum based on 
software capable of the dynamic linking suggested by Kaput (1989). They focus pri- 
marily on the dynamic linking of the symbolic and geometric facet. They argue that 
the symbolic facet is more viable for understanding function as process and that the 
geometric facet is more viable for understanding function as an entity. Operations on 
functions are divided into two camps: those that operate on the symbolic facet and 
those that operate on the geometric facet. They mention that many graphing packages 
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only allow direct manipulation of the symbolic form, not the graphic form. Instead a 
better tool is one in which either facet can be directly manipulated and the effects on 
the other facet can be immediately seen. Schwartz and Yerushalmy write: "A symmet- 
ric full-tool would permit users to both manipulate the symbolic representation sym- 
bolically and see the graphical consequences of their actions, and to manipulate the 
graphical representation graphically and see the symbolic consequences of their 
actions" (1992, p. 264). Software such as The Function Analyzer (1990), The Function 
Supposer (1990), and The Algebraic Proposer (1987) embody the approach to algebra 
described by Schwartz and Yerushalmy. 
Confrey (1993) describes Function Probe (Confrey, 1991) as a software tool for teach- 
ing functions from a contextual viewpoint emphasizing the numeric (tables), geomet- 
ric (graphs), and symbolic (equations) representations. She notes her particular interest 
in tables as a vehicle for developing insight about functions when she writes: "Our 
interest in tables increased as we witnessed students frequently using the table as the 
primary means of entry to the problem" (1993, p. 57). She references the power of the 
covariation approach in building tables allowing students to build a column, fill it, 
build a second column, and fill it. Confrey makes an important point that, in develop- 
ing a technological tool, no representation should dominate the others. Indeed there 
are both losses and gains in each representation and the integrity of each must be pro- 
tected. 
Monk (1992) suggests that it is important to notice how students sketch graphs. This 
directly relates to their kinesthetic sense of the graph and hence serves as a way to look 
at the boundary between the geometric and kinesthetic facets. Students who focus, 
during the sketch, on plotting discrete points might be more "pointwise", while stu- 
dents who focus more on the general behaviour of the graph may be more "across- 
time". So, in one sense, Monk is describing a quality of the boundary between the geo- 
metric and kinesthetic facets. 
The research discussed in this document will include the nature of boundaries between 
facets. In particular, the impenetrability of various boundaries will be explored. In 
some cases, the boundary may be porous in one direction and impenetrable in another. 
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The boundaries between the symbolic, numeric, and geometric will be explored in 
light of the availability of graphics calculators (TI-82 or TI-83, for example) that 
allow for the exploration of each of these facets. Unfortunately, these tools suffer from 
the restriction mentioned by Schwartz and Yerushalmy; that is, the symbolic form is 
the only one that is directly manipulatable. Other boundaries that will be particularly 
interesting are the boundaries between verbal and written facets and the boundaries 
between the notation facet and the other facets. 
3.3.4 Boundaries between layers 
The boundaries between successive layers again may be very porous for some students 
while incredibly difficult to pierce for others. The first boundary, between pre-proce- 
dure and procedure, may be the one most easily crossed for interiorization may only 
require that the student be introduced to the subject at hand. Many researchers, includ- 
ing Sfard (1992), Dubinsky and Harel (1992), Schwingendorf et al. (1992), and Brei- 
denbach et al. (1992), have devoted significant time to considering the transition from 
procedure to process. It can be quite difficult to determine where the student is with 
respect to this procedure-process boundary as it is not uncommon for students to 
exhibit understandings that fall in both camps. Sfard maintains that this particular 
boundary is crossed in a gradual fashion as the student's knowledge of the concept 
increases. The process-concept boundary is crossed through the process referred to as 
reification by Sfard and encapsulation by Dubinsky. Sfard argues that this boundary is 
difficult to cross and that the crossing, when it occurs, is rather sudden. The final 
boundary, concept-procept, is one with little research behind it. How do we teach to 
promote proceptual thinking? How do we influence students in such a way as to 
encourage the flexibility required in proceptual thinking? Tall (1995a) suggests that 
problem solving approaches (for example, Mason et al., 1982) as part of a curriculum 
may assist the development of this flexibility as opposed to the "standard" lecture-ori- 
ented course packed with curriculum. This area awaits future research. 
To help in analysing the boundaries between layers, it may be helpful to view the 
dimension of increasing depth as a continuum (Figure 3.4). Instead of students being 
at a particular layer, it is more likely that they will be somewhere along the continuum 
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from pre-procedure to procept. Some behaviours, for example, may suggest the stu- 
dent is at the process layer while others may suggest the student is at the concept layer. 
Sucl 
Increasing depth 
Pre-procedure 
Procedure 
Process 
Concept 
Procept 
Figure 3.4: Layers viewed along a continuum 
ia student can be placed on the continuum between these two 
3.4 Other Models for Concept Development 
Other researchers have attempted to model student understanding of mathematical 
concepts. This section briefly reviews several other models to provide contrast with the 
theoretical model described in this Chapter. Pinie and Kieren (1994) have created a 
model for the mathematical understanding of a concept in which students move from a 
"primitive knowing" stage to, ultimately, an "inventising" stage. In a sense, this model 
serves as another way to view deepening understanding of a mathematical idea. The 
model is used to track student understanding over time, using a technique the authors 
call "mapping" which results in a path for each student. Pinie and Kieren write: "Every 
student will have a singular path for any topic, and yet all paths will involve `folding 
back to move out' in their actualization" (1994, p. 82). "Folding back" means that a 
student returns to an earlier (inner) stage to extend his/her understanding when con- 
fronted with a problem that is not immediately solvable. 
The Pirie and Kieren model exhibits the notion of levels, as defined in this research. 
Using primitive knowing as equivalent to the pre-procedure layer discussed herein, 
they suggest that the understanding of a concept could serve as the primitive knowing 
stage of a new concept. Another issue mentioned by the researchers is the existence of 
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"don't need" boundaries. Such boundaries are used "... to convey the idea that beyond 
the boundary one does not need the specific inner understanding that gives rise to the 
outer knowing" (ibid, p. 69). The idea of not needing the specific inner understanding 
is problematic. While the subject may not "need" this understanding, he or she may 
need to be aware of and be able to access this layer of understanding in order to 
develop the flexibility required of a proceptual thinker. Perhaps the lack of need for the 
inner understanding is somehow equivalent to the curtailment that occurs in capable 
students discussed by Krutetskii (1976). 
At each level of their model, Pirie and Kieren suggest the existence of two comple- 
mentary aspects: acting and expressing. Acting involves such features as doing, seeing, 
and predicting while expressing involves reviewing, saying, and recording. The 
authors write: "Acting can encompass mental as well as physical activities and 
expressing is to do with making overt to others or to yourself the nature of those activ- 
ities" (ibid, p. 175). In some sense, these two aspects serve as facets or sub-facets for 
each of their levels (layers). Pinie and Kieren's model focuses on mapping the dynamic 
development of understanding. The perspective in this research aims more at taking 
snapshots of student concept images at moments in time. 
As mentioned in Chapter 2, Martinez-Cruz (1995) identifies three different models of 
student thinking about functions as a result of a technology-enhanced precalculus 
class: the graph model; the equation model; and, the unique correspondence model. 
Martinez-Cruz constructs a diagram for each student suggesting a network of the 
images of function. Students may have images that belong to all models, but that Mar- 
tinez-Cruz suggests that one model takes precedence in each student. 
Moschkovich and Schoenfeld (1993) include a framework when they discuss the 
aspects of understanding in looking at the representations of linear relations. Their 
model is a rectangular array in which the representation (tabular, algebraic, graphical) 
creates the columns and the perspective (process, object) defines the rows. The column 
headings are essentially 3 facets while the row headings are two major layers. Kieran 
(1993) lists a model that essentially deals with the boundaries between various facets. 
She also uses a two-dimensional array with both rows and columns labelled: Situa- 
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tions: Pictures or verbal descriptions; Tables of data; Graphs; and, Algebraic expres- 
sions. However, to read the array, the rows represent the "From" facet and the columns 
represent the "To" facet indicating skills necessary to move from one facet to another. 
She labels the rows "interpretational skills" and the columns "modelling skills". The 
focus appears to be on crossing the boundaries between facets. 
Monk (1992) suggests two general levels of organization as students develop in their 
understanding of function. One level is specific to discrete points, computing inputs 
and outputs. This level appears closest to the procedural layer. The second level relates 
to overall patterns of behaviour of functions. This level relates to the process layer at 
least, and possibly to the concept and procept layers. 
3.5 Conclusion 
This chapter has situated the theoretical framework for this research within existing 
research. The chapter begins by considering the development of understanding of a 
mathematical entity as being composed of both a horizontal dimension, divided into 
facets, and a vertical dimension, divided into layers. An exhaustive discussion of possi- 
ble facets and layers for a mathematical entity follows. The two dimensions are com- 
bined into a single graphic image that allows for the visual depiction of a student's 
concept image along these two dimensions. The mathematical entity, function, is ana- 
lysed using this framework as a lens. The different facets and layers of "function" are 
discussed in detail along with possible evidence for concluding that students are at a 
given layer for a given facet. Attention to the nature of the boundaries between both 
facets and layers is given. Finally, several other models for the development of the 
understanding of a mathematical entity are mentioned to help provide a contrast to the 
framework used in this research. 
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4.1 Introduction 
This research is designed to assess the reasonableness of using function as a unifying 
concept in algebra, as called for in several reform documents (NCTM, 1989; 
AMATYC, 1995 for example). To do so, the focus has been placed on college students 
who must take a first course in algebra, subsequently referred to as beginning algebra. 
As discussed previously, these students have had "debilitating" prior experiences with 
mathematics in general and with algebra in particular. In order to test whether function 
is an "acquirable" concept for these students, they were exposed to a one-semester 
beginning algebra course using a non-traditional text with function as its organizing 
concept. This chapter details the key components of the instructional materials and 
describes the treatment of function. Other instructional models, to provide context, are 
briefly discussed. 
4.2 Curriculum Overview 
The researcher was a co-principal investigator for a U. S. National Science Foundation 
grant with a focus on writing algebra reform materials (DeMarois, McGowen, & 
Whitkanack, 1996a; DeMarois, McGowen, & Whitkanack, 1996b) for developmental 
algebra courses offered at colleges. The authors subscribe to the theoretical perspective 
that the main concern in mathematics should be "with the students' construction of 
schemas for understanding concepts. Instruction should be dedicated to inducing stu- 
dents to make these constructions and helping them along in the process" (Dubinsky, 
1991, p. 119). Each unit begins with an investigation of a problem situation. Following 
the gathering of data, students work collaboratively on tasks based on the investigation 
activities. A discussion in the text summarizes essential mathematical ideas. The 
instructor orchestrates inter-group and class discussions of the investigations. Explora- 
tions are assigned to reinforce the knowledge students are expected to have con- 
structed during the first two steps of the cycle. 
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Tasks are designed to help students reflect on mental constructions they have made 
often as a result of working with a computer or calculator. As suggested by Dubinsky 
and Tall, "Computers can be used in education to help students conceptualize, and 
construct for themselves, mathematics that has already been formulated by others" 
(1991, p. 231). Symbolic manipulators are used to allow students to investigate con- 
cepts while allowing the computer to execute procedures. While such procedures are 
often familiar to these students, a student's work is error-prone and limited to simple 
cases. Procedural errors and intensive computations are seldom problems on the com- 
puter. In this way, the computer is used in a way similar to that described by Gray and 
Tall: 
By using the computer to carry out procedures, the learner can be focused on the 
products and thus the higher level activities can be encouraged earlier and separately 
from the processes. This reduces the conceptual strain and offers the possibility of the 
less able breaking out of the proceptual divide wherein they cannot master the proce- 
dure because it is too complex and they therefore cannot encapsulate the procedure as 
a mental object because the procedure causes too much cognitive strain. Thus the 
computer can be used, by a process of selective construction, to encourage the for- 
mation of flexible procepts in a wider range of ability. (1991c, p. 12) 
Reflection on the result of the procedure can precede facility with the procedure itself. 
Having students talk with members of their team as they work on a task is another way 
of getting them to reflect on the problems and the solutions, whether discovered by 
themselves or presented by someone else. 
A significant difference between this approach and that of traditional materials is that 
the reform materials avoid assigning exercises until after there is a reason to believe 
that students have constructed the relevant knowledge. Hieben and Carpenter write: 
"The emphasis should be placed initially on supporting students efforts to build rela- 
tionships rather than encouraging them to become proficient executors of procedures" 
(1992, p. 74). When one is learning something new there is a tendency for early inter- 
pretations to be inappropriate as students overgeneralize. Working with too many sim- 
ilar examples could cast these misunderstandings in stone. According to Dubinsky, 
... working with examples may not be very much help in the construction of concepts. Indeed, we agree with Tall (1986) and it is a major aspect of our theory that under- 
standing mathematical ideas come from sources other than looking at many examples 
and "abstracting their common features", which is what happens if there is only 
empirical abstractions ... it is not clear that more than a very few examples are neces- 
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sary to construct a concept... one might well reflect on the contrast between the repeti- 
tive examples that seem to be required by conventional wisdom and the single, 
representative example which so often seems to be in the mind of the mathematician 
who understand a particular concept. Tall (1986) has referred to this as the generic 
example. ... We would like to go further in our critical view of repetitive examples and 
suggest that the practice can even be harmful. Yes, the effect of practice will be to 
reinforce structures that are present. But we would raise the questions, what structures 
are these? Are they part of the student's concept image which conflict with the con- 
cept definition? (1991, pp. 121-122) 
Previously-learned misunderstandings need to be identified by the students and recon- 
structed appropriately. Investigations are designed to enable the instructor to facilitate 
students discovery of previously-learned misconceptions that contribute to a lack of 
success. Most students come to such a course lacking an appropriate understanding of 
arithmetic concepts and basic algebra concepts essential for success in these and sub- 
sequent mathematics courses. 
In considering the curriculum, the authors agreed that relationships and thus functions 
would form the core from which other mathematical ideas would follow. Such an 
approach is supported by Sierpinska: "The most fundamental conception of function is 
that of a relationship between variable magnitudes. If this is not developed, representa- 
tions such as equations and graphs lose their meaning and become isolated from one 
another" (1988, p. 572) Emphasis is placed on the process nature of function. Function 
as process may be a cognitive root (Tall, 1992b) for the development of the more for- 
mal definition. But here caution is suggested. As Tall states: "The idea of function as a 
process may prove to be a more suitable cognitive root for the formal concept, but 
along the line of cognitive development there are many obstacles to overcome, includ- 
ing the encapsulation of the process as a single concept and the relating of this concept 
to its many and varied alternative representations" (1992b, p. 501). As each new func- 
tion arises, investigations encourage the use of multiple facets and call for wise 
choices in terms of what facet might be best for analysing a specific problem. Tables, 
equations, graphs, function machines, verbal descriptions are all used to analyse rela- 
tionships. Graphing calculators provide support for the tables, equations, and graphs. 
Computer software allows for the manipulation of symbolic forms. 
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4.3 Function Strand 
The previous section described the overall goals and some general features of the cur- 
riculum project. In this section, the focus turns to the key concept of this research: 
function. The development of the function concept throughout the curriculum will be 
detailed. 
Chapter 1 of the text (DeMarois, McGowen, & Whitkanack, 1996a) emphasizes prob- 
lem-solving strategies and the concept of variable. A variation of the MU puzzle (Hof- 
stadter, 1980) is used to build some understanding of a mathematical structure and the 
rules of the MU puzzle are written using mathematical notation and variables. Varia- 
bles are used to generalize pattern and rules. Domain for a rule is introduced as a vehi- 
cle for determining what can be used as input to the rule. The chapter concludes by 
comparing arithmetic expressions and the more general algebraic expressions. Two- 
column tables are introduced to explore the values of given expressions for various 
values of the input(s) to the expression. 
Chapter 2 begins by introducing the whole numbers and exploring algebraic expres- 
sions in the context of the set of whole numbers. After investigations involving prob- 
lems whose domain is the set of whole numbers, order of operations for the four basic 
operations plus exponentiation is investigated numerically. Students write generaliza- 
tions for commutative, associative, and distributive properties. Next algebraic expres- 
sions (primarily first and second degree polynomials) are investigated both in terms of 
what they mean and how to evaluate them. Students are encouraged to use calculators 
to perform evaluations of given expressions. At this point, function machines for the 
four basic operations are introduced and students complete the chapter by using func- 
tion machines to parse and evaluate first and second degree polynomials. By the end of 
Chapter 2, students have been introduced to two-column tables and function machines 
for expressions even thought the formal concept of function has not been developed 
yet. Thus they have been introduced to two facets of function before encountering the 
concept itself. 
Chapter 3 is titled Functional Relationships and is devoted to a detailed investigation 
of function. As with most concepts in the text, function is introduced using a problem 
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to solve. In this case, a number puzzle is used. Students are given an array (Table 4.1) 
and asked to determine a rule that outputs the column number a whole number will 
occur in when the input is the whole number greater than 1. 
TABLE 4.1: Looking for patterns 
2 3 45 
9 8 7 6 
10 11 12 13 
17 16 15 14 
While there are several techniques to solve this puzzle, students, through a series of 
questions, are led to use division modulo 8 and the resulting patterns to answer the 
question. As a result, students are introduced to the process of finding finite differences 
between successive column elements. Function is defined as follows after students 
complete the initial investigation of the puzzle: "A function is a process that receives 
input and returns a unique value of output" (DeMarois, McGowen, and Whitkanack, 
1996a, p. 92). In this case, the input is the whole number greater than I and the output 
is the column number. The function machine (Figure 4.1) is introduced simultane- 
ously. But the investigation does not end there. 
Whole number 
Column number 
Figure 4.1: Blank function machine 
The process in Figure 4.1 must be determined. This is broken into two functions. The 
first determines the remainder modulo 8 for the input. The second uses the remainder 
to assign a column number. The result is a composite function (Figure 4.2). 
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Figure 4.2: Composite function machine 
As students are developing this colloquial facet, they are creating corresponding input- 
output tables. Thus this section introduces a definition of function along with the 
numeric and colloquial facets. The given definition will contribute to the written, ver- 
bal, and kinesthetic facets in particular. This section concludes with a problem that 
results in a relation that is not a function. In the next section, students build two-col- 
umn tables to fit particular contextual situations and attempt to write equations in two 
variables that describe the relationship generally. They are asked to construct function 
machines and to describe the specific function process in words. The domain of a func- 
tion is defined for the first time to be "the set of all legal inputs to the function" (ibid, 
p. 104). The range of a function is defined as the "set of all possible outputs of the 
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function" (ibid, p. 105). Students practice evaluating specific functions and, in a lim- 
ited number of cases, are asked to find the input given the output for a linear function. 
This is the students' first introduction to reversing a function's process. The focus in 
the next section is on function notation-the notation facet. A second definition of func- 
tion is given at this point as follows: "We will consider a function as a relationship 
between two quantities that change. In a function, the value of the independent varia- 
ble (input) uniquely determines a value of the dependent variable (output)" (ibid, p. 
113). Students read that function notation has the format function name (independent 
variable) = output or process. Students are given a contextual problem and must create 
the symbolic and colloquial forms along with using function notation. The next section 
introduces the geometric facet. Students plot ordered pairs in Quadrant I of the rectan- 
gular coordinate plane. They return to a problem they previously investigated 
(numeric, symbolic, colloquial, notation facets) and create the graph of the function. 
The chapter concludes with several other problems that result in functional relation- 
ships. Students develop procedures for finding the sum of the first n natural numbers 
by investigating the triangular numbers. They investigate power functions (basic cubic, 
basic quartic, etc. ) and the factorial function. In each case, students build tables, create 
function machines, write symbolic forms, and construct graphs. Function notation is 
used throughout. 
Chapter 4 introduces the integers. Students are introduced to the oppositing function in 
Section 4.1 and to the absolute value function in Section 4.2. The absolute value func- 
tion is defined in terms of piecewise functions and students investigate one context in 
which a piecewise-defined function serves as a model prior to dealing with the abso- 
lute value function. With each new function, emphasis is placed on symbolic, numeric, 
geometric, colloquial, and verbal descriptions. During the previous investigations, stu- 
dents have met one other major function: the identify function. Section 4.3 extends 
graphing to four quadrants as students revisit functions by working with the geometric 
facet. Section 4.4 introduces graphing using a graphing calculator. Students deal with 
issues such as viewing window, appropriate scaling of axes, and discrete versus contin- 
uous graphs. They are introduced to parametric functions and their graphs. The chapter 
Facets and Layers of Function for College Students in Beginning Algebra 89 
Instructional Treatment Function Strand 
concludes with an in-depth investigation of the similarities and differences among the 
identity, oppositing, and absolute value functions. 
Chapter 5 focuses on the rational number system. Students are introduced to the ver- 
bal, numeric, symbolic, geometric, and colloquial facets of the reciprocal function. 
The other major function idea explored in Chapter 5 is rate of change. Rates of change 
are initially treated using a graph that displays changing rates. An example of a linear 
relationship (constant rate of change) is introduced as a special case at the end of the 
section. Later in the chapter, power and reciprocal functions are further analysed. Par- 
ticular emphasis is placed on the geometric facet with examples of direct variation, 
inverse variation, accelerated variation, cyclic variation, and stepped variation pro- 
vided visually for students. 
Chapter 6 introduces students to the real number system. One new major class of func- 
tion, the square root function, is investigated. Section 6.3 serves as a review of all 
major classes of function that the students have encountered. The constant, identity, 
linear, quadratic, absolute value, oppositing, reciprocal, and square root functions are 
all revisited. Students are ask to create numeric, -symbolic, geometric, and colloquial 
facets for each of these classes of basic function. Domain and range for each function 
are discussed. 
Chapter 7 focuses exclusively on linear and quadratic functions. Students learn that 
linear and quadratic equations in which one side is constant can be thought of as sym- 
bolic forms in which the output of a function is given and the task is to find the input. 
Techniques for solving such equations involve the use of tables, the use of graphs, and, 
in the linear case, manipulation of symbolic forms. Systems of linear equations are 
investigated in Section 7.3. Linear equations in which the variable appears on both 
sides of the are viewed as the result of trying to find the input to a system of two 
equations so that the outputs of the equations in the system are the same. Emphasis is 
placed on solving numerically, geometrically, and symbolically. 
Facets and Layers of Function for College Students in Beginning Algebra 90 
Instructional Treatment Pedagogy and Instructional Practice 
4.4 Pedagogy and Instructional Practice 
The materials cause the role of the teacher and the role of the student to be redefined. 
The teacher acts as a guide, facilitator, and resource. The teacher provides activities 
that promote the construction of the conceptual web in the students. The teacher assists 
in the creation of connections between the ideas. The student is active rather than pas- 
sive. The student is a team member who contributes his or her expertise to the mathe- 
matical growth of the team. The student is empowered to be an independent learner 
who has the capabilities and the access to resources to construct his or her own knowl- 
edge. The classroom is a community of learners with the teacher as guide. 
Prior to teaching this course, a majority of the instructors participated in a week-long 
workshop facilitated by the authors. During the workshop, instructors became aware 
of some the mathematics education research that was used to shape the materials. Sec- 
ondly, the instructors became familiar with the course content by role-playing as stu- 
dents and working through significant portions of the book. Time during the workshop 
was devoted to moving the teacher away from lecturing and more toward facilitating. 
Techniques for forming and using groups effectively were discussed. Much time was 
spent discussing assessment, including portfolios, oral exams, group exams, etc. The 
effective integration of appropriate technology (graphing calculators, symbol manipu- 
lators) was addressed. Participants discussed their beliefs about critical skills and the 
role of skill development versus concept development in such a course. The instructors 
who did not participate in the workshop were in departments in which at least one 
other faculty member did attend the workshop. All instructors were provided with an 
Instructor Resource Manual (DeMarois, McGowen, & Whitkanack, 1996c) that details 
the suggested learning environment, the goals and philosophy of each section, data- 
collection instruments, assessment techniques, and forms of assessment. Included is a 
technology reference guide for the TI-82, the calculator all instructors were going to 
use with their students. Thus all instructors involved in the project were acquainted 
with the background and goals of the curriculum's authors. 
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4.5 Intended, Implemented, and Attained Curriculum 
The preceding analysis of the textbook describes the intended curriculum (National 
Research Council, 1996). This is the curriculum that students are intended to do, as 
viewed by the authors of the algebra reform project. Another significant factor in the 
intended curriculum is the definition of the course as specified by the local department, 
the school, the state, the upper-division institution, or some other group. The influence 
of these groups was minimized during the implementation of these reform materials, 
as most sections were taught as "pilot" sections with few restrictions. However, in 
most cases, students still were held accountable for course outcomes defined by the 
aforementioned agencies. This meant some variation in what was "covered" in the 
textbook. However, in interviews with all instructors who contributed student data, the 
material, especially that on functions, was faithfully included. This leads to the imple- 
mented curriculum (ibid) which is defined by instructional practice and classroom 
activity. Of the 12 instructors who contributed student data for this research, 10 went 
through the in-depth one week workshop described previously. The two other instruc- 
tors are in departments with faculty who did attend the workshop and had previously 
implemented the curriculum. Much of the workshop was devoted to discussions of 
pedagogy. As a result, the classroom practices of the instructors were influenced by the 
curriculum's authors. As such, there was a degree of homogeneity in terms of how 
classes were run, including the role of the instructor and the role of the student. No 
other attempt beyond the workshop was made to control the implemented curriculum. 
Of major importance to this research is the attained curriculum (ibid). The post- 
course surveys and the follow-up interviews were designed to measure this for the one 
topic that was the focus of the materials: function. The authors created an intended 
curriculum that used function as a focus. The key point of this research is to determine 
if the attained curriculum includes a "process" conception of function that empowers 
"debilitated" students who have been previously unsuccessful with mathematics. The 
intended curriculum was described earlier. The pedagogical elements of the project 
contribute to the implemented curriculum. The analysis of the data defines a key por- 
tions of the attained curriculum. 
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4.6 Selected Reform Curriculum Projects With Function as 
a Focus 
Since the release of the first hand-held graphing calculator in the mid-1980s, curricu- 
lum projects have been under development in hopes of effectively utilizing this new 
tool. Symbol manipulators, such as MuMath, Derive, Maple, Mathematica, etc., have 
also driven the creation of new curriculum materials. Several curriculum projects that 
bear resemblance to the one described in this chapter are briefly discussed in this sec- 
tion. The purpose is to situate the curriculum for this research among some major cur- 
riculum projects of the last ten years. 
The technological advances of the last ten years have changed what it means to "do 
mathematics". First, graphs in two and three dimensions require little effort to create. 
Second, complex symbol manipulation can be performed in exact form almost instan- 
taneously using a symbol manipulator. One current hand-held device, the TI-92, has 
the capability to do both and is easily portable. Both of these advances allow for the 
investigation of function at an earlier stage in the curriculum than was previously pos- 
sible. This, in turn, may lead to significant curricular changes. Philipp, Martin, and 
Richgels (1993) write: "Textbooks might reflect a new organizational structure in 
which problems are sequenced by the sophistication of their functional representation 
rather than by their specific type of algebraic representation" (p. 267). They go on to 
discuss skill development in this revised curricular environment: "Because there will 
be a greatly reduced need to develop extensive manipulative skills prior to dealing with 
important mathematical concepts, necessary skills can be organized in conjunction 
with the study of interesting ideas" (ibid, p. 268). 
College Algebra: A Graphing Approach by Demana and Waits (1990) was the first text 
to influence the curriculum project described in this chapter. Assuming access to a 
graphing utility, Demana and Waits restructured the standard College Algebra curricu- 
lum to make more effective use of technology in the study of mathematics. Many tra- 
ditional skill manipulations, such as solving complex equations symbolically, were 
replaced with graphical algorithms for approximating the results. Function took on a 
more central role with relationships, presented in writing, between changing quantities 
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playing a key role in problem development. Where a typical traditional text might 
focus only on symbolic forms, this text treated symbolic and geometric facets equally. 
Some tables were introduced, but the numeric facet was a "second class citizen" in the 
text, as compared to the symbolic and geometric facets. A distinct difference between 
the Demana-Waits project and the one discussed in this chapter is the clientele. Many 
students using the Demana-Waits text had prior successful experiences with algebra 
and would be continuing on to calculus in the future. The students in this research 
were unsuccessful in their previous attempts at algebra and few will even proceed to a 
college algebra course, let alone calculus. 
The Triple Representation Model (TRM) curriculum by Schwartz (1988) has a goal of 
promoting the transfer between symbolic, numeric, and geometric facets. This curricu- 
lum is designed for first-year algebra students with the hope of avoiding the develop- 
ment of common misconceptions surrounding the function concept. Eisenberg and 
Dreyfus (1991) state that the TRM curriculum "has been specifically designed to focus 
attention on within-representation and between-representation relationships. The stu- 
dent learns by operating in the algebraic, graphical, and tabular representations and by 
measuring and comparing the effect of an operation in various representations" (p. 35). 
Five key aspects of the curriculum are identified by Schwartz, Dreyfus, and Bruckhe- 
imer (1990): intuitive understanding of the concept of function including the collection 
of experimental data and finding of sequential rules by guessing; graphical representa- 
tion of a function including transfer between verbal, graphical, and tabular representa- 
tions, interpretation of graphs, construction of graphs corresponding to a collection of 
data, and limitations of the graphical representation; algebraic representation of a 
function including emphasis on discrete functions, transfer between tabular and alge- 
braic representations, and inductive guessing of algebraic rules; transfers between all 
three representations; and problem solving encouraging transfer between the three rep- 
resentations (p. 251). The curriculum was tested in a ninth-grade class in which there 
was one computer for every pair of students. Schwartz et al. (1990) reported success in 
the development of curved-line reasoning as compared to the results of previous stud- 
ies by Markovitz et al. (1986) and Karplus (1979). However, Schwartz et al. (1990) 
reported intense teacher guidance in order to assure that the implemented curriculum 
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matched the intended curriculum. One key part of the implementation of the TRM cur- 
riculum that is significantly different from the curriculum for this research is the target 
student. Schwartz aims at students who have few misconceptions about algebra since 
his curriculum is aimed at the first year high school course. He suggested that these 
students have "a much cleaner educational story line" (Schwartz & Yerushalmy, 1992, 
p. 261) something that is just the opposite for college students in beginning algebra. 
Haimes (1996) discusses the mathematics curriculum in Western Australia (Western 
Australian Ministry of Education, 1990) which, since 1987, has focused on teaching 
introductory algebra with an emphasis on patterns, sequences, and functions. Func- 
tions act as one of the five major strands for grades 8-10. Haimes describes the func- 
tion strand as follows: "The "Function" strand begins with number sequences in Stage 
1. Linear, quadratic, exponential, reciprocal, and periodic relationships are introduced 
progressively over the next five stages, thereby emphasizing. the importance of func- 
tions as a unifying theme of the algebra component of the curriculum" (1996, p. 585). 
Later he writes: "Underlying the curriculum document is a constructivist theory of 
learning, for it envisages the learner, through investigation and exploration, incorporat- 
ing new learning into personal knowledge structures" (ibid, p. 586). Haimes' research 
focuses on the role of the teacher in the implemented curriculum as compared to the 
intended curriculum. Haimes conducted a qualitative case study of one ninth-grade 
teacher in Perth. He reports that the teacher's beliefs and pedagogical practices were 
quite different from that of the intended curriculum. In particular, her classroom was 
teacher-centred while the curriculum called for a student-centred environment. Where 
the curriculum viewed maths as a way of thinking, the teacher implemented the curric- 
ulum as discrete content sections. Haimes draws a key conclusion that effects many 
reform efforts: "The impact of the curriculum on the actions of the teacher was found 
to be minimal" (ibid, p. 601). The result is an implemented curriculum that is quite dif- 
ferent from the intended curriculum. Similar issues are a concern as the appropriate- 
ness of the reform curriculum described in this chapter is researched. 
Another project aimed at the secondary algebra curriculum is the "Algebra with Com- 
puters" project of Fey and Heid. Using a computer-intensive environment, this curricu- 
lum is notable for "making the concept of function a central organizing theme for 
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theory, problem solving, and technique in algebra, and developing students' under- 
standing of algebra concepts, and their ability to solve word problems requiring alge- 
bra, before they master symbol manipulation techniques" (Heid, 1988b, p. 1). End-of- 
course interviews show that the students exposed to this curriculum were more adept 
at working within and between representations and at problem solving. The results 
suggest that a course focused on concepts first, rather than skills, does not adversely 
impact traditional manipulation skill as compared to a traditional curriculum (Heid, 
1985,1988a) This project eventually became the Computer-Intensive Algebra (CIA) 
project (Fey et al., 1991) and is currently distributed as Concepts in Algebra: A Tech- 
nological Approach (Fey et al., 1995). Again this is a curriculum heavy on technology 
that focuses on function and is designed as a student's first exposure to algebra. Con- 
nections between the numeric, symbolic, and geometric facets play an important role. 
A key difference between this curriculum and the curriculum used for this research is 
the focus of this research on "debilitated" students. 
Finally, Kaput (1992) describes a teaching experiment with 13 "weak" college stu- 
dents using functions and Function Probe (Confrey, 1991). He writes: 
Their instruction included deliberate teaching of function categories definable by 
coefficient-parameters, which resulted in almost universal learnability of non-rhetori- 
cal approaches to fairly general classes of polynomials. In this approach students are 
taught to look at numerous growth patterns in order to characterize the degree of the 
polynomial, and then work from this characterization to determine the polynomial's 
coefficients. Interestingly, in this approach parameters appear as rhetorical devices to 
enable efficient discussion and especially comparison of families of functions. ... The 
style of instruction was mainly guided inquiry, with class time split between teacher- 
centered class and computer laboratory. (p. 316) 
Kaput reports that "almost all of these students were able to do ° the guess-my-rule 
problems involving elementary polynomials in the contexts of both tables and graphs" 
(ibid). Guess-my-rule is software "that puts the student in the position of inferring a 
rule from either a numerical or graphical representation of the input-output relations 
and formalizing that rule in algebraic form" (ibid, p. 291). Subsequently Kaput taught 
a more complete curriculum for an entire semester using the same pedagogy to 10 
more "weak" college freshmen. He reports that the eight students completing the 
course actually appeared to treat polynomial and exponential functions as objects. 
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Kaput warns that care must be exercised in drawing conclusions about student under- 
standing, however: 
In particular, we must first distinguish between our own mathematically mature 
understanding that may be projected onto the students' behavior and that of the stu- 
dent's actual understanding-always a ticklish problem, especially when the observer 
is a teacher who fervently wants to believe that the student has high quality under- 
standing. And more importantly, behavior that may be readily interpretable as evi- 
dence of cognitive encapsulation in one context may change radically if the activity 
structure is changed so that the student is put at the edge of her/his competence. This 
can be done by changing the representation system in which the student is asked to 
work.... (ibid, p. 317) 
This is precisely the reason for analysing student understanding by looking at the vari- 
ous facets and layers of a concept. While a student may demonstrate great depth while 
working with one facet, this same student may become hopelessly confused when 
looking at another facet. Hence, the complexity in discussing understanding. 
4.7 Conclusion 
This chapter describes the curriculum and instructional treatment that form the basis 
for this research. The chapter begins with an overview of the curriculum designed as a 
technologically-rich "reform" curriculum for college students enrolled in a beginning 
algebra course. The curriculum's philosophy and structure, with its foundation in 
contructivism, its goal of actively engaging the students, and the redefinition of 
instructor-student roles, are described. Since function is the unifying concept and 
forms the focus of this research, the function strand is traced throughout the text. The 
discussion turns to the role of the instructor within the curriculum which leads to a 
brief discussion of the intended curriculum, the implemented curriculum, and the 
attained curriculum. While the authors of the text create the intended curriculum, the 
teacher defines the implemented curriculum. The students' demonstrated understand- 
ing forms the data for the attained curriculum. The chapter concludes with a brief sur- 
vey of several other "reform" curriculum projects that have similarities to the 
described curriculum. 
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Pilot 
ºJtu y: Methodology 
and Results 
5.1 Introduction 
The purpose of this chapter is to describe the procedures and methodology the 
researcher used to complete a pilot study using the theoretical framework described in 
a prior chapter. After discussing how the study was set up, an analysis of the results 
will follow. 
5.2 The Participants 
Students attending one of four community colleges and enrolled in beginning algebra 
during Spring Semester, 1996 were participants in the pilot study. The community col- 
leges involved were William Rainey Harper College in Palatine, Illinois, College of 
Lake County in Grayslake, Illinois, Northwestern Michigan College in Traverse City, 
Michigan, and Lakeland Community College in Kirkwood, Ohio. The subjects of the 
study were enrolled in a "reform" beginning algebra course, as described in Chapter 4. 
The instructors had previously attended a week-long National Science Foundation 
workshop organized and led by the authors of the materials. This workshop focused on 
the implementation of the "reform" curriculum. 
The students self-selected to enrol in the "reform" course as opposed to the more tradi- 
tional "skills-based" course that was offered on all classes. Prior to registration, the 
course listing indicated that the section the student was enrolling in was a "reform" 
section using a different text from traditional sections and requiring the use of a 
graphic calculator. While this information was made available to students prior to 
enrolment, many ignored or did not notice it and selected the "reform" course based on 
the time it was offered or knowledge of the instructor. In all cases, students were 
offered the option of switching to a traditional section during the first week of the 
term. Several students took advantage of this offer and are not a part of the study. 
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5.2.1 Student profile 
The Participants 
Since the students span such a wide spectrum, some characteristics of the target popu- 
lation are provided to create a profile of the study participants. These profiles result 
from data collected during a study conducted as part of a National Science Foundation 
grant to support the implementation of the afore-mentioned curriculum. The following 
analysis of the data was provided by Professor Carole Burnett, Department of Mathe- 
matical Sciences at William Rainey Harper College, who holds a Ph. D. in Statistics. 
In a survey of 285 beginning algebra students in Fall, 1995, 
" 59% were female 
" 72% rated themselves as fair to disastrous in algebra 
" 64% were enrolled for 12 or more semester hours 
" 36% took mathematics the previous term 
" 16% had not had maths in at least 5 years 
" 60% were between 17 and 20 years old while 18% were 30 or older 
" 12% had never used a calculator. 
5.2.2 Pre-course survey: student attitude findings 
On a 60-question pre-course attitude survey with responses ranging from 1 meaning 
strongly agree to 5 meaning strongly disagree, there was significantly high agreement 
on 14 statements and significant disagreement on 1 statement. The questions resulting 
in significantly high agreement follow. 
1. The mathematics I learn at school is mostly facts and procedures that have to be 
memorized. 
2. Good mathematics teachers show you lots of ways to look at the same question. 
3. Taking good notes during class is the best way to learn mathematics. 
4. When given a maths problem I don't know how to do, I often can't even get 
started. 
5.1 use a calculator when taking tests. 
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6.1 think it is important to share my ideas and attitudes about the class with my 
instructor. 
7. Problems on a mathematics test should be like the problems we've done for 
homework. 
8. A good mathematics teacher explains things first, before giving out assignments. 
9. I am willing to try a different approach when the first one fails. 
10. A calculator is helpful when trying to find errors in my work. 
11. Good mathematics teachers show you the exact way to answer questions you 
will be tested on. 
12. When I get an answer on the calculator, I check to see if it seems reasonable. 
13. Being able to explain how I got an answer to others is an essential part of learn- 
ing mathematics. 
14. Investigating a problem on my own or with another member of the class before 
the, teacher explains it helps me identify what I already know and what ques- 
tion(s) I need to ask. 
The question resulting in significantly high disagreement follows. 
15.1 learn maths by just learning the rules-I don't need to know why. 
The results of this last statement are difficult to interpret since the statement has two 
parts: "just learning the rules" and "don't need to know why". 
5.2.3 Analysis of post-course findings 
At the end of the semester, students completed a post-course attitude survey. The same 
60 questions were asked and a statistical analysis was run to try to detect any signifi- 
cant shifts in learning algebra through the use of group learning and technology. The 
following significant (p < 0.05) shifts were noted. 
There was a significant shift towards more agreement on the following statements: 
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" Using a graphing calculator allows me to think about what is happening mathemat- 
ically, instead of worrying about getting the problem wrong. 
"I sometimes use a graphic calculator to check my algebraic work. 
" Using a graphing calculator makes it easier to do mathematics. 
"I feel confident in my ability to solve mathematical problems. 
"I use a calculator when taking a test. 
" It is important to use multiple representations (table, graph, algebraic form) in order 
to fully understand a problem and have confidence in my answer. 
" Weekly journals help me focus on what I have learned and still need to know. 
" Journals help me reflect on what mathematics I'm supposed to know. 
There was a significant shift towards more disagreement on the following statements. 
" The mathematics I learn at school is mostly facts and procedures that have to be 
memorized. 
" When a teacher asks a question in mathematics class, I hope I am not called upon to 
give an answer. 
"I am afraid of trying a mathematical problem I have not seen before. 
" Time spent using a graphing calculator could be better spent practising the mathe- 
matics skills I need for the next course. 
"I get confused about mathematics in a problem when it is analysed more than one 
way (algebraically, graphically, and/or numerically, using a table. ) 
" Learning to do mathematics means just learning the procedures. 
"I get confused when trying to read x and y values from a graph. 
5.2.4 Course evaluation form 
At the end of the "reform" course, students, in addition to re-taking the 60-question 
attitudinal survey, also completed a 19-question course evaluation form. Many state- 
ments were paired, one asking about a student attitude before the course and the other 
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asking about a change in that attitude after the course. Significant mean shifts were 
noted on the following pairs of statements. 
a. How would you rate your ability to interpret mathematical notation and symbols at 
the BEGINNING OF THE SEMESTER? 
very somewhat fair somewhat very 
poor poor good good 
1 23 4 5 
b. To what degree do you think this course has improved your ability to interpret 
mathematical notation and symbols? 
not at all a little somewhat a good bit very much 
12345 
The mean on a. was 2.6 while the mean on b. was 3.5. 
a. How would you rate your ability to interpret and analyze data at the BEGINNING 
OF THE SEMESTER? 
very somewhat fair somewhat very 
poor poor good good 
1 23 4 5 
b. To what degree do you think this course has improved your ability to interpret and 
analyze data? 
not at all a little somewhat a good bit very much 
12345 
The mean on a. was 2.7 while the mean on b. was 3.5. 
a. How would you rate your willingness to attempt to solve a problem you have never 
seen before at the BEGINNING OF THE SEMESTER? 
very somewhat fair somewhat very 
poor poor good good 
I1 23 4 5 
b. To what degree do you think this course has improved your willingness to attempt 
to solve a problem you have never seen before? 
not at all a little somewhat a good bit very much 
12345 
The mean on a. was 2.8 while the mean on b. was 3.7. 
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a. How would you rate your ability to solve a problem you have never seen before at 
the BEGINNING OF THE SEMESTER? 
very somewhat fair somewhat very 
poor poor good good 
1 23 4 5 
b. To what degree do you think this course has improved your ability to solve a prob- 
lem you have never seen before? 
not at all a little somewhat a good bit very much 
12345 
The mean on a. was 2.8 while the mean on b. was 3.6. 
The above statistics are provided to give a profile of the type of student enrolled in the 
"reform" beginning algebra course. While there is no "typical" student, these statistics 
should help in forming a mental picture of the student who was the target of this 
research. 
5.3 The Study 
Students at four community colleges completed written function surveys at the begin- 
ning and the end of a "reform" beginning algebra course, as described in Chapter 4, 
during the spring semester of 1996. Subsequently, several students at each site partici- 
pated in task-based interviews. One hundred forty-nine beginning algebra students 
completed a pre-course function survey. The post-course survey was completed by 82 
students. The number of surveys in which students completed both pre- and post- 
course surveys was 70. Both the written surveys and interviews were used to profile 
students' concept image of function. A-primary purpose of the study was to test the 
research design in preparation for the main study. 
5.4 Methodology 
The study has both a quantitative and a qualitative component. Students were asked 
the same 6 questions on both the pre-course and post-course'survey. The following 4 
questions were analysed quantitatively: 
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1. Consider the diagram. 
a. What is the output if the input is 7? 
b. What is the input if the output is 18? 
Input 
1i 
Add 1 to the input 
Multiply the sum by 3 
Output 
2. Use the equation y= 3x -7 to answer each question. The "x" represents input 
and the "y" represents output. 
a. What is the output if the input is 5? 
b. What is the input if the output is 0? 
3. Use the following input-output table to answer each ques- 
tion. The "X" represents input and the "Y1" represents out- 
put. If the answer does not appear in the table, write "not 
possible: ' 
a. What is the output if the input is -2? 
:Z 5 0 0 --s- 1 -M 
2 -3 
3 0 
- -3 
b. What are the input(s) if the output is -3? 
4. Use the following graph to output 
answer each question. If the 
answer does not appear on the mi -1 e :: "' input 
g raph, write "not possible: " 
r 
10 
a. What is the output if the -16 ..... 6 
inputis3? Yscl=2 ;,,,,;, ;;,, " 
b. What are the input(s) if the 
output is 0? 
These four questions were designed to measure change in students ability to apply a 
process and reverse a process for the colloquial (function machine), symbolic (equa- 
tion in two variables), numeric (table), and geometric (graph) facets. Question 1 
admittedly involves the numerical facet also. Though difficult to read, Question 4 used 
calculator screen display since this would be the primary mode for studying graphs in 
the course. Students were graded on each part and their scores from pre- to post-course 
on each question were compared. A Sign Test for Paired Data and a Wilcoxon Test for 
Paired Data were used to test for significance in shifts in student scores from pre- to 
post-course. ' 
Changes in the written facet were noted from pre- to post-course by asking students to 
define "function". These responses were analysed using systemic network-charts 
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based on the "systemic networks" described by Bliss et al. (1983). -Answer evolution 
charts were used similar to those in Garcia-Mila et al. (1996) to chart changes in stu- 
dents' written definition during the course. 
Additional data from the post-course surveys and the interviews were analysed quali- 
tatively. The information from the written surveys and the interviews is used to 
develop a profile of each student's concept image of function. Survey and interview 
questions were designed to measures students' understanding along all facets dis- 
cussed in the theoretical framework. In addition, questions were used to measure the 
strength of the boundaries between pairs of facets. A profile, with justification, for one 
student is included. 
5.5 Quantitative Analysis 
In a series of 4 questions, students were given functions in the form of a function 
machine, an equation in two variables, a two-column table, and a graph. In each case 
they were asked to find a specific output, given the input and vice versa. The number of 
correct responses along with percentages appear in Table 5.1. 
TABLE 5.1: Questions 1-4: correct responses (n = 70) 
Pre-course Post-course 
Question Number correct Number correct 
(% correct) (% correct) 
Colloquial facet: function machine 
input given 62 (89%) 64 (91%) 
Colloquial facet: function machine 
output given 48 (69%) 49 (70%) 
Colloquial facet: function machine 
both parts correct 46 (66%) 45 (64%) 
Symbolic facet: equation 
input given 54 (77%) 62 (89%) 
Symbolic facet: equation 
output given 14 (20%) 32 (46%) 
Symbolic facet: equation 
both parts correct 13(19%) 31(44%) 
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TABLE 5.1: Questions 1-4: correct responses (n = 70) 
Pre-course Post-course 
Question Number correct Number correct 
(% correct) (% correct) 
Numeric facet: table 
input given 42 (60%) 66 (94%) 
Numeric facet: table 
output given 22 (30%) 39 (56%) 
Numeric facet: table 
both parts correct 21(29%) 37 (53%) 
Geometric facet: graph 
input given 0 (0%) 14(20%) 
Geometric facet: graph 
output given 2 (3%) 30 (43%) 
Geometric facet: graph 
both parts correct 0(0%) 11 (16%) 
A graphical comparison of the results appears in Figure 5.1. 
Correct responses (n = 70) 
70 Q Pre 
60 Post 
N 50 
u 40 
m 
b 30 
e 20 
r 
10 
0 
Fcn machine Equation Table Graph 
(a, b, both) (a. b, both) (a. b. both) (a. b, both) 
Figure 5.1: Pilot: graphical display of responses to questions 1-4 
Both a Sign Test for Paired Data and a Wilcoxon Test for Paired Data were performed 
comparing the pre- and post-course performances of each student. Each question was 
scored using I point for a correct answer when the input was given and 2 points for a 
correct answer when the output was given. Thus, each question had a possible total of 
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3 points. The changes from pre- to post-course on the symbolic, numeric, and geomet- 
ric facets were all significant at a 0.001 level. The data show little change using the 
function machine, but this may be somewhat due to the fact that a high percentage of 
students were able to correctly use the function machine on the pre-course survey. Not 
surprisingly, the geometric facet presented the most difficulty. In fact, the post-course 
result for Question 4 remains amazingly low possibly indicating how complicated it is 
to interpret a graph on a graphing calculator 
To measure the written facet, students were asked to define "function" on both pre- 
and post-course surveys. The definitions provided were categorized based on the main 
focus of what the student wrote. Six of the 10 categories were judged to be acceptable 
definitions. These 6 are listed first in Table 5.2. 
TABLE 5.2: Function definitions (n = 70) 
Category Pre-course Number (%) 
Post-course 
Number (%) 
Relationship 1 (1%) 5 (7%) 
Process 3 (4%) 23 (33%) 
Ordered pairs 0 (0%) 1 (1%) 
Input and output 0 (0%) 5 (7%) 
Function machine 0 (0%) 1 (1%) 
Dependency 1 (1%) 2 (3%) 
Colloquial- "Purpose" 4 (6%) 0 (0%) 
Colloquial- "Way to do something" 31 (44%) 16 (23%) 
No response 26 (37%) 14 (20%) 
Other 4 (6%) 3 (4%) 
The data is displayed visually in Figure 5.2. The categories "Ordered pairs", 
"Input and output", "Function machine", and "Dependency" were grouped together un- 
der "Other" category of correct definitions. The two "Colloquial" categories were 
grouped together under "Colloquial" category of incorrect. 
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Function definitions (n =7 )) 
35 I Pre 
30 " Post 
N25 
9b11 
_ 
I. 
Relation Process Others f-olIcuuiai Blank Other 
Correct detinitions Incorrect 
Figure 5.2: Pilot: graphical display of function definitions 
On the pre-course survey, 93 percent were unable to provide a satisfactory definition of 
function. Fifty percent gave "colloquial" responses-that is, responses based on non- 
mathematical uses of the word. On the post-course survey, 52 percent wrote satisfac- 
tory definitions while only 23 percent still wrote answers described as "colloquial". 
Summarizing, the pre- and post-course surveys supplied information on development 
of student concept image of function in the colloquial, symbolic, numeric. geometric, 
and written facets. Many, but not all, students demonstrated a statistically significant 
growth from pre- to post-course in all facets except the colloquial. However, a majority 
of students demonstrated a high degree of comfort with this facet on the pre-course 
survey. 
5.6 Qualitative Analysis 
5.6.1 Function cards 
Students were given 24 cards, each containing either an equation. a table, a graph, or a 
function machine (See appendix D for cards). Equations in both one and two variables 
were included. In several cases, the same function appeared on four different cards 
using the four different facets listed above. Students were asked to place the cards in 
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two piles: one for "functions" and one for "not functions". They recorded their 
answers on a sheet of paper and were asked to state their rule for deciding if a given 
card contained a function. 
Seven students who were interviewed participated in this exercises. The card contain- 
ing x=4 was selected by all students as "not a function". Six of the seven chose 
cards containing the graph of a circle, a function machine for the constant function 
y=4, and the equation y=4 as "not functions". Cards containing a table for the 
constant function, for the constant function as a graph, and for a table for the median 
function were selected by only 2 students as "not functions". When asked for their rea- 
sons in making their selections, two of the students, SC and LAF, responded as fol- 
lows: 
SC: Function machines "are functions". Also, on the graphs if there was an 
input and output. Tables-I'm not real sure of because I can't tell. I put 
them on the function pile but I'm not really sure. 
LAF: Well, these 2 (x =4 and y= 4) aren't functions since there is no 
process just variable equal number. This one (2x +1= 7) because 
you have multiple inputs to get the same output. I don't see how you 
could do the same process on five different numbers and got the same 
output (the median function). 
Some observations based on the function cards exercise include: 
" Students did not make distinction between equations in one variable and equations 
in two variables. 
" Inconsistent responses occurred on a constant function. Only 1 student felt that the 
function machine and the equation were functions. But 5 students said the table and 
the graph were functions. 
" Inconsistency occurred in applying the "uniqueness of output" qualifier to func- 
tions. This is what Dubinsky and Harel (1992) refer to as the "uniqueness from the 
right" condition. Six students said the graph of a circle was not a function. All stu- 
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dents said that the equation and the table for the circle were functions. If a student 
can discern a process between x and y in a two-variable equation, the student will 
often say this is a function regardless of whether the output is unique. 
" Lack of transfer across representations as indicated by the inconsistent responses to 
both the cards with constant functions (4 different cards) and the cards with the cir- 
cle (3 different cards). 
5.6.2 Creating student profiles 
By collecting all the data (pre-course survey, post-course survey, and interview) for 
each student interviewed, the researcher hoped to build profiles of student concept 
images of function using the theoretical framework described previously. The follow- 
ing is a profile of one students developed as part of this study. 
5.6.3 Student background 
DB is a female student in her mid-twenties. She had taken two years of high school 
algebra previously, barely scraping by. She was among the top students in her begin- 
ning algebra course. 
5.6.4 Layers of the written facet 
DB was asked to write the definition of a function on both the pre- and post-course 
surveys. On the pre-course survey, she wrote: "A function is similar to an activity. A 
function in maths would be to add or subtract some numbers" indicating she was at the 
pre-procedural layer at the beginning of the course. On the post-course survey, DB 
wrote: "A function is a relationship between two changing quantities. " While she did 
not include the provision of an unique output for given input, she may still be at the 
process layer. 
5.6.5 Layers of the verbal facet 
DB was asked during the interview to state her verbal definition of function and to 
compare this definition to other definitions. Her verbal definition matched the one she 
wrote on the post-course survey. The following transcript probes her comfort level 
with alternate definitions. 
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Intvw: Consider the definition: A function is a 
correspondence that assigns to each ele- 
ment of one set one and only one element " 
of a second set. A diagram appears at " 
right. Discuss the relationship between your definition of function and this def- 
inition. 
DB: Well, it's still putting one thing in and coming out with something different 
after going through some change or process. 
DB states that "something different" comes out. How would she respond to the iden- 
tity function? Does she really mean the output must be different from the input? The 
interview continues. 
Intvw: Okay so where is the input? 
DB: This is the input (pointing to left circle). 
Intvw: And the output? 
DB: This is the output (pointing to right circle). 
Intvw: Where would the process lie? 
DB: Right here (pointing to arrows). 
Intvw: Okay. Is that pretty much equivalent to your definition of function? 
DB: Yes, I would say so. 
Intvw: Consider the following definition: A function is a set of ordered pairs (a, b) 
in which for each value of a in the domain of the function, there is one and only 
one value of b in the range of the function. Discuss the relationship between 
your definition of function and this definition. 
DB: I would say that they are the same definition. Given one input, only one possi- 
ble output. 
Notice that DB mentions uniqueness of output for a given input for the first time. 
Intvw: What is acting as the input? 
DB: Well the domain-a. 
Intvw: And the output? 
DB: b. 
When asked about the input, DB is not clear on the distinction between the input and 
the domain. DB demonstrates good flexibility in her concept image of a function's def- 
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inition. She appears able to identify the similarities between the definitions and easily 
merge them with her own definition. She is minimally at the process layer here and 
may well have sufficient understanding to be classified at the concept or even procept 
layer with respect to her verbal definition of function. It is important to note that her 
verbal and written definitions match indicating some consistency in her concept 
image. 
5.6.6 Layers of the colloquial facet 
The function machine is used to investigate the colloquial facet of function. Given a 
function machine, students were asked on both the pre- and post-course surveys to find 
the output if the input is given and vice versa. DB answered both of these correctly on 
both surveys indicating an understanding of the diagram prior to the course. Since she 
demonstrated procedural understanding being able to find output and reversibility by 
being able to find input, she appears to be at a process layer for this facet. 
Several questions involving function composition were asked on both the post-course 
survey and during the interview. Students received no instruction on function composi- 
tion during the course nor prior to the interview. All function composition questions 
share aspects of the notation facet, since function notation was used to denote the 
requested composition. During the interview, DB was asked, given the following func- 
tion machines for functions f and g, to find f (g(2)) and to describe what she did. 
x 
square the input 
f multiply by 4 
add 1 
i 
.f (x) 
i 
g multiply by 5 subtract 3 
1t 
:1 
g(x) 
Without hesitation, she responds: "197. First of all I find g(2) so I input 2 into function 
machine g multiplied 2 by 5 got 10, subtract 3 to get 7. That becomes the input to f. 
Square to get 49. Multiply that by 4; 196; adding 1 is 197: ' Her facility in making. the 
transition from 7 as an output of g to 7 as an input to f is impressive. 
Two additional questions tested her ability to accept an object as input rather than a 
number. 
X 
i 
multiply by 5 
subtract 3 
1t 
:1 
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Consider the function machine at right. What is the output if the Input 
input is y(x) = x2 - 5x ? What did you do? Multiply by 3 
Add 
DB: That would be 3x squared minus 15x; take that and add 2 Output to it. 
Intvw: Is that an acceptable output to you? 
DB: Yes 
Intvw: Consider the function machine at right. 
What is the output if Input 1 is f (x) and 
Input 2 is g(x) where f (x) = 3x -5 and 
g(x) = x2 +1? What did you do? 
DB: Hmmm I think this is fruit salad. You have 
to add the like terms so you would get 3x + 
x squared minus 4 
Input 1 Input 2 
1iIi 
Add Input 1 and Input 2 
1i 
Output 
Intvw: Is that an acceptable output? 
DB: Yes. 
DB demonstrated no more difficulty when the input involved functions than if the 
input involved numbers. Her flexibility with function notation is impressive. The inter- 
viewer could have tested her ability to reverse the process using a function as output, 
but did not. 
5.6.7 Layers of the kinesthetic facet 
DB was asked to demonstrate what a function is without using words 
by using a physical motion. She was unable to do this resorting to 
drawing the picture at right. She states: "I guess this is following along 
the lines of a function machine. You have 2 apples and you add 3 
bananas and you get fruit salad. " The emphasis is on process, but she ` `ýýý 
could not demonstrate such physically. She seemed to rely on a "way 
to think about functions" given by her instructor instead of creating her own dynamic 
conception. While more data would be needed, this suggests that her kinesthetic facet 
is not as well developed as some of the other facets. 
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5.6.8 Layers of the symbolic facet 
Students were asked on both the pre- and post-course surveys, given the equation 
y=3x-7, to find the output if the input is given and to find the input if the output is 
given. DB answered both correctly on both surveys. On the post-course survey, stu- 
dents were asked to identify each of the following as "a function" or "not a function". 
The question was repeated during the interview. 
a. y=3x-2 b. y=9-x2 C. y=S d. x2 + y2 =1 
1 ifx<-3 
e. y= x2 if x >_ -3 and x<4 
2 if x>4 
g. If x is rational, then y=0 
C0 
if x is rational 
1 if x is not rational 
f. y=± x+2 
h. xy =7 
j. x=2+tandy=3t2-5t+1 
DB marked only a, b, and e as functions on the written survey. Her interview response 
follows. 
DB: Hmm. I would say a and b are both functions. Each gives you the process for 
getting the output. C is not a function since it is just giving you the output, but 
not how to get it. D is a function because it is showing you the process on how 
to get the output. E hnim well I would say that is a function. I have to concen- 
trate on that one. It is giving you the process to go through given certain values 
of X. 
The interviewer gave her a couple of inputs and asked her to find the outputs for the 
function in e. After doing so, she responded that she was much more confident that this 
was a function. 
Intvw: Okay what about the rest? 
DB: F-I want to say it is still a function but with that square root I would have to 
change my' mind because square root could have two different outputs. 
Intvw: So would that be a function if that happened? 
DB: No, it would be a relation. 
Notice she mentions uniqueness of outputs again even though this condition was not 
part of her written or verbal definitions. DB did not recognize that the same issue 
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occurs in d, the equation of a unit circle. She distinguishes between a relation and a 
function for the first time. 
DB: I say that g is not a function either. No it could be because you only have one 
output depending on the value of x. 
Again the interviewer gave DB some examples to work through. After some discus- 
sion about what constitutes a rational number, DB felt g was a function. 
Intvw: Okay, how about h? 
DB: his not a function because you don't really know how to get the values of x and 
Y. 
Intvw: So what if I said x was 5? 
DB: Then you could figure it out. 5 times y would be 7 
Intvw: What if I said x was 8? 
DB: Then you could do it to. I think you need to know the value of one of these 
before you can do it. 
Intvw: Do you need that kind of thing to get a function? 
DB: No. I guess it could be a function. 
Intvw: What about i? 
DB: It's a function. J is a function since there is a way to find what the values are. 
Her first impulse, as noted in the survey, is to say "not a function". After more reflec- 
tion, she often revises her response. DB appears to be process-oriented when con- 
fronted with a symbolic definition of a function. Her criteria throughout depends on 
the existence of a rule for finding the output, given the input. Finally, DB demonstrated 
the ability to compute the value of a function composition symbolically. 
Intvw: Consider functions f and g defined as f (x) = 3x -5 and g(x) = x2 +1. 
What is g(f (3)) ? Describe what you did. 
DB: f(3) is 4 and then that makes the input to g be 4. Four squared is 16 plus 1 is 
17. 
Summarizing, DB is quite flexible when identifying or working with symbolic defini- 
tions of functions. She is not bound by prototypes she has seen before. She is at least at 
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the process layer for this facet demonstrating the need for the existence of a process to 
identify a function. 
5.6.9 Layers of the geometric facet 
Rectangular coordinate graphs are used to investigate the layers of this facet. Given a 
graph of a quadratic function and an appropriate viewing window, students were asked 
on both the pre- and post-course surveys to find output given input and vice versa. 
These questions caused students the most problems. Less than 5% answered these 
questions correctly on the pre-course survey and less than 40% answered them cor- 
rectly on the post-course survey. DB was unable to answer either question on the pre- 
course survey. On the post-course survey, she correctly found input given output, but 
made an error finding output given input. Based on her answer, her error appears to be 
that of scale. 
On the post-course survey, students were asked to identify each of the following 
graphs as "a function" or "not a function". 
Output Output 
a. Input 
b. 
Input 
Output Output 
d. ' Input c' 
Output output 
e' Input f' Input 
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Output 
Input 9-4 
ý, 
! 
*--e 
Output 
""""" 
h' Input 
Output 
1' nput 
Output 
'Input 
-0 
The question was repeated during the interview. DB identified all but a, f and j as func- 
tions on her post-course survey. Her response on the interview follows. 
DB: Well, I know b is a function since it is linear. If a is a function I don't know it 
because it is like nothing I have ever seen. I don't think that's a function. C is a 
function, d is, e is also, f-I'm not too sure about being that there is that long 
straight line in the middle. I suppose it is possible, but I'm not sure. G is a func- 
tion, h is not; those look more like a discrete function which I suppose could be 
derived from a function. I- we haven't really seen anything like this yet but I 
would say it is a function. J [is] not a function-it doesn't seem to connect any- 
where. 
DB exhibits little inconsistency with her survey response. She has changed her mind 
about h and is uneasy about f. 
Intvw: Let's go back. H-you said it is not a function but maybe it's derived from a 
function. What do you mean? 
DB: Well, I would say no because anytime we have done discrete points it's strictly 
an input-output. I would say looking at it just this way, I would say it is not a 
function. 
DB seems to be saying no because the process is not known though input-output pairs 
are given. 
Intvw: What about j? 
DB: It looks to me more like discrete points rather than like a continuous curve. 
Intvw: Okay, but you don't have a problem with e which also has a break in it? 
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DB: Right. Well I remember seeing that as a piecewise function 
Intvw: What about f? 
DB: Well, I suppose I would say a function although the continuous straight line 
throws me off. I suppose a function could have a series of outputs that are the 
same. 
DB's interpretation of graphs displays more of a tendency to identify with prototypes 
(See Tall & Bakar, 1992) than the other facets we have discussed. There is some indi- 
cation of a problem with the lack of continuity (See Markovits et al., 1993). She dem- 
onstrates that she is thinking about input-output pairs, but needs' to rely on the 
existence of a process. While her image of the symbolic and verbal facets demon- 
strated a knowledge of the restriction of one output for a given input, that restriction 
does not appear to be part of her concept image for the geometric facet suggesting dif- 
ferent developments of figural representations versus proceptual representations. 
One final question on graphs required 
Min=-6 
DB to do a function composition. She max=6 ý(sc1=1 
was asked to consider the graphs for 
YYMä"x=1e 
Ysc1=1 
functions f and g at right and to approx- 
imate the value of g(f (2)) . 
OMin=-6 
DB to do a function composition. She riax=6 ý(sc1=1 
was asked to consider the graphs for 
YYmaxx=le 
Ysc1=1 
functions f and g at right and to approx- :: if 
DB: Ooh. g(f (2)) . You have to 
find what f(2) is; -1. The input to g is -1. Some- 
where up there (pointing to the parabola at an input of -1). About positive 4. 
The ease with which she was able to move between inputs and outputs and between 
curves was impressive. While her criteria for recognizing functions from graphs is 
very process-oriented, she demonstrates good facility at interpreting specific informa- 
tion from a graph. 
5.6.10 Layers of the numeric facet 
Tables were used to investigate the numeric facet. Students were asked on both surveys 
to find output given input and vice versa for a function defined by a table. DB was una- 
ble to answer either question on the pre-course survey but answered both correctly on 
the post-course survey. When given two random two-column tables, she identified 
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both as functions even though the second table contained two different outputs for the 
same input. It is curious that she did not require the existence of a process in order to 
identify these tables as functions. She was later asked the following question on the 
post-course survey: "A table has two columns. The left column begins at 0 and 
increases in increments of 2. The right column begins at 1. Each entry in the right col- 
umn is computed by multiplying the preceding entry by 3. Part of the table appears 
below. Is ya function of x? " 
x y 
1 
2 3 
4 9 
6 27 
8 81 
DB marked that this was not a function. The same question was asked on the interview. 
DB supplies reasoning for her answer. 
DB: Hmmm. I would say no because the values of y are not taking the values of x 
into consideration. It is just taking the previous number and multiplying by 3. I 
don't see where the xs come in to play in finding y. 
Intvw: So you are missing a process from x to y? 
DB: Yes. 
Intvw: And that makes you say you don't have a function? 
DB: Yes. 
Again DB's process orientation comes through. It might be a good idea to go back and 
ask her about the two random tables she identified as functions. As with the colloquial, 
symbolic, and geometric facets, DB was asked to use tables for function composition. 
Again her transcript indicates her ease at doing so. 
Intvw: Consider the following tables for functions f and g. What is the value of 
f(g(2)) ? Why? 
x f (x) 
2 -1 
3 1 
4 0 
5 -2 
x g(x) 
-1 1 
0 5 
1 2 
2 4 
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DB: First I find g(2) which is 4. That becomes the input for f. So it is 0. 
Intvw: What is the value of g(f (2)) ? Why? 
DB: f(2) is -1. That becomes the input to g. So it is 1. 
DB exhibits a facility with tables equal to that which she demonstrated for the other 
facets. The key point is her "process" view. DB's notion of "process" may actually 
interfere with the "simple? " process of reading from a left column entry to the corre- 
sponding right column entry. An alternative teaching sequence such as "read tables" 
first might yield different results. 
5.6.11 Layers of the notation facet 
On the post-course written survey, students responded "true" or "false" to the follow- 
ing statements: Suppose that f is the name of a function and x is the input to that func- 
tion. 
a. f (x) represents the output of the function when x is input. 
b. f (x) represents the product off and x. 
c. f (x) represents the rule you follow to find the output. 
DB responded "true" to part a and "false" to parts b and c. A similar question was 
asked during the interview. 
Intvw: What do you think when you see the notation y(x)? 
DB: Well when I first saw it I thought y times x. Now it is easier to figure out that it 
is y is dependent on the value of x. 
Intvw: Do you identify this symbolism with a process? 
DB: Well if you see just y(x) that really doesn't mean anything. Usually you see an 
equal sign and an equation following it. 
The response seems to be consistent with the fact that DB did not associate the nota- 
tion with a rule to follow to find the output. The interviewer dug a bit further. 
Intvw: If I just write y(x), would you identify a process with it? 
DB: I guess I would because I know that it has to go through some process to get 
the value of y. 
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Notice that DB identifies the output with y only, not with y(x). DB exhibits an image of 
the notation as having meaning only if the process is defined. Next the interviewer 
probed her interpretation of the notation as an output of a function. 
Intvw: Do you identify that symbolism y(x) with output? 
DB: Yes. y is definitely the output. 
While DB interprets the notation as function notation, she demonstrates some concep- 
tual difficulties. She finds it difficult to accept y(x) alone without setting it equal to an 
algebraic expression that describes the process. Thompson (1994) suggests that "the 
predominant image evoked in a student by the word "function" is of two written 
expressions separated by an equal sign" (p. 24). DB seems to attach the output to y 
only, rather than y(x). The interviewer chose to delve further by providing two specific 
examples. 
Intvw: If I say y(x) = 4, does this represent a process, an output, or both to you? 
DB: That would be an output because you're not giving the equation you are just 
giving basically y=4 when x is input. 
DB is uncomfortable with the given statement. Student difficulty with constant func- 
tions is well-documented. (See Markovits et al., 1993 and Tall & Bakar, 1992, for 
example. ) DB thinks 4 is an output. DB believes there is some process performed on x 
to obtain 4. She sees the notation as a specific ordered pair rather than as a general 
statement of a function. 
The interviewer followed with a question about a more prototypical function. 
Intvw: If y(x) = 3x - 7, does this represent a process, an output, or both? 
DB: That's a process because now you are giving the equation as to how you would 
establish the value of y. 
DB is much more comfortable with this more common, prototypical form. DB demon- 
strates little flexibility in shifting between process and output. 
Another question asked on the post-course survey was: "Assume that f is the name of a 
function. Is there a difference between 3ff2) and 2fl3)? " DB wrote: "Yes, the value of 
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the number in the parentheses is the independent variable which would affect the value 
of the function. " Let's look at how DB responded to the same question in an interview 
setting. 
DB: Different. The way I would read this since f is name of function. The 3 and 2 in 
parentheses are input. How I am reading this is that I would find the value off 
for the given input and then multiply that output by the number in front off. 
DB's interpretation is consistent with her written answer. DB's understanding of the 
notation is developing, but she has trouble seeing the notation flexibly. She does dem- 
onstrate a good grasp of the relationship between input and output implied in the nota- 
tion. She does not appear to be at the stage where she interprets the notation as an 
object. 
5.6.12 Connections between symbolic, geometric, and numeric facets 
One last interview question explores the relationship between the symbolic, geometric, 
and numeric facets. The transcript is presented in full. 
Intvw: An equation, a table, and a graph are displayed below for the same function. 
y(x) = x2-3x-10 
-s 30 Min=-10 
-4 to Xmax=10 "". :Z Xscl=1 
Ymin=-12 
0 -10 Ymax=6 ...... .... 1 -1z Yscl=2 ....... ... . 
t BX2-3X-1 0 "::. :: 
What is the output if the input is -1? Did you use the equation, the table, or the 
graph to answer the question? 
DB: -6 using the table. 
Intvw: What is the output if the input is 4? Did you use the equation, the table, or the 
graph to answer the question? 
DB: Now I would use the graph. 1,2,3,4 (counting on the horizontal axis of the 
graph). Around -8,1 guess. 
DB is very careful to look at the scale while answering this question. 
Intvw: What is the output if the input is 12? Did you use the equation, the table, or the 
graph to answer the question? 
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DB: Um, I guess you'd have to just multiply that out since the 12 doesn't appear in 
either the table or the graph. 
Intvw: What do you mean by "multiply it out? " 
DB: Go up to the equation and input 12 for the x's and figure it out. 
Intvw: What is the output if the input is h? Did you use the equation, the table, or the 
graph to answer the question? 
DB: Um, well, again I mean all you would do is change the x's to h's. 
Intvw: Would that be an acceptable output to you? 
DB: Yes. 
Intvw: What are the input(s) if the output is 0? Did you use the equation, the table, or 
the graph to answer the question? 
DB: -2 using the table. 
Intvw: Are there any others? 
DB: Oh, obviously there would have to be (looking at the graph). Also, 5 on the 
graph. 
Intvw: What are the input(s) if the output is 44? Did you use the equation, the table, or 
the graph to answer the question? 
DB: There would be a possible negative or positive. You'd have to figure that out 
from the equation. You would replace y with 44 and solve for x. 
It is impressive, watching the video, how easily DB moves between the various facets. 
She demonstrates equal facility in reading information off of the appropriate facet. In 
each case, her choice proves to be the most efficient choice. DB appears to have good 
mental connections between tables, equations, and graphs of functions. She is equally 
facile in moving between input and output in either direction. 
5.6.13 DB's profile 
Based on DB's written and verbal responses to the surveys and interview, a visual pro- 
file of her concept image of function is developed (Figure 5.3). In essence, these are 
snapshots of her understanding according to the theoretical perspective. The shading 
indicates the number of layers the student has demonstrated in her understanding of 
each facet. The student's knowledge of a specific facet has not been assessed if the out- 
ermost layer (pre-procedure) is unshaded. Profiles of DB at the beginning of the begin- 
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ning algebra course and at the completion of the interview are displayed. In essence, 
numeric 
colloquial 
M 
numeric 
colloquial 
nc 
K 
"T'ae" DB's profile before course 
ki 
k 
VA Procept 
® Concept 
® Process 
Procedure 
Pre-procedure 
""""" DB's profile after course 
Figure 5.3: DB's concept image profiles 
DB appears to be at least at the process layer for all facets, except possibly the kines- 
thetic, where more data must be collected. She has shown substantial growth as a 
result of the course. It is possible that she has reached the concept or even procept 
layer for several facets, but, again, more data is necessary to conclude this. 
5.7 Conclusion 
This chapter summarized the methods and results of the pilot study performed during 
spring term, 1996. The first section provided information on the students who formed 
the population from which the sample for the study was drawn. The population was 
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profiled especially with respect to the attitudes they manifested toward mathematics 
before and after the instructional treatment described in Chapter 4. 
Following the student profile, the methodology for the study was described in detail. 
The key elements of the study included pre- and post-course function surveys and in- 
depth task-based interviews. The data from the pilot study were presented along with 
an analysis of the results. The analysis includes both a quantitative and a qualitative 
element. The quantitative results indicate a statistically significant positive shift in stu- 
dent understanding of function along 4 (symbolic, numeric, geometric, and written) of 
5 facets. There was not a significant shift in the colloquial facet possibly due to the 
high scores recorded on the pre-course survey. 
The qualitative analysis took the form of an analysis of an interview for one student. 
Her understanding of each facet was analysed based on her responses to all three 
instruments. Before and after profiles, according to the theoretical framework, of her 
concept image of function were presented to conclude the analysis. 
Overall, the pilot study indicated that the research hypotheses were reasonable and that 
the design of the instruments was fundamentally sound. 
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CHAPTER 6 Thesis and Main Study 
6.1 Introduction 
This chapter states the hypotheses of the thesis and describes the procedures and meth- 
odology used by the researcher to complete the main study. Included is a discussion of 
the purpose of the research, the variables, the research design, and the purpose of each 
instrument used in the main study. The individual components of each instrument are 
described along with their purpose within the main study. The influences of the pilot 
study in the design of the main study are described. Various types of triangulation used 
to establish the validity of the results are briefly discussed to end the chapter. 
6.2 Thesis 
A significant number of American students must enrol in a beginning algebra course in 
college even though they have had the same course, and often several courses higher, 
in high school. As described previously, many of these students exhibit behaviour that 
indicates they have become "debilitated" by their prior mathematical experiences. 
Rather than forcing them to take the same beginning algebra course again, a course 
with a re-designed curriculum using the unifying thread of function has been imple- 
mented in an effort to assist students past the hurdles that have previously blocked 
their paths. This leads to the main purpose of this research as addressed in the follow- 
ing question: 
Research Question: Can adult students who arrive at college having had debilitating 
prior experiences with algebra develop a process level understanding of the function 
concept through appropriate instructional treatment? 
The definition of each term in the previous statement follows. 
" "Appropriate instructional treatment' 'means a beginning algebra course using text 
materials, as previously described, that focus primarily on function as process and 
that introduce function in a multi-faceted way including written definitions, graphs, 
function machines, tables, and equations. Function notation along with graphing 
calculators are used throughout the course. 
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" "student" refers to an adult community college student enrolled in a beginning alge- 
bra course in which the instructional treatment described above is used. As there is 
no typical such student, a profile of students included in the study was provided in 
Chapter 5 as part of the description of the pilot study. 
" "process level understanding" means that students have demonstrated the ability to 
answer questions about the various facets of "function" that indicate they are, mini- 
mally, at a process layer for the majority, if not all, of the facets. The questions used 
along with their accompanying rubric will be discussed later in this chapter. 
" "debilitating prior experiences" were described in Chapter 2. In essence, such stu- 
dents evidence the symptoms of procedural knowledge (Hiebert & Lefevre, 1986), 
instrumental understanding, at best (Skemp, 1976), and the proceptual divide (Gray 
& Tall, 1994). 
The main research question is addressed by proposing several sub-questions as fol- 
lows: 
1. Will students demonstrate improved capabilities in interpreting the colloquial facet 
of function, as exemplified by a function machine, when asked to find output given 
input and vice versa? 
2. Will students demonstrate improved capabilities in interpreting the symbolic facet 
of function, as exemplified by an equation in two variables, when asked to find out- 
put given input and vice versa? 
3. Will students demonstrate improved capabilities in interpreting the numeric facet 
of function, as exemplified by a two-column table, when asked to find output given 
input and vice versa? 
4. Will students demonstrate improved capabilities in interpreting the geometric facet 
of function, as exemplified by a two-dimensional coordinate graph, when asked to 
find output given input and vice versa? 
5. Will students demonstrate improved capabilities in the written facet by writing a 
definition of function in terms of a dynamic process? 
Facets and Layers of Function for College Students in Beginning Algebra 127 
Thesis and Main Study Variables 
6. Will students demonstrate improved capabilities in the notational facet by inter- 
preting function notation correctly and contextually? 
7. Will students exhibit consistency in their concept definition of function across ver- 
bal and written facets? 
8. Will students demonstrate an ability to adapt alternative concept definitions of 
function into their own written and verbal definitions? 
9. Is the growth of the concept image of function in students uneven? Are the cogni- 
tive links between facets sometimes nonexistent, sometimes tenuous, and some- 
times unidirectional? 
In addition to measuring changes in students' concept images of function as a result of 
the previously-described instructional treatment, the researcher creates three "tem- 
plate" profiles of student concept images as a result of classifying students highly 
capable, capable, and incapable (Krutetskii, 1976) with respect to the function concept 
based on the results of written surveys and interviews. 
6.3 Variables 
6.3.1 Prior variables 
The prior variables revolve around both students enrolled in a beginning algebra 
course at a U. S. community college and the instructors who teach this course. Such 
students have been previously classified as "debilitated" by their prior encounters with 
mathematics. The instructors often are frustrated by the fact that their students have 
entered college with so little mathematical understanding. These instructors usually 
are devoted to teaching, but the traditional approach to the beginning algebra courses 
has been to focus on instrumental understanding (Skemp, 1976) through the teaching 
of endless skills and procedures. 
Profiles of the students who enrol in the target course were provided in the Chapter 5. 
The instructors who taught the classes involved in the main study have indicated their 
dedication to a radically different approach to the course by attending at least one 
week-long workshop on teaching with the non-traditional materials and by volunteer- 
ing to teach the course using the non-traditional materials. 
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6.3.2 Independent variables 
Variables 
The independent variables include the "reform" curriculum as described in Chapter 4 
and the extensive use of technology, especially a graphing calculator. The curriculum 
that serves as an independent variable is the intended curriculum, not the implemented 
curriculum nor the acquired curriculum. Students were required to purchase a graph- 
ing calculator and the text integrates the calculator as a tool to explore mathematics 
extensively. 
6.3.3 Intervening variables 
There are numerous intervening variables that must be acknowledged. The first is the 
implemented curriculum. The number of sections in the text that students actually 
studied and the topics where emphasis was placed significantly impact the formation 
of the students' concept images of function. What the instructors chose to assess is a 
second intervening variable. Assessment choices place an emphasis on certain aspects 
of the curriculum and on the use of technology at the expense of other parts of the cur- 
riculum. The use of the technology within the class is another factor influencing stu- 
dent understanding. Each instructor incorporates technology in their own unique way 
thus affecting student understanding of the concepts. A fourth intervening variable is 
the role of the student and the role of the instructor in the classroom community. The 
curriculum was built on the philosophy that students should be actively engaged in 
doing mathematics rather than watching someone else (the teacher) do mathematics. 
The instructors who taught these courses professed belief in this principle, but when 
the end of the term began to draw near, some reverted to a lecture-based approach to 
"cover" the material. Student effort and dedication to the course is a final intervening 
variable. The students in this study are adults with jobs and families. The level of com- 
mitment to this course will vary widely. For those who exert little effort, the outcomes 
are going to be marginal at best. 
Little beyond the training the instructors received prior to the course can be done to 
control the intervening variables. As the results are presented in the next two chapters, 
it is appropriate to keep these variations in mind. 
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6.3.4 Dependent variables 
The key dependent variable is the students' concept images of function as a result of 
the independent variables. The understanding of function is a key part of the acquired 
curriculum. Using the nontraditional text and having ready access to powerful graph- 
ing technology, can such students develop an appropriately rich concept image of 
function? This variable is measured using the three instruments described later in this 
chapter. 
6.3.5 Consequent variables 
The students' future success in mathematics courses and in the ability to use function 
to reason quantitatively in daily life serve as the consequent variables in this study. 
Measuring such variables is beyond the scope of this study. 
6.4 Research Design 
6.4.1 Subjects 
The subjects were drawn from the same student pool used for the pilot study. The stu- 
dents were enrolled in a section of the "reform" beginning algebra course (as 
described in Chapter 4) at one of four community colleges during Fall Term, 1996. As 
in the pilot, all instructors had previously attended a week-long National Science 
Foundation workshop organized and led by the authors of the materials and focusing 
on the implementation of this "reform" curriculum. None of the instructors were 
authors of the materials. The student profile for the main study approximates that 
described in detail in Chapter 5. Specific characteristics of the population will be fur- 
ther described in Chapter 7 when the data are analysed. 
6.4.2 Instruments 
The main study consists of both quantitative and qualitative components, similar to 
those described in the pilot study. Pre- and post-course surveys during Fall Term, 1996 
were used to collect quantitative data. The pre-course survey was administered on the 
first day of class and the post-course survey was administered during the last week of 
the term. Scores on the post-course survey were used to divide students into three cat- 
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egories: highly capable, capable, and incapable. Task-based structured interviews were 
conducted within two weeks of the end of the course to collect qualitative data. Stu- 
dents from each category were interviewed. Profiles of one student from each category 
were subsequently created. A discussion of each instrument along with the rationale 
for the questions appears below. 
6.4.3 Pre-course survey 
There are a total of 7 questions on the pre-course survey (Appendix A). The rationale 
for each follows. 
" Question 1 measures students' ability to manipulate a function machine by asking 
students to find the input given 'the output and vice versa. This question provides 
data about the colloquial facet of function. The computations in the function 
machine (essentially a linear function) were kept simple to reduce the chances of 
arithmetic error. 
" Question 2 measures students' ability to manipulate a two variable equation by ask- 
ing students to find the input given the output and vice versa. This question provides 
data about the symbolic facet of function. The computations were kept simple to 
reduce the chances of arithmetic error. 
" Question 3 measures students' ability to use a two-column table by asking students 
to find the input given the output and vice versa. This question provides data about 
the numeric facet of function. A function that is not one-to-one was used to assess 
students' ability to find multiple answers to the question. 
" Question 4 measures students' ability to use a two-dimensional rectangular coordi- 
nate graph by asking students to find the input given the output and vice versa. This 
question provides data about the geometric facet of function. A quadratic function 
was used to assess students' ability to find multiple answers to the question. 
For Questions 1-4, student ability to find the output, given the input, suggests a proce- 
dure layer of understanding of the facet. Ability to find the input, given the output, 
requires students to reverse the procedure and is used to suggest a process layer of 
understanding of the given facet. 
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" Question 5 measures students' depth of understanding along the written facet by 
asking students to write a definition of function. 
" Question 6 asks students to write definitions of four common terms: variable, two- 
column table of numbers, graph, and equation. The definition of variable provides 
data on student understanding of a key concept preliminary to the function concept. 
The other three definitions were used to determine if students recognize them as 
three of the facets of the function concept. 
" Question 7 measures students' recognition of and flexibility with function notation. 
In summary, the pre-course survey was designed to provide data before the course 
began about student understanding of function focusing on the colloquial, symbolic, 
numeric, geometric, verbal, and notation facets. No other more sophisticated function 
questions were asked since the researcher assumed that most, if not all, students in the 
study would have no prior exposure to the concept of "function". Based on the results 
of the pre-course survey discussed in the next chapter, this assumption appears to be 
appropriate. 
6.4.4 Post-course survey 
Students completed the post-course survey (Appendix B) during the last week of the 
term of the beginning algebra course. The first seven questions are the same as those 
on the pre-course survey described in Section 6.4.3. These provide the opportunity to 
measure change in students' understanding from the beginning to the end of the term. 
In addition, student scores on these questions provided data to divide the students into 
the top third (highly capable), middle third (capable), and bottom third (incapable). 
Students were asked several other questions to further assess the depth of their knowl- 
edge of the facets of function. The rationales for the remaining questions follow: 
" Questions 8 and 9 further tested student understanding of the notation aspect. Ques- 
tion 8 primarily relies on students' ability to recognize the notation f (2) as an out- 
put determined by the input 2 and not as multiplication. Students who do not see a 
difference between 3f (2) and 2f (3) are not recognizing function notation as pro- 
ducing an output that may vary based on the value of the input. The ability to see 
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f (2) and f (3) as outputs suggests a student minimally at the process layer. Ques- 
tion 9 checks for the ability to deal flexibly with function notation as either a proc- 
ess or an object. Those students who view the notation as multiplication may be 
pre-procedural. Students who see f (x) as an output may be at least at the process 
layer while those that see it as a rule or process may be at the concept layer. Those 
who can view f (x) flexibly as both output and process exhibit the traits of procep- 
tual thinking with respect to this facet. 
" Question 10 asks students to select tables and sets of ordered pairs that are func- 
tions from a collection of such objects. This question is used to measure depth of 
understanding of the numeric facet. In particular, students at the procedure layer 
may only select as functions those tables in which a specific procedure to move 
from input to output is apparent. More flexible students may focus on the existence 
of an output for a given input and not need to know the specific procedure used to 
move from input to output. A secondary issue concerns students' recognition of the 
"uniqueness of the right" condition (Dubinsky & Harel, 1992) and their ability to 
differentiate this condition from one-to-oneness. 
" Question 11 asks students to select equations that are functions from a collection of 
same objects. This question is used to measure depth of understanding of the sym- 
bolic facet. In particular, students at the procedure layer may only select as func- 
tions those equations in which a specific procedure to move from input to output is 
apparent. More flexible students will focus on the existence of a relationship 
between the input and output and not need to know the specific procedure used to 
move from input to output. One interesting question revolves around students' treat- 
ment of equations that they had never seen before. More information on this issue 
was collected via the interviews. Another issue is whether students could distin- 
guish between relations and functions. 
" Question 12 asks students to select graphs that are functions from a collection of 
same objects. This question is used to measure depth of understanding of the geo- 
metric facet. In particular, students at the procedure layer may only select as func- 
tions those graphs in which a specific procedure to move from input to output is 
apparent. Another indication of lack of depth of understanding is the reliance on 
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prototypes (Tall & Bakar, 1992). More flexible students may focus on the existence 
of a relationship between the input and output and not need to know the specific 
procedure used to move from input to output. One interesting question revolves 
around students' treatment of graphs that they had never seen before. Again would 
they rely on prototypes in answering the question? Interviews were used to collect 
more data on this issue. Similar to Question 10, how do students deal with graphs of 
relations versus functions and do they require one-to-oneness of a function? 
" Question 13 contains information about several facets: colloquial, numeric, verbal 
definition vis-a-vis concept definition, and symbolic. The main point of the question 
relates to the student's definition of function. Are functions "equal" only if they use 
the same procedure to produce output from input or are they "equal" if the sets of 
ordered pairs that define the function are equal? Students are more likely at the pro- 
cedure layer if two functions can only be "equal" when the procedures are equal. 
Students at the process layer may only require that the two functions produce the 
same output for the same input in order for the functions to be the same-to be equal. 
Table 6.1 summarizes the questions on the post-course survey with respect to which 
facet(s) they provide information about. 
TABLE 6.1: Post-survey questions and facets tested 
Question Facet 
1 colloquial 
2 symbolic 
3 numeric 
4 geometric 
5 written 
6 numeric, geometric, symbolic 
7 notation 
8 notation 
9 notation 
10 numeric 
11 symbolic 
12 geometric 
13 colloquial, numeric, symbolic, written 
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Thus, the pre- and post-course surveys provide data on six of the eight facets of func- 
tion. The remaining two, kinesthetic, and verbal, were addressed though interview. 
6.4.5 Interviews 
As stated previously, selected students participated in one hour interviews within two 
weeks of the end of their beginning algebra course. The students interviewed were 
selected by their instructors based on their willingness to participate and on the 
requirement that the researcher interview as wide a range of students as possible, as 
defined by their score on the post-course survey. As a result, the researcher was able to 
develop profiles of students in the categories of "highly capable" (top third on post- 
course survey), "capable" (middle third on post-course survey), and "incapable" (bot- 
tom third on post-course survey). Such profiles are detailed in the Chapter 8. A sum- 
mary of the questions asked appears in Appendix C. Note that some questions were 
omitted when interviewing particular students. If the student appeared completely 
unprepared to answer the question, the interviewer chose to omit the question. All 
interviews were video- and audio-taped. Additionally, the interviewer wrote detailed 
notes and collected any writings made by the students. 
The first 9 interview questions appeared on either both the pre- and post-course sur- 
veys or on just the post-course survey. The purpose was to establish some triangulation 
between students written responses and their verbal responses in an interview setting. 
A brief discussion of the interview questions and their. purpose follows. 
" The students were initially given a collection of 24 cards (Appendix D), each con- 
taining an equation, a table, a graph, or a function machine. Several functions were 
represented on four different cards using four different facets. Students were asked 
to divide the cards into two piles: functions and nonfunctions. After completing the 
task the interviewer asked students to describe the algorithm they used to determine 
which pile to put a particular card in. The purpose of this question was to probe stu- 
dent understanding of function along 5 facets: numeric, symbolic, colloquial, geo- 
metric, and notation. Would students correctly identify functions for each facet? 
Would students recognize different facets of the same function? What consistency 
would there be across facets when students selected their functions? 
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" Questions 1-5 matched the corresponding questions on the pre- and post-course 
surveys. The purpose was to develop a profile across time of student understanding 
of colloquial, symbolic, numeric, and geometric facets. In addition, would students 
define functions verbally in the same way they defined them in writing? Such a 
comparison allows the researcher to look at the boundary between the written and 
verbal facets. 
" Question 6 matched question 7 on the pre- and post-course surveys investigating the 
notation facet. 
" Question 7 matched question 9 on the post-course survey investigating the numeric 
facet. 
" Question 8 matched question 10 on the post-course survey investigating the sym- 
bolic facet. 
" Question 9 matched question 11 on the post-course survey investigating the geo- 
metric facet. 
" Questions 10 and 11 were taken from Norman (1992) and were designed to evaluate 
the flexibility of students' verbal definition of function by providing settings that 
involve nonnumeric pairings and a function in which the output is a point in the 
plane. 
" Question 12 matched question 8 on the post-course survey investigating the nota- 
tion facet. 
" Question 13 asks for a physical demonstration of what a function is and was used to 
investigate the kinesthetic facet. 
" Question 14 again tests the flexibility of the students' verbal definition of function 
by asking them to respond to alternate forms of the definition. This question was 
asked during the pilot study, but the definitions were presented as correct defini- 
tions. For the main study, the students did not know if the definitions were correct 
definitions or not. Thus, they were not forced to assimilate the definition into theirs 
if they did not wish to. 
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" Question 15 begins a set of questions that focus on the boundaries between facets. 
Students are required to move flexibly between the symbolic, numeric, and geomet- 
ric facets to answer the question. The interviewer focused on the ease with which 
students were able to transfer from one facet to another and which facet was used to 
answer a particular question. 
" Question 16 deals with both the colloquial and verbal facets. This question is simi- 
lar to question 13 on the post-course survey. One part aims at the correct interpreta- 
tion of function machines. The second issue focuses on "equality" of functions. Are 
two functions equal only if they have the same procedure to move from input to out- 
put or are two functions equal if they produce the same output, regardless of proce- 
dure used, for the same input? The question is designed to separate students into 
either the procedure layer or the process layer. 
" Questions 17-20 deal directly with the boundaries between symbolic, numeric, col- 
loquial, and geometric facets. Students are given a function in terms of one of the 
facets and asked to create the function's representation in the other 3 facets. Which 
boundary would students cross first in each case? Which boundaries seemed to be 
most difficult to cross? Which boundary crossings were uni-directional? 
" Questions 21-24 and 27 deal with students ability to perform composition of func- 
tions for various facets. Answering the question requires facility with function nota- 
tion and with the ability. to think of a function as an object that can be used as input 
to another function. Can students take an output of one function and think of it as an 
input to another function. 
" Finally, questions 25 and 26 use function machines and symbolic forms to test if 
students can see functions as objects. In essence, students are using a function 
machine to perform a process on a function. Can students use functions as inputs 
and accept functions as output? 
Table 6.2 summarizes the questions on the interview with respect to which facet(s) 
they provide information about. 
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TABLE 6.2: Interview questions and facets tested 
Question Facet 
1 colloquial 
2 symbolic 
3 numeric 
4 geometric 
5 verbal (boundary with written) 
6 notation 
7 numeric 
8 symbolic 
9 geometric 
10 verbal 
11 verbal, geometric 
12 notation 
13 kinesthetic 
14 verbal 
15 symbolic, numeric, geometric (boundary) 
16 colloquial, numeric, symbolic, verbal 
17-20 
colloquial, numeric, symbolic, geometric 
(boundary) 
21 numeric, notation 
22 colloquial, notation 
23 geometric, notation 
24 symbolic, notation 
25-26 colloquial, symbolic (boundary) 
27 numeric, notation 
6.4.6 Combining the instruments 
The previous sections have detailed the specifics of each of the three instruments used 
in this research study. Table 6.3 displays the facets and the questions on each instru- 
ment that provided data to analyse the students' understanding of the facet. 
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TABLE 6.3: Questions by facet 
Facet 
Pre-course 
survey 
Post-course 
survey Interview 
numeric 3,6 3,6,10,13 3,7,15-21 
symbolic 2,6 2,6,11,13 
2,8,15-20,24- 
26 
geometric 4,6 4,6,12 
4,9,11,15,17- 
20,23 
colloquial 1 1,13 
1,16-20,22,25, 
26 
written 5 5,13 
verbal 5,10,11,14,16 
kinesthetic 13 
notation 7 7,8,9 6,12,21-24,27 
Additionally, Table 6.4 displays the boundaries that we investigated as a result of the 
interview questions. 
TABLE 6.4: Boundaries investigated 
Boundary Interview question 
verbal-written 
5 as compared to pre- and 
post-course 5 
symbolic-numeric 15-20 
numeric-geometric 15,17-20 
geometric-symbolic 15,17-20 
colloquial-symbolic 16-20,25,26 
colloquial-numeric 15-20 
colloquial-geometric 17-20 
numeric-notation 21,27 
symbolic-notation 24 
geometric-notation 23 
colloquial-notation 22 
In each case, an attempt is made to investigate the porousness of the boundary moving 
in each direction. 
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6.5 Student Profiles 
As indicated in the research questions, the researcher is interested in measuring change 
in students' concept images of function over the period of the target course. Using just 
pre- and post-course surveys, models of students' concept images can be developed for 
6 of the 8 facets. The interview data are used to build more complete profiles for 3 stu- 
dents along all 8 facets. Note that the focus of the research was on the pre-procedure, 
procedure, process boundaries (where layers, rather than facets, are considered). While 
some students may develop greater depth of understanding along one or several facets, 
the population being "debilitated developmental algebra students" suggests that 
progress toward a process-layer understanding is an appropriate goal. Hopefully, later 
courses can help students refine their concept image further. 
6.6 Influences of Pilot Study 
All three instruments were modified based on the results of the pilot study. The pre- 
course survey was revised to include information on the algebra background of stu- 
dents entering the target course. Other changes on the pre-course survey included: 
" The variables x and y were more clearly defined to represent input and output, 
respectively, on questions 1-4. The lack of consistency across function machine, 
table, equation, and graph representations caused some confusion on the pilot study. 
" Wording was changed to allow for the possibility of multiple outputs given an input 
in questions 1-4. In this way, students were not given advance cues about how 
many answers might be expected. 
" The survey made it clear that the table and graph displays were from a TI-82 graph- 
ing calculator, thus identifying the source of the display. These frames were used 
since the primary device students would use to create and view tables and graphs 
throughout the instructional treatment was either a TI-82 or a TI-83 calculator. 
" The question "What is a function" replaced a similar question on the pilot study that 
did not directly ask students to describe what a function is. 
"A question on function notation (7) was added to gather information before the 
course about students' understanding of the notation facet. 
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The post-course survey was similarly modified so that the first seven questions 
matched those on the pre-course survey. Other changes include: 
"A question was added asking students to indicate their age (within a given set of 
ranges). The purpose was to see if there was any correlation between age and the 
growth of a student's concept image of function. 
" The form of the questions asking students to identify functions given a set of tables, 
a set of equations, and a set of graphs was modified. In addition, students were 
asked to write their rule for determining if a given representation was a function or 
not. There was simply a checklist on the pilot study questionnaire in which students 
checked off if the given situation was a function or not. Analysis of the pilot study 
data provided little information on the rule used. Unfortunately, few students on the 
main study could identify their rule for identifying if a given representation was a 
function or not. Many students left the questions blank suggesting they had little 
idea how to discriminate between various forms of tables, equations, and graphs. 
More specifics will be discussed in the next two chapters. 
" The pilot study post-course survey contained questions on function composition 
using tables and graphs. Student responses on the pilot indicated very little success 
with the question suggesting that the question was not a useful discriminator. The 
question was removed from the main study post-course survey, though retained for 
the interview where it was possible to probe students understanding of the notation. 
The interview for the main study was modified from that used in the pilot study in the 
following ways: 
" The common questions on the pre- and post-course surveys were added to the inter- 
view to allow for triangulation across all three instruments. 
" All other questions that were asked on the post-course survey were asked on the 
interview again to allow for triangulation between the written and the verbal 
responses. 
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" Both the pilot study interview and the main study interview had a question that gave 
the student two different function machines that were essentially the same function, 
though they contained different procedures. The function machines were simplified 
for the main study since the complexity of those on the pilot study seemed to get in 
the way of the focus of the question. 
" Students were presented with two different definitions of function on the pilot inter- 
view and asked to compare and contrast those definitions with their own definition. 
A colleague suggested that the question be modified so that the students would not 
know if the given definitions were correct or not. The way the question was asked 
during the pilot suggested that the student had to assimilate the definition into their 
own. Using the colleague's suggestion, students had the flexibility to refute the def- 
inition if they felt it was at odds with their own. This change resulted in more useful 
answers, in terms of data analysis, than did the original question. 
6.7 Triangulation 
Several types of triangulation were used to further support the validity of the findings. 
Data triangulation "involves collecting accounts from different participants involved in 
the chosen setting, from different stages in the activity of the setting and from different 
sites of the setting" (Bannister et al., 1996, p. 146). Ninety-two students participated in 
both the pre- and post-course surveys. Data were collected at the beginning and end of 
the instructional treatment. Additionally, several students were interviewed within two 
weeks of the end of the instructional treatment. Students from 4 different sites and 
from 11 different instructors were studied. 
Method triangulation "entails the use of different methods to collect information" 
(Bannister et al., 1996, p. 147). Both written surveys and task-based interviews were 
used to collect data. Several questions were asked on all three instruments to allow 
comparison among instruments. 
Theoretical triangulation "embraces multi-theories and breaks through the parameters 
and limitations that inevitably frame an explanation which relies on one theory" (Ban- 
nister et al., 1996, p. 148). The. theory of facets and layers of the function concepts 
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arises from the melding of Dubinsky's APOS theory (Cottrill et al., 1996 for example) 
and the procept theory of Gray and Tall (1994). In turn, the theoretical framework pro- 
posed in this document further draws on the work of Schwingendorf et al. (1992), 
Confrey (1993), Sfard (1992,1995), Sierpinska (1992,1994), Schwartz &Yerushalmy 
(1992), Davis (1975), and Cuoco (1995), to name a few. 
6.8 Conclusion 
The purpose of this chapter was to clearly state the researcher's thesis and related 
research questions and to discuss how the main study was designed to collect data for 
the thesis. The chapter begins by stating the key research question. 
Research Question: Can adult students who arrive at college having had debilitating 
prior experiences with algebra develop a process level understanding of the function 
concept through appropriate instructional treatment? 
Each term used is carefully defined and the sub-questions that the main study was 
designed to answer are clearly stated. The design of the main study including the sub- 
jects, the variables, the instruments used, and what the instruments were supposed to 
measure are described in detail. In particular, each question on each instrument (pre- 
course survey, post-course survey, interview) is discussed in terms of its purpose and 
its relationship to the theoretical framework. Tables are included to display the rela- 
tionship between questions on various instruments and the relationship between the 
questions and the facets described in the theoretical framework. The next section dis- 
cusses how the instruments for the main study were modified based on the results of 
the pilot study. The chapter concludes with a discussion of the various forms of trian- 
gulation that were used to provide validity to the findings. 
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Data Analysis 
7.1 Introduction 
This chapter presents the quantitative data collected during the main study. Results of 
pre- and post-course surveys will be presented and analysed by focusing on significant 
quantitative changes that occurred in student understanding of the numeric, symbolic, 
colloquial, geometric, written, and notation facets of function before and after the 
instructional treatment described in Chapter 4. The resulting data provide a classifica- 
tion of types of students' understanding that may result when students who have been 
previously unsuccessful with mathematics are exposed to a course in which function is 
a unifying theme. The chapter concludes with a look at how the research questions that 
are the centre of this dissertation have been answered in light of the quantitative data 
collected. 
7.2 Subject Specifics 
Two hundred eighty-eight students completed the pre-course survey. Four community 
colleges participated in the pre-course survey as noted in Table 7.1. 
TABLE 7.1: College demographics 
Number of Number of 
students students 
completing completing 
Number of pre-course post-course 
College Location instructors survey survey 
William Rainey 
Harper College Palatine, IL 2 32 19 
College of Lake 
County Grayslake, IL 2 80 42 
Lakeland Com- 
munity College Kirtland, Ohio 3 72 31 
Northwestern 
Michigan Traverse City, 
College MI 4 104 0 
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Only 92 completed the post-course survey. The post-course surveys were never col- 
lected by the instructors at Northwestern Michigan College. While some data will be 
reported for the original 288 students, all comparisons between pre- and post-course 
surveys are based on a sample of size 92, the number of students completing both sur- 
veys. 
Aside from the instructor and the college, students were tracked using the last 5 digits 
of their social security numbers. Other personal information collected included their 
age and the average number of years of algebra the students had taken prior to their 
enrolment in the target course. Table 7.2 displays a summary of students' prior expo- 
sure to algebra. 
TABLE 7.2: Prior exposure to algebra 
All Students completing both 
students surveys 
Statistic (n = 288) (n = 92) 
Mean number of years of 
algebra prior to target course 1.28 1.40 
Standard deviation 0.94 1.00 
Table 7.3 displays the age classifications for students completing both surveys. 
TABLE 7.3: Age distribution of students completing 
both surveys (n = 92) 
Category Number Percent 
17-20 54 59% 
21-25 13 14% 
26-30 7 8% 
31- 18 20% 
73 Pre- and Post-Course Survey Quantitative Data 
7.3.1 Colloquial, symbolic, numeric, and geometric facets 
The following 4 questions were asked on both the pre- and post-course surveys. 
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1. Consider the diagram. 
a. What are the output(s) if the input is 7? 
b. What are the input(s) if the output is 18? 
2. Consider the equation y= 3x - 7. 
a. What are the output(s) if the input is 5? 
b. What are the input(s) if the output is 0? 
x 
i 
Add 1 to the input 
Multiply the sum by 3 
T 10 1y 
3. Consider the following table copied from a TI-82 graph- 
ics calculator. The "X" stands for x and the "Y1" stands 
for y. 
a. What are the output(s) if the input is -2? 
b. What are the input(s) if the output is -3? 
4. Consider the following viewing 
window and graph copied from a 
TI-82 graphics calculator. 
a. What are the output(s) if the 
input is 3? 
t 
S2 
'1 0 
0 'J 
i '4 
Z '2 
3 0 
y 
FORMHT 
Min=-10 . '. ... X Xmax=10 
Xscl=1 ""ýý "; ýý YMin=-16 ;;:;; : "" Ymax=6 ..... ..... Ysc1=2 
b. What are the input(s) if the output is 0? 
As was the case in the pilot study, these questions were designed to measure change in 
students' ability to apply a process and reverse a process for the colloquial (function 
machine), symbolic (equation in two variables), numeric (table), and geometric 
(graph) facets. Students were graded on each part and their scores from pre- to post- 
course on each question were compared. Students were given 1 point for a correct 
answer to part a of each of the questions. Students were given 2 points for a correct 
answer to part b. The additional weighting for parts b was used to reflect the added dif- 
ficulty inherent in the "reversal" of the function. Since 3b and 4b have 2 answers, stu- 
dent were given 1 point for each correct answer. 
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The distribution of responses is reported in Table 7.4. 
TABLE 7.4: Responses to pre- and post-course questions 1-4 
Pre-course 
with post- 
Pre-course course Post-course 
number number number 
correct correct correct 
(% correct) (% correct) (% correct) 
Question n= 288 n= 92 n= 92 
la Colloquial facet: function 
machine 
input given 205 (71%) 62 (67%) 79 (86%) 
lb Colloquial facet: function 
machine 
output given 138 (48%) 44 (48%) 64 (70%) 
1 Colloquial facet: function 
machine 
both parts correct 133 (46%) 43 (47%) 61(66%) 
2a Symbolic facet: equation 
input given 211(73%) 67 (73%) 84 (91%) 
2b Symbolic facet: equation 
output given 36 (13%) 17 (18%) 38(41%) 
2 Symbolic facet: equation 
both parts correct 35 (12%) 16 (17%) 37 (40%) 
3a Numeric facet: table 
input given 165 (57%) 63 (68%) 84 (91%) 
3b Numeric facet: table 
output given (one answer) 124 (43%) 47 (51%) 60 (65%) 
3b Numeric facet: table 
output given (both answers) 11(4%) 5 (5%) 14 (15%) 
3 Numeric facet: table 
both parts correct (one answer 
to b) 121 (42%) 46 (50%) 60 (65%) 
3 Numeric facet: table 
both parts correct (both 
answers to b) 11(4%) 5 (5%) 14 (15%) 
4a Geometric facet: graph 
input given 6 (2%) 1 (1%) 38(41%) 
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TABLE 7.4: Responses to pre- and post-course questions 1-4 
Pre-course 
with post- 
Pre-course course Post-course 
number number number 
correct correct correct 
(% correct) (% correct) (% correct) 
Question n= 288 n= 92 n= 92 
4b Geometric facet: graph 
output given (one answer) 5(2%) 30%) 15 (16%) 
4b Geometric facet: graph 
output given (both answers) 6 (2%) 0 (0%) 20 (22%) 
4 Geometric facet: graph 
both parts correct (one answer 
to b) 2(1%) 1 (1%) 7(8%) 
4 Geometric facet: graph 
both parts correct (both 
answers to b) 2(1%) 0(0%) 19(21%) 
The data suggest little difference between the total population that took the pre-course 
survey and the sample that participated in both the pre- and post-course survey. 
A graphical comparison of the results for students who completed both surveys 
in rtgure 1.1. 
Number correct Pre- vs. Post- course surveys (n = 92) 
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Figure 7.1 Main: graphical display of responses to questions 1-4 
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The number of students capable of finding output, given input, for the colloquial 
(Question 1), the symbolic (Question 2), and the numeric (Question 3) facets was quite 
high at the beginning of the term indicating either prior familiarity or a representation 
that was "natural" to the students. On the other hand, student performance on the geo- 
metric facet (Question 4) was poor both at the beginning and the end of the term, even 
though significant improvement occurred over the course of the term. 
The non-parametric tests, Sign Test for Paired Data and a Wilcoxon Test for Paired 
Data, were used to test for significance in shifts in student scores from pre- to post- 
course on the pilot study. The stronger parametric test, t-test for related cases, was 
used to test for significant shifts in the data for the main study. Each question had a 
possible total of 3 points (1 point for part a and 2 points for part b). In each case, the 
null hypothesis was: student scores from the pre-course survey to the post-course sur- 
vey will not improve significantly. This results in a one-tailed test on questions 1-4. 
Table 7.5 displays the results of the statistical analysis where d is the signed difference 
in score on the question between pre-course survey and post-course survey and n= 92. 
TABLE 7.5: t-scores measuring changes from pre- to post-course 
Question Ed Id2 t 
level of 
significance 
1 60 254 4.07 0.0005 
2 56 180 4.61 0.0005 
3 52 130 5.16 0.0005 
4 89 223 7.56 0.0005 
Just as important, how did individual students grow along the colloquial, symbolic, 
numeric, and geometric facets as a result of the instructional treatment? Students with 
a0 on a question were classified at the pre-procedure layer; those with a1 were classi- 
fled at the procedure layer; and, those with a2 or a3 were classified at the process 
layer. Table 7.6 is an evolution chart that displays the number of students in each cate- 
gory from pre- to post-course survey on questions 1-4. The columns in bold font indi- 
cate growth during the term. Thirty-seven students displayed growth on the colloquial 
facet. In addition, 37 started and ended at the process layer. So 74 students (80%) 
either stayed at the process layer or demonstrated growth along the colloquial facet. 
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TABLE 7.6: Evolution of colloquial, symbolic, numeric, and geometric facets (n = 92) 
Pre to Post Colloquial Symbolic Numeric Geometric 
pre-procedure to 
pre-procedure 5 5 7 46 
pre-procedure to 
procedure 8 10 4 18 
pre-procedure to 
process 16 9 17 25 
procedure to 
pre-procedure 3 2 1 0 
procedure to 
procedure 2 32 1 1 
procedure to 
process 13 16 11 1 
process to 
pre-procedure 1 0 0 0 
process to 
procedure 7 5 5 0 
process to 
process 37 13 46 1 
Thirty-five students demonstrated growth along the symbolic facet, 32 along the 
numeric facet, and 44 along the geometric facet. Fifty-two percent stayed at the proc- 
ess layer or demonstrated growth along the symbolic facet, 85 percent were at the 
process layer or demonstrated growth along the numeric facet, and 49 percent were at 
the process layer or demonstrated growth along the geometric facet. Thus more than 
80 percent of students improved or stayed at the process layer for the colloquial and 
numeric facets. Approximately 50 percent of students improved or stayed at the proc- 
ess layer for the symbolic and geometric facets. These results are summarized in Fig- 
ure 7.2. 
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80 improved: pre to post 
70 process: pre and post 
60 
Q 
process: post 
50 
40 
30 
20 1 
10 
0 
LJiluquial symbolic numeric geometric 
Figure 7.2: E volution along 4 facets 
These results allow the subsequent conclusions related to the first 4 sub-questions of 
the research hypothesis. 
Students will demonstrate significantly-improved capabilities in interpreting the 
1. colloquial facet of function, as exemplified by a function machine, when asked to 
find output given input and vice versa. 
2. symbolic facet of function, as exemplified by an equation in two variahlcs, when 
asked to find output given input and vice versa. 
3. numeric facet of function, as exemplified by a two-column takle, when asked to 
find output given input and vice versa. 
4. geometric facet of function, as exemplified by a two-dimensional coordinate 
graph, when asked to find output given input and vice versa. 
7.3 .2 
Written Facet 
As with the pilot study, changes in the written facet were noted from pre- to post 
course by asking students to respond to the question "What is a function? " Thesc 
responses were analysed based on the "systemic networks" described by Bliss et al. 
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(1983). Answer evolution charts were used similar to those in Garcia-Mila et al. (1996) 
to chart changes in students' written definition during the course. 
The responses were divided into four main categories: 
" blank: student did not respond to the question. 
" pre-procedure: student displays little or no knowledge of the mathematical defini- 
tion of function. For example, one student on the pre-course survey wrote; "an abil- 
ity that something or someone is able to complete: ' 
" procedure: student displays a procedural knowledge of the mathematical definition 
of function. For example, one student on the post-course survey wrote "an operation 
or a rule. " Essentially, students who placed the emphasis on specific operations in 
their definition were classified at this layer. 
" process: student displays a process-oriented knowledge of the mathematical defini- 
tion of function. For example, one student on the post-course survey wrote: "a proc- 
ess that receives input and produces output. " The process category could be further 
subdivided based on where the student placed the emphasis in the definition. There 
were 3 common subcategories: process; relationship; and, input-output. Examples 
of each from the post-course survey follow. 
Process layer-process emphasis: "the process that receives input and produces a 
unique output: ' 
Process layer-relationship emphasis: "a relationship between two quantities that 
change: ' Included in this category are those who emphasized the idea of a dependency 
between two variables. 
Process layer-input-output emphasis: "list of inputs and outputs. " 
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Table 7.7 displays the number of students responding to each category. While only 2 
TABLE 7.7: Written function definitions (n = 92) 
Category 
Pre-course 
Number (%) 
Post-course 
Number (%) 
Blank 53 (58%) 21(23%) 
Pre-procedure 28 (30%) 14 (15%) 
Procedure 9(10%) 9(10%) 
Process layer-process emphasis 1 (1%) 20 (22%) 
Process layer-relationship emphasis 1 (1%) 15 (16%) 
Process layer-input-output emphasis 0 (0%) 13 (14%) 
percent of students responded at the process layer on the pre-course survey, 52 percent 
responded at the process layer on the post-course survey. Eighty-eight percent indi- 
cated no knowledge of the written definition of function of the pre-course survey. 
Sixty-two percent were at least at the procedure layer on the post-course survey. 
More importantly, how did individual students grow along the written facet as a result 
of the instructional treatment? Table 7.8 is an evolution chart of individual students 
from pre- to post-course survey on this question. 
TABLE 7.8: Evolution of the written facet 
From (pre-course) To (post-course) Number 
blank blank 14 
blank pre-procedure 9 
blank procedure 7 
blank process 23 
pre-procedure blank 6 
pre-procedure pre-procedure 4 
pre-procedure procedure 1 
pre-procedure process 17 
procedure blank 0 
procedure pre-procedure 1 
procedure procedure 1 
procedure process 7 
process blank 1 
process pre-procedure 0 
process procedure 0 
process process 1 
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Noteworthy is the number of students (40 or 43%) who evolved from either blank or 
pre-procedure to process. Note also that very few students (8) regressed and, of these, 
7 were a regression to blank which may indicate that they did not take the time to 
answer the question as opposed to having no knowledge of how to answer the ques- 
tion. 
These results allow the subsequent conclusion related to the sub-question 5 of the 
research hypothesis. 
5. Students will demonstrate significantly-improved capabilities in the written facet 
by writing a definition of function in terms of a dynamic process. 
7.3.3 Notation facet 
Changes in the notation facet from pre- to post-course survey were measured using the 
following question on both surveys: 
Briefly state what f (x), y(x) = 4, and a(b + c) mean to you. 
Table 7.9 displays the categorized responses for f (x) at the beginning and at the end 
of the course. 
TABLE 7.9: Meaning of Ax) (n = 92) 
Category 
Pre-course 
Number (%) 
Post-course 
Number (%) 
Blank 15 (16%) 13 (14%) 
Multiplication 69 (75%) 14 (15%) 
Function f of x 4 (4%) 60(65%) 
Output 0(0%) 2 (2%) 
Other (incorrect) 4 (4%) 3 (3%) 
Figure 7.3 displays the data in Table 7.9 graphically. While 75 percent of the students 
interpreted the notation as multiplication on the pre-course survey, 62 percent inter- 
preted the notation as function notation by the end of the course. These data were ana- 
lysed using Chi-Square. There was a significant shift toward a "function" 
interpretation of f (x) from pre- to post-course survey (x2 = 87.1, d. f. = 3, 
p<0.001). 
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90 multiplication 
80 function 
7 0 El output 
60 other 
40 
30 
10 
0 
Pre Post 
Figure 7.3 Main: meaning of I(x) 
Table 7.10 displays the categorized responses for y(x) =4 at the beginning and at the 
end of the course. 
TABLE 7.10: Meaning of y(X) =4 (n = 92) 
Category 
Pre-course 
Number (%) 
Post-course 
Number (%) 
Blank 1304%) 21 (23%) 
Multiplication 70(76%) 15 (16%) 
.1=4 
2(2%) 900%) 
Function notation I (1 %) 33(36%) 
y=4 0(0%) 8(9%) 
Other 6 (7%) 6 (7%) 
Figure 7.4 displays the data in Table 7.10 graphically. Seventy-six percent of the stu- 
dents interpreted the notation as multiplication on the pre-course survey, including 
several who insisted that both x and v must be 2 in order for the product to be 4. 
Approximately 45 percent interpreted the notation correctly as either v of _V equal to 4 
or the constant function y=4. These data were analysed using Chi-Square. There was 
a significant shift toward a "function" interpretation of y(x) =4 from pre- to post- 
course survey (x2 = 79,5, d. f. = 4, p<0.001). 
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Figure 7.4 Main: meaning of y(x) =4 
Finally, when asked about a(h + c), no student interpreted the symbolism as function 
notation on either the pre- or post-course survey. The apparent familiarity of the sym- 
bolism eliminated any possible cognitive link to function notation. 
These results allow the subsequent conclusion related to the sub-question 6 of the 
research hypothesis. 
6. Students will demonstrate significantly-improved capabilities in interpreting the 
function notation correctly and contextually. 
7.4 Post-Course Survey Data 
There were 6 questions asked on the post-course survey and during the interview that 
were not included on the pre-course survey. These questions were omitted from the 
pre-course survey since the researcher assumed that students were likely to have little 
or no idea how to answer the questions since the questions require some background 
on the function concept. The data on these questions is included to provide a glimpse 
at student concept image of function at the end of the semester. 
7.4.1 Notation facet 
To further investigate student understanding of function notation, the following ques- 
tion was included: Assume that f is the name of a function. Is there a difference 
between 3f (2) and 2. /'(3) ? If yes, what is the difference? 
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Table 7.11 displays the responses to the first question. 
TABLE 7.11: Interpreting 3f (2) and 2f(3) (n = 92) 
Answer Number (%) 
Yes 25(27%) 
No 31(34%) 
Blank 28 (30%) 
Other 8 (9%) 
The results are disappointing. Only 27 percent suggested that there was a difference 
between 3f (2) and 2f (3) . Of these, only 15 (16%) indicated that they recognized 
that there were different inputs to the function f and thus the two expressions would 
most likely be different based on what the function f does. A sample response was: 
"Yes, because different inputs can change the output of the function entirely. " Six (7%) 
students stated that all they saw going on was multiplication indicating serious prob- 
lems with function notation. A sample response from this group was: "No difference 
because of the commutative property of multiplication. " 
Continuing the focus on function notation, students were asked the following three- 
part question: 
Suppose that f is the name of a function and x is the input to that function. Consider the 
notation f (x) . Check true or false. 
a. f (z) represents the output of the function when x is input. 
b. f (x) represents the product off and x. 
c. f (x) represents the rule you follow to find the output. 
Table 7.12 displays the responses. 
TABLE 7.12: Interpreting f(x) (n = 92) 
Question True (%) False (%) 
a 69 (75%) 23 (25%) 
b 25 (27%) 67 (73%) 
c 57(62%)--T 35 (38%) 
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These results are a bit more promising. Only 27 percent interpreted the notation as 
multiplication. However, there were 35 (38%) students who answered True, False, 
True to parts a, b, and c respectively. This group showed proceptual flexibility in inter- 
preting the notation as both an object (output) and as a process (rule). 
7.4.2 Numeric facet 
On the post-course survey and the interview, students were asked to identify each of 
the following as "a function" or "not a function. " 
a. 
d. 
Input Output 
3 4 
7 -6 
2 9 
-5 3 
8 -6 
Input Output 
3 4 
7 4 
2 4 
-5 4 
8 4 
b. Input Output 
3 5 
4 6 
3 2 
8 -1 
2 0 
C. Input Output 
1 2 
2 4 
3 6 
4 8 
5 10 
e. {(-1,5), (7,2), (-3, -8), (4, -1)} 
f. A table has two columns. The left column begins at 0 and increases in 
increments of 2. The right column begins at 1. Each entry in the right col- 
umn is computed by multiplying the preceding entry by 3. Part of the table 
appears below. 
Input Output 
0 1 
2 3 
4 9 
6 27 
8 81 
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Table 7.13 indicates the number of students who selected each answer as a function. 
TABLE 7.13: Tables as functions (n = 92) 
Question 
Number (%) who said it was a 
function 
a 24(26%) 
b 18 (20%) 
c 59 (64%) 
d 27(29%) 
e 22 (24%) 
f 41(46%) 
Twenty-eight (30%) did not answer the question, 6 (7%) chose all, and 5 (5%) selected 
all but part b, which was the only true non-function. The percentages choosing func- 
tion in each case are surprisingly low. C may have been chosen by 64% since it is a 
table for a linear function in which a pattern is easily discernible. The next most popu- 
Jar choice (f) also specifies a process, but not between input and output. The lack of 
any apparent pattern in the others probably contributes to the low percentages. It 
appears that many students were procedure oriented when answering this question. 
The existence of a clear procedure was a necessary condition for this group. Only 20 
percent chose part b, but it is unclear how many recognized the multiple outputs for 
input 3 as opposed to the lack of a pattern. 
Only 33 students stated the rule they used to determine which tables were functions. 
Table 7.14 categorizes their responses. 
TABLE 7.14: Tables as functions-reasons 
Category Number 
Input/output 11 
Finite differences 10 
Looked for pattern 4 
Makes sense 2 
Listed specific function types 2 
Guess 1 
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A student who selected only c wrote: "Only one that shows a correlation between 
input and output" This student needed to know there was a procedure to get from input 
to output and would, most likely, be classified at the procedure layer. A second student 
was also pattern dependent choosing only c and f writing: "They follow a pattern. " 
Another student displayed confusion between unique output and unique input choos- 
ing a, c, e, and f and stating: "Look to see if a number occurs more than one time in the 
x or y column. " A student who said "Checked finite differences" selected only c and d. 
A student who chose all but the constant function d wrote: "They have different inputs 
that match different outputs. " Another showed little discrimination choosing all and 
writing: "All gave a set of inputs and outputs. " 
7.4.3 Symbolic facet 
Students were given a list of equations in two variables and asked to identify those that 
were functions. The number of students that selected each as a function appears in 
Table 7.15. 
TABLE 7.15: Equations as functions (n = 92) 
Question 
Number (%) who 
said it was a function 
a. y= 3x- 2 61(66%) 
b. y= 9-X2 54 (59%) 
c. y=5 22(24%) 
d. x2 + y2 =1 27 (29%) 
1 if x< -3 
e. y= x2 if x; -> -3 and x<4 
2 if xz4 26(28%) 
f. y=±x -+2 34(37%) 
g. If x is rational, then y=0 19(21%) 
h. xy =7 27 (29%) 
1.0 
if x is rational 
y1 if x is not rational C 34 (37%) 
j. x= 2+t and y= 3t2-5t+ 1 34(37%) 
k. x=4 21(23%) 
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Twenty-eight (30%) did not answer the question, 4 (4%) chose all, and no student 
responded "all but d, f, and k. " Not surprisingly, the most popular choices for functions 
were the linear and quadratic functions, which are forms the students would have seen 
in their course. The constant function causes the usual problem with only 24% select- 
ing it. No other response stands out. 
Only 31 students stated the rule they used to determine which equations were func- 
tions. Table 7.16 categorizes their responses. 
TABLE 7.16: Equations as functions-reasons 
Category Number 
Input/output 13 
Looked for process 4 
Definition of function 4 
Guess 2 
Musthavexandy 2 
Makes sense 1 
Listed specific function types 1 
A look at some student responses is enlightening. 
"One input for one output" chose a, b, e, i, and k. 
"If they have both an input and output" chose a, b, d, f, and j. 
"Each input determines an output" chose a, b, d, e, f, g, i, j, and k. 
It is interesting how all 3 of these omitted c, the constant function, and h in which the 
product of x and y is 7. It is surprising that the first student did not eliminate x=4. 
"Would input produce unique output? " chose a, b, d, f, and h. This student avoided the 
piecewise-defined functions, the single variable equations, and the parametric equa- 
tions, but the plus or minus on the square root function was accepted as a function. 
"An equation must have an x and y" chose a, b, d, e, f, i, and j. This student omitted 
equations that did not contain both x and y including g. 
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"Math process that has input to create one unique output" eliminated only y=5 and 
x=5 apparently not seeing any process. 
Finally, "all gave a set of inputs and outputs" chose all as functions. 
7.4.4 Geometric facet 
Students were given a list of two-dimensional, rectangular coordinate graphs and 
asked to identify those that were function. The number of students that selected each 
as a function appears in Table 7.17. 
TABLE 7.17: Graphs as functions (n = 92) 
Number (%) who 
Question said it was a function 
Output 
a' Input 
900%) 
Output 
b. Input 
62 (67%) 
Output 
Input 
54 (59%) 
Output 
1ý 
'L 
ý 
d. --ýl Input 
33 (36%) 
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TABLE 7.17: Graphs as functions (n = 92) 
Number (%) who 
Question said it was a function 
Output 
Jý ý 
e.. ý Input 
19(21%) 
Output 
L Input 
19(21%) 
Output 
g' Input 
43(47%) 
Output 
""""" 
h" Input 
44(48%) 
Output 
i. 'Input 
13(14%) 
Output 
J. Input 
-o 42 (46%) 
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Twenty-six (28%) did not answer the question, 5 (5%) chose all, and 3 students 
responded "all but a and i. " Again it is not surprising that the graphs chosen by more 
than half the students as functions appeared to be graphs of a linear and a quadratic 
function. Graphs g, h, and j were selected by almost half the students. There is a sec- 
Lion on reading graphs in the text and graphs like g and j are included. The popularity 
of graph h may stem from the fact that the students constructed scatter plots during the 
course. The constant nature of the outputs may have limited the number of students 
making this choice. Likewise graph f was chosen by very few as a function. It is 
impossible to tell if this was due to the horizontal segment or the piecewise nature of 
the graph. Similarly, the fact that graphs a and i were selected by few students may be 
due to the fact these are not functions because of the multiple outputs for certain inputs 
or to the fact that students had not encountered graphs like these in the course. The 
lack of continuity may have also contributed to lowering the percentages on graphs e, 
h, andj. 
Only 28 students stated the rule they used to determine which graphs were functions. 
Table 7.18 categorizes their responses. 
TABLE 7.18: Graphs as functions-reasons 
Category Number 
Input/output 6 
Some version (correct and incorrect) of the 
vertical line test 6 
Familiarity (use of prototypes) 5 
Guess 2 
Used graphing calculator 2 
Pattern apparent 2 
"Others have weird or unconnected lines: ' 1 
One point that is interesting is the fact that a number of students tried to use some ver- 
sion, mostly incorrect, of the vertical line test. Some examples follow. 
"When a line hits the x or y axis more than one time" chose only c and d. Why this stu- 
dent did not include e is unclear unless the discontinuity caused concern. 
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"Hits x-axis exactly once" chose a, b, g, i, and j. The inclusion of i and j is unclear. 
"If they crossed over both the x and y-axis" chose b, c, g, i, and j. Again it is unclear 
why a, d, and e have been eliminated. 
"Use vertical line test" chose only c. Why? 
Several students' responses suggested that their choices were based on familiarity 
(prototypes). For example, a student who chose only b, c, d, and j wrote: "Have I seen 
them before? " Finally, as in the case of the previous two facets, some students selected 
all as functions with a sample statement like "All had processes. " 
The data on this question reinforce the conjecture that the geometric facet, as repre- 
sented by the graphs, causes students significant trouble. Students attempting to use a 
blind rule, like the vertical line test, exhibit little consistency between the statement of 
the test (even if it is inaccurate) and the graphs they choose. Note that the vertical line 
test is never mentioned in the materials. However, it appears that since it is a nice, easy 
rule to teach, instructors give this tool to students who quickly internalize it incorrectly 
and constantly call on and misuse it. The vertical line test is a good example of a piece 
of procedural knowledge that carries different, incorrect meanings in student concept 
images. More than the numeric and symbolic facets, students seem to depend more on 
prototypes in their selections choosing by example rather than by any connection to 
some internal definition that has a geometric manifestation. There appears to be little 
connection in the concept image between the concept definition and the geometric 
facet. Some even state an appropriate concept definition, but their selection of graphs 
bears little connection to the definition. 
7.4.5 Connection between colloquial, numeric, symbolic, and written facets 
Students were given the two function machines that appear in Figure 7.5 and asked to 
find the output if the input is 7 and to write the symbolic form of the function. 
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Input Input 
Function Function 
' 
Add 1 to the input Multiply the input by 3 Ann Multiply the sum by 3 
Natalie Add 3 to the product 
Output 0 Output 
Figure 7.5 Equivalent function machines: quantitative analysis 
Additionally, students were asked if Ann and Natalie were the same function and to 
give a reason for their answer. Table 7.19 displays the result of inputting 7 to the two 
functions. The same 11 students left both parts blank. Of the 77 who correctly wrote 
24 for Ann, 76 wrote 24 for Natalie and the other wrote 27. Two students who cor- 
rectly wrote 24 for Natalie wrote either 27 or 10 for Ann. Ultimately, 76 (83%) stu- 
dents correctly answered both parts. 
TABLE 7.19: Evaluating Ann and Natalie when input is 7 (n = 92) 
Output 
Ann 
Number 
Natalie 
Number 
24 77 (84%) 78 (85%) 
21 2(2%) 0(0%) 
27 1 (1%) 1 (1%) 
10 1 (1%) 0(0%) 
25 0(0%) 1 (1%) 
1 0(0%) 1 (1%) 
Blank 11(12%) 11(12%)- 
Students were asked to write the symbolic representations for both Ann and Natalie. 
These results are summarized in Tables 7.20 and 7.21. 
TABLE 7.20: Symbolic forms for Ann (n = 92) 
Expression 
Number 
(percent) 
3(x+1) 20(22%) 
(x+1)3 18(20%) 
x+ 1(3) 15 (16%) 
Blank 11 (12%) 
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TABLE 7.20: Symbolic forms for Ann (n = 92) 
Expression 
Number 
(percent) 
3x 7 (8%) 
3x+ 1 5(5%) 
6x 2 (2%) 
x+(1(3)) 2(2%) 
x(3) 2(2%) 
Other 8 (9%) 
Notice that only 38 (42%) students were able to write the symbolic form correctly with 
almost half of them exhibiting a "process-oriented order" (Crowley et al., 1994). In 
this framework, this is more an example of procedural orientation. Remember that 77 
students were able to calculate the correct output for a given input even though only 38 
can write the correct symbolic expression. Now let's look at the corresponding table 
for Natalie. 71 (77%) students were able to write the correct symbolic form for Natalie 
with 25 exhibiting a procedural orientation. The better response here, most likely, is 
due to the fact that the expression can be written directly from the procedural steps 
with no need to insert grouping symbols, unlike that of Ann. 
TABLE 7.21: Symbolic forms for Natalie (n = 92) 
Expression 
Number 
(percent) 
3x+3 46 (50%) 
x(3) +3 25 (27%) 
Blank 11 (12%) 
6x 2 (2%) 
3(x+3) 2(2%) 
Other 6 (7%) 
Finally, the students were asked if Ann and Natalie were the same function. Thirty-five 
(38%) students said "yes" even though 6 of these wrote non-equivalent algebraic pro- 
cedures for Ann and Natalie. Some sample reasons follow: 
"You have the same outputs for the same inputs. " 
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"It's the same function just different things in the function machines: ' 
"Since 3(x + 1) = 3x+3. " 
"They will be the same function, but with different steps: ' 
One student drew a table to compare inputs and outputs and said he/she checked them 
graphically. Some students who said "yes" wrote questionable reasons. 
"They are both inputting and outputting. " . 
"The domain and range are the same: ' 
"They are both linear functions. " 
There were 33 (36%) students who said Ann and Natalie are not the same function. 
Sample responses indicate a procedural orientation. 
"Different order. " 
"They have different processes. " 
"Different order of operations. " 
"Even though they have the same answers, the functions are different. " 
"Ibe function machines are not the same: ' 
"You do different things to the numbers: ' 
Of the 68 students that answered the question, they are almost evenly split between 
"yes" and "no". The no's seem to be procedure dependent in the definition of function. 
Some of the yes's indicated a process orientation, but others give answers that bring 
their concept image structure into question. 
7.5 Conclusion 
This chapter's purpose was to present the quantitative data collected from the pre- and 
post-course surveys and to discuss the results in terms of the thesis and of the theoreti- 
cal framework. Students exhibited statistically significant shifts from pre- to post- 
course surveys in their ability to find output given input and vice versa for the collo- 
quial, symbolic, numeric, and geometric facets. Many students were adept at the collo- 
quial facet at the beginning of the course possibly suggesting this facet as a good entry 
point to functions. A small percentage were adept at the geometric facet by the end of 
the course. The shifts were also statistically significant in their ability to define a func- 
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tion in writing (written facet) and to recognize and correctly interpret function nota- 
tion. The ability to correctly interpret function notation in context was inconsistent, 
however. 
The post-course survey provided data regarding the students' concept images of func- 
tion for the numeric, symbolic, and geometric facets by allowing students to select 
functions from a list of tables, equations, and graphs. For the numeric facet, students 
seemed to separate into four major categories: 
" those who correctly invoked an appropriate concept definition of function; 
" those who were process-oriented in that they did not need to see a pattern or know a 
rule for generating output from input but, rather, just needed to see input-output 
pairs; 
" those who required that a pattern or procedure be apparent; and, 
" those who exhibited no discrimination. 
Of these, the first two are most likely at the process layer while the third may be at the 
procedure layer. 
For the symbolic facet, a key distinction occurred between those students who accept 
the equations as stating generic processes between input and output versus those who 
need to know the specific procedure used to generate output from input. Traditional 
problems with piecewise-defined functions and constant functions were apparent. 
The geometric facet proved to be the most difficult for students. Unlike the numeric 
and symbolic facets, students placed more emphasis on familiarity or prototypes. Proc- 
esses are less apparent on graphs, which appear static, than on tables or with equations. 
Some students exhibited incorrect procedural knowledge by attempting to apply some 
incorrect version of the vertical line test. Traditional problems with discontinuous 
functions and constant functions occurred. 
The last question on the post-course survey was designed to determine if students 
would view functions that were algebraically equivalent as the same if the functions 
were different procedurally. In addition, the opportunity to watch students cross 
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boundaries between colloquial, numeric, symbolic, and written facets was available. 
While most students were able to deal with the function machine numerically, support- 
ing the results from earlier questions on the pre- and post-course surveys, less than half 
were able to successfully cross the boundary from colloquial to symbolic. About half 
of the students responding accepted two functions that used different algorithms to 
produce equal outputs for equal inputs as the same function, though some stated ques- 
tionable reasons for their answer. 
An analysis of the qualitative data occurs in the next chapter. The results from the two 
surveys will be combined with interview data to build profiles of student understand- 
ing of function. The results of this chapter allow the formation of partial profiles; the 
interviews allow for the construction of much more complete profiles for three specific 
students. 
Facets and Layers of Function for College Students in Beginning Algebra 170 
CHAPTER 8 Main Study: Qualitative 
Data Analysis 
8.1 Introduction 
This chapter presents the qualitative data collected during the main study. Results of 
pre-course surveys, post-course surveys, and interviews will be analysed to develop 
profiles of students' concept images of "function". The resulting profiles provide a 
classification of types of students' understanding that may result when students who 
have been previously unsuccessful with mathematics are exposed to a beginning alge- 
bra course in which function is a unifying theme. Three separate profiles are developed 
illustrating a student who is classified as highly capable, a student who is classified as 
capable, and a student who is classified as incapable. In-depth analysis of each 9tu- 
dents concept image of function is provided. 
8.2 Subject Specifics 
At least three students from each of the participating colleges were interviewed within 
two weeks of the end of the instructional treatment. After analysing the interviews 
along with the pre- and post-course surveys of the interviewed students, the researcher 
chose to develop profiles for three students that serve as representative samples of the 
students interviewed. To control as many variables as possible, the three profiles are 
for students from the same college, College of Lake County, who had the same instruc- 
tor for the beginning algebra course in Fall, 1996. This guarantees that the students' 
profiled had equivalent instructional experiences. Furthermore the three students 
include a student from each category: highly capable, capable, and incapable. Some 
brief background for each student follows. 
8.2.1 Specific student attributes 
AF (A for grade in course; F for female) is a female between 21 and 25 years of age. 
She had taken 1.5 years of algebra prior to coming to college. The beginning algebra 
course was her first mathematics course at college. AF is pursuing a Liberal Arts 
degree, but is undecided about where she wishes to concentrate. At the beginning of 
the course, AF equated the word "math" with frustration. At the end of the course, she 
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equated word "math" with fear. AF earned an A in the beginning algebra course and 
was classified in the highly capable group as a result of the post-course survey. AF 
appears relaxed and comfortable during the interview. She is often smiling and appears 
to enjoy the challenge of answering questions about functions. 
BF (B for grade in course; F for female) is a female between 26 and 30 years of age. 
She had taken 1 year of algebra prior to coming to college. The beginning algebra 
course was her first mathematics course at college. BF is pursuing a degree in Busi- 
ness. At the beginning of the course, BF equated the word "math" with ugh. At the end 
of the course, she equated the word "math" with money. BF earned aB in the begin- 
ning algebra course and was classified in the capable group as a result of the post- 
course survey. BF appears a bit nervous and shy during the interview. Her responses 
are often difficult to hear. She seems to be less confident than she should be. 
CM (C for grade in course; M for male) is a male who is older than 30 years. He had 
taken 1 year of algebra prior to coming to college. The beginning algebra course was 
his second mathematics course at college, the first being a basic skills course. CM is 
pursuing a degree in Biology. At the beginning of the course, CM did not equate the 
word "math" with any word. At the end of the course, he equated word "math" with 
misery. CM barely earned aC in the beginning algebra course and was classified in the 
incapable group as a result of the post-course survey. CM is immediately defensive 
during the interview. He wears a pained expression throughout and regularly protests 
that he just doesn't understand math. 
8.2.2 Creating student profiles 
By collecting all the data (pre-course survey, post-course survey, and interview) for 
each student interviewed, the researcher hoped to build profiles of student concept 
images of function using the theoretical framework described previously. A discussion 
and analysis of each facet follows. 
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8.3 Colloquial Facet 
The function machine is used to investigate the colloquial facet of function. Given a 
function machine, students were asked on the pre-course survey, the post-course sur- 
vey, and the interview to find the output if the input is given (part a: 1= full credit) and 
vice versa (part b: 2= full credit). The results for each student appear in Table 8.1. 
TABLE 8.1: Function machine data 
Student/ 
item Pre- Post- Interview 
AFa 1 1 1 
AFb 2 2 2 
BF a 0 1 1 
BFb 0 2 2 
CM a 1 1 1 
CM b 0 0 2 
AF answered both correctly on all 3 instruments indicating an understanding of the 
diagram prior to the course. BF showed the most growth being unable to answer either 
part at the beginning of the course and then answering both parts correctly at the end 
of the course. This ability was retained during the interview. CM was initially able to 
find the output, given the input, but unable to reverse the process until the interview. 
By the time of the interview, all 3 students indicated proficiency with this question. 
The following two questions probe student understanding of both the colloquial and 
symbolic facets. Students were given the function machines displayed in Figure 8.1 on 
the post-course survey. Students were asked to write expressions for each function 
Zachine and asked whether the two tunction machines represented the same tunction. 
Injput 
Function Add 1 to the input Ann Multiply the sum by 3 
Oü put 
Input 
Function 
Multiply the input by 3 Natalie 
Add 3 to the product 
Output 
Figure 8.1 Equivalent function machines: qualitative analysis 
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Table 8.2 displays the responses on the post-course survey. 
TABLE 8.2: Equivalent function machines (survey) 
Student Ann Natalie Are functions equal? 
AF 3(x+ 1) 3x+3 
Yes, distribute the 3 in Ann and the function 
is the same as Natalie 
BF (x + 1)3 (x3) +3 Yes, because they are both linear functions 
CM x+1-3 3x+3 
No, even though they have the same 
answers, the functions are different. 
AF is the only student to see the algebraic equivalence. BF is uncomfortable writing 
the algebraic symbolism preferring a process-oriented order (Crowley, Thomas, & 
Tall, 1994) suggesting that she is more procedural. Her reason for equality displays lit- 
tle understanding that the two machines produce the same input-output pairs. CM 
appears to be procedural especially when writing function Ann, even up to ignoring 
order of operations. He recognizes that the input-output pairs are the same, but insists 
the functions are different probably because they involve different procedures. 
were given the function machines 
Input 
Function 
l 'ply by 3 Chris Mu 
Add 6 
in Figure 8.2 during the interview. 
Input 
Function 
Lee Add 2 to the input 
Multiply the sum by 3 
-'i1 Output 
Again, students were asked to write equations for each function machine and asked 
whether the two function machines represented the same function. Table 8.3 displays 
the responses on the interview. 
TABLE 8.3: Equivalent function machines (interview) 
Student Chris Lee Are functions equal? 
AF 3x+6 3(x + 2) 
Yes, if I distribute the 3 in Lee, I get the 
same function as Chris 
BF x3 +6 '(x + 2)3 Yeah, but different processes 
CM 3x-6 x+ 2(3x) 
No, you come up with the same answer, but 
they are different processes 
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The interviewer asked AF if it bothered her that the processes were different even 
when she said it was the same function. She said "No. " On the other hand, BF was 
unsure when asked the same question. She still appears procedural in her interpretation 
of the machines and is unsure whether to say that the functions are equal because of 
the different procedures. CM reinforces his belief that equal functions require equal 
procedures. 
Intvw: Are those the same functions? 
CM: No. 
Intvw: How come? 
CM: You'll come up with the same answer but they are different processes. In one 
your input gets multiplied by 3 then you add 6. The other one, you add 2 then 
multiply by 3. They are different. The end result might be the same but they are 
two different things. 
As in the pilot study, students were given function cards (Appendix D) and asked to 
identify those cards that contained functions. Five of the cards contained function 
machines. All 3 students placed the function machine cards in the function pile. 
In conclusion, by the time of the interview, all three students are able to find output 
given input and vice versa for a function machine. Only one, AF, is comfortable cross- 
ing the boundary from function machine to symbolic form. 
8.4 Symbolic Facet 
Equations in two variables are used to investigate the symbolic facet of function. Stu- 
dents were asked on both surveys and the interview, given the equation y= 3x - 7, to 
find the output if the input is given (part a: 1= full credit) and vice versa (part b: 2= 
full credit). The results for each student appear in Table 8.4. AF and BF were able to 
perform the procedure at the beginning of the course. All 3 students were able to 
reverse the procedure at the end of the course, but CM did not retain this ability in the 
interview. 
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TABLE 8.4: Equation data 
Studend 
item Pre- Post- Interview 
AFa 1 1 1 
AFb 0 2 2 
BFa 1 1 1 
BFb 0 2 2 
CMa 0 1 1 
CM b 0 2 0 
On the post-course survey and the interview, students were asked to identify each of 
the following as "a function" or "not a function". 
a. y=3x-2 b. y=9-x2 C. y=5 a. x2 + y2 =1 
1 ifx<-3 
e. y= x2 if xZ-3 and x<4 
2 if xz4 
g. If x is rational, then y=0 
_0 
if x is rational 
1ý y-\1 if x is not rational 
k. x=4 
f. y =± x+2 
h. xy=7 
j. x = 2+t andy = 3t2-5t+1 
Table 8.5 displays student choices on the survey and during the interview. Notice that 
the constant function was not included in the answers to the survey and only BF said it 
was a function on the interview. 
TABLE 8.5: Selecting functions from equations 
Student Survey Interview 
AF allbutc a, b, d, e, f, h, j 
BF a, b, d, f, h a, b, c, d, g, h, j 
CM a, b, d, f, g, j a, b, d, e, f, g, i, j 
The interviewer did some probing with AF, especially about the piecewise functions, 
the constant function, and h since AF said she was unsure about it. 
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AF: Looking at h at first I thought no because it looked like x times y=7 but I guess 
you could add parentheses and say x(y) = 7. 
It seems like she is trying to create function notation, but the interviewer did not pur- 
sue this. 
Intvw: But what if it was x times y=7? 
AF: Yeah that is a function. 
Intvw: Why'd you change your mind? 
AF: That x times y is a process and 7 is output and you could say x and y are inputs. 
She seems to be dependent either on reading the statement from left to right and inter- 
preting the "_" as "makes" or on knowing the procedure to answer this question. AF 
doesn't appear to recognize implicit procedures as still defining a relationship between 
x and y. 
Intvw: You said c is not a function-that seems to conflict with something you did on 
the function cards. 
AF: Actually it is. You just don't know the process. 
Notice that she was more dependent on knowing procedure here than on the tables. 
Intvw: You said e was a function but i was not. How come? 
AF: I think what threw me off was the rational and not rational. 
Intvw: It's a decision-making process. If I say a rational number you make y=0 and if 
I say an irrational number then you say y=1. 
AF: Yeah that would be a function because no matter what the process is you get 
one output. 
We see the first instance that she is aware that there is only one output for a given 
input. 
Intvw: Does that change your answer to g? 
AF: Yeah basically it's stating the same thing. 
The interviewer went on at this point even though it is unclear that AF really under- 
stood g and i. Ultimately, it seems that AF needed to understand the procedure in order 
to identify an equation as a function. 
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BF indicated discomfort with piecewise functions also. 
Intvw: Why was e eliminated? 
BF: Hmm let me think. Umm well there wouldn't be one answer. It could have 3 
different outputs. 
The interviewer then went through several numeric cases to help her understand what 
the equation was saying. 
Intvw: Does it fit your idea of a function? 
BF: Yes, I guess it does. 
Intvw: Would that change your impression of any of the others? 
BF: (Thinks) I'm not sure about f. 
Intvw: That means + or -. 
BF: I'm not sure about this. 
Intvw: Suppose the input is 2. Then we'd have... 
BF: square root of 4. 
Intvw: Which is? 
BF: 2. 
Intvw: But then we'd have a+ or - there. 
BF: Two outputs so it wouldn't be a function. 
Intvw: Good. Any others? 
BF: I would be a function too. 
BF does not appear to be procedure-dependent on this question, unlike her method of 
writing an equation from a function machine. She appears to primarily depend on the 
requirement that an input can have only one output. 
CM's response displays some of his emotions about mathematics along with his appar- 
ent procedural viewpoint. 
Intvw: Say a few words about the ones you didn't list. 
CM: Well nothing is really going on for c. It's just y=5. For h it's just xy = 7, and, 
fork it's just x=4. I don't see any process going on. It's just variable equal a 
number. 
Intvw: Yet you find g acceptable? 
Facets and Layers of Function for College Students in Beginning Algebra 178 
Main Study: Qualitative Data Analysis Numeric Facet 
CM: Right. There is some kind of process you do. If x is rational y is equal to 0 and 
if x is irrational then y is not zero. Something is going on there. 
Intvw: I do want to compare because this is very interesting to me. Umm when you 
did the cards you rejected card 1 (quadratic equation in two variables). I won- 
der how that is different from a and b? 
CM: It's not. It's just when it comes to me and math I don't know what's my prob- 
lem... I fight and struggle. Something is going on there on the card so it is prob- 
ably a function. When it comes to math I'm not real sure of myself and I just 
don't comprehend. 
CM displays his frustrations in the last statement. His responses are inconsistent across 
different instruments and he can't easily resolve the conflict. He needs to see a proce- 
dure in order to say something is a function and displays no awareness of the unique- 
ness to the right condition (Dubinsky & Harel, 1992). 
Eight of the function cards contained equations. Included were a linear function, a 
quadratic function, a constant function, an exponential function, 3 equations in just the 
variable x, and the equation of a circle centred at the origin. AF and BF said all were 
functions except x=4. In addition to x=4, CM eliminated the constant and expo- 
nential functions. When asked about his choices, he responded as follows. 
Intvw: Are you looking for a process of some kind? 
CM: Yeah. I'm sure there is a process going on but just to look at this (card 21: the 
exponential function) I can't see the process. Y =. I was undecided by these- 
you're multiplying and squaring, but it is just y= this so I don't think it is a 
process 
Intvw: Now I see card 1 (quadratic function) in the function pile and that seems simi- 
lar to 21 that you just rejected. 
CM: Right. I was kind of undecided. I should put card 1 in with the non-functions. 
I'm not really sure it just says y is equal to blah blah. Same with x=4. Noth- 
ing whatsoever is going on; y=4 same thing. 
No student differentiated between 1 and 2 variable equations nor used the "uniqueness 
to the right" condition. CM was constantly looking for a procedure. 
8.5 Numeric Facet 
Two-column tables and sets of ordered pairs are used to investigate the numeric facet 
of function. Students were asked on both surveys and the interview, given a table, to 
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find the output if the input is given (part a: 1= full credit) and vice versa (part b: 1=1 
correct answer, 2= both correct answers). The results for each student appear in Table 
8.6. AF and CM were able to perform the procedure at the beginning of the course. AF 
and BF were able to reverse the procedure at the end of the course, though only AF 
gave both answers. All 3 were able to reverse the procedure during the interview, but 
CM and BF needed to be prompted to give the second answer. 
TABLE 8.6: Table data 
Student/ 
item Pre- Post- 
Interview 
(* indicates 
prompting) 
AFa 1 1 1 
AFb 1 2 2 
BF a 0 1 1 
BFb 0 1 2* 
CM a 1 1 1 
CM b 0 0 2* 
AF had an interesting response when asked if two inputs for one output was acceptable 
according to her understanding of function. 
Intvw: Is that okay? Can a function have the same output for 2 inputs? 
AF: Umm let me think. A function means no well gosh (laughs) the difference 
between a function and relation I would say I feel right now no just because 
there is one unique output but if 0 has a unique output of -3 and if 2 has a 
unique output of -3 but it doesn't say they can't have the same output so I 
would say its okay but I am not totally comfortable with it. 
AF has effectively argued the distinction between the "uniqueness to the right condi- 
tion" and one-to-oneness. 
On the post-course survey and the interview, students were asked to identify each of 
the following as "a function" or "not a function". 
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a. 
d. 
Input Output 
3 4 
7 -6 
2 9 
-5 3 
8 -6 
Input Output 
3 4 
7 4 
2 4 
-5 4 
8 4 
b. Input Output 
3 5 
4 6 
3 2 
8 -1 
2 0 
C. Input Output 
1 2 
2 4 
3 6 
4 8 
5 10 
e. {(-1,5), (7,2), (-3, -8), (4, -1)} 
f. A table has two columns. The left column begins at 0 and increases in 
increments of 2. The right column begins at 1. Each entry in the right col- 
umn is computed by multiplying the preceding entry by 3. Part of the table 
appears below. 
Input Output 
0 1 
2 3 
4 9 
6 27 
8 81 
Table 8.7 displays student choices on the survey and during the interview. 
TABLE 8.7: Selecting functions from tables 
Student Survey Interview 
AF all but b all but b 
BF c, d, f all butb 
CM all c 
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AF was consistent on both the survey and the interview, eliminating the only non-func- 
don. 
AF: At first glance seeing input-output I thought all were but then I noticed in b 
there were 2 outputs for b and based on the function definition I wasn't com- 
fortable with that. 
Intvw: Is that basically what you were looking for in all of them? 
AF: Yeah just to make sure there was an input and an output and that there was a 
unique output. 
Intvw: So you feel a table represents a function even though you don't know the proc- 
ess to go from input to output 
AF: Yes. Right. 
AF appears to have a very stable idea of the use of tables to represent functions. BF, on 
the other hand, seems to need to recognize some kind of process on the survey. The 
ones she chose all had some kind of discernible process. However, on the interview, 
she has become more flexible. CM exhibits no discrimination on the survey, but com- 
pletely reverses his direction on the interview. 
CM: C is a function. I'm not too sure about the others. 
Intvw: Okay why did you pick c? 
CM: Well the inputs are just doubling to get the output-the others I'm not too sure 
what they are doing. I mean 3 goes in and 4 comes out; 7 goes in and 4 comes 
out (looking at d)... 
Intvw: So, in c, you can really see what is happening? 
CM: Yes. 
CM appears to be looking for a pattern in the outputs-in other words, he is again trying 
to identify a procedure. 
Six of the function cards contained tables. Included were a linear function, a quadratic 
function, a constant function, an exponential function, a median function, and a non- 
function. AF and BF said all were functions ignoring the fact that one table contained 
an input with two different outputs. CM indicated that none of them were functions. 
CM: All the ones with a list (table), I don't see anything be done. There's nothing at 
the top of the list that tells me what has been done. 
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Intvw: Are you looking for a process of some kind? 
CM: Yeah. I'm sure there is a process going on but just to look at these I can't see 
the process. 
It is interesting that CM has indicated that he is most comfortable with tables, and yet 
does not equate tables with functions. 
8.6 Geometric Facet 
Rectangular coordinate graphs are used to investigate the geometric facet of function. 
Students were asked on both surveys and the interview, given a graph, to find the out- 
put if the input is given (part a: 1= full credit) and vice versa (part b: 1=1 correct 
answer; 2= both correct answers). The results for each student appear in Table 8.8. All 
3 students were pre-procedural at the beginning of the course, but both AF and BF 
were able to exhibit process-layer knowledge by the end of the course and repeat this 
ability on the interview. CM displayed procedural ability at the end of the course, but 
returns to pre-procedural layer knowledge by the time the interview commenced. 
TABLE 8.8: Graphical data 
Student/ 
item Pre. Post- Interview 
AF a 0 1 1 
AFb 0 2 2 
BFa 0 1 1 
BFb 0 2 2 
CMa 0 1 0 
CMb 0 0 0 
On the post-course survey and the interview, students were asked to identify each of 
the following as "a function" or "not a function". 
Output 
a. Input 
Output 
b. 
Input 
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Output 
c. 
4>lnput 
Output 
e. 
nput 
Output 
.IAý g' Input 
Output 
i. 
Input 
Output 
d' 
Input 
Output 
f ->Input 
Output 
""""" 
h. Input 
Output 
0 
j' input 
-o 
Table 8.9 displays student choices on the survey and during the interview. 
TABLE 8.9: Selecting functions from graphs 
Student Survey Interview 
AF all but a and j all but f 
BF b, c, d, g, h, i b, c, d, g, h, j 
CM b, c, d, e, f, g, j all 
All 3 students were inconsistent in their responses from post-course survey. to inter- 
view. Looking at the transcripts provides some insight. 
AF: I wasn't sure about f since I hadn't seen anything like this before. I mean basi- 
cally looking at it as input and output I would say it is a function but these lines 
going up sort of like a flat parabola. I wanted to say that it was but I just wasn't 
sure. 
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Intvw: So just basically the fact that you hadn't seen it before affected your answer? 
AF: Right. 
Intvw: If the pressure was on what would you say? 
AF: I'd say that it was. 
Intvw: Let's go down to i. (The interviewer shows her an input. ) What's the output? 
AF: The positive and the negative one. 
Intvw: So that input has two outputs. Is that okay? 
AF: Hm hm wait! (laughs) No, by the definition, it wouldn't be okay. Yeah I would 
say that's not a function. 
Intvw: Yes you are right... any others like that? 
AF: Probably this loop (pointing to a). Wow. 
With some coaxing, AF discovers the vertical line test. BF demonstrated use of the 
vertical line test in eliminating a and i as functions. 
Intvw: Why didn't you select a and i as function? 
BF: For this one (a), if I choose an input here there would be two outputs. This one 
(e) I don't know. You're supposed to move left to right, but the arrows are 
pointing the opposite way. Hmm I don't see where the output would be if I'm 
here (she points to the input axis where no output exists). And this one (i), I get 
two outputs at an input like this (she points interior to cardioid). 
Both AF and BF had some trouble recognizing e and f as functions indicating that the 
arrowheads somehow bothered them. This convention of using arrows both ways on a 
graph appears to have created an obstacle for these two students. On the other hand, 
CM used no discrimination assuming that anything can be graphed using a graphing 
calculator. 
CM: I think they all are. 
Intvw: And what rule are you using to say they all are? 
CM: Umm just from the graphing calculator. If you want to graph something you 
put it in the y=. It seems like even if you put y=4 you'd get a straight line so 
they are all functions. 
AF and BF appear to be on equal footing for this facet. While AF had not used the 
"uniqueness to the right" condition on graphs before, she quickly discovered how she 
could use it. BF seemed very confident with this question. It is curious why she said i 
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was a function on the post-course survey. It's possible she meant to write j rather than 
i. CM even accepts the constant function when viewed graphically. 
Five of the function cards contained graphs. Included were a linear function, a quad- 
ratic function, a constant function, an exponential function, and a circle. AF said all 
were functions ignoring the fact that the circle contained inputs with two different out- 
puts. It should be noted that she did the function cards prior to discovering the vertical 
line test. BF indicated all but the circle were functions confirming her knowledge of 
the vertical line test prior to the interview. CM indicated that the linear, quadratic, and 
exponential graphs were functions. He continued to exhibit problems with the constant 
function. Why he omitted the circle is unclear. He may have been using prototypes 
(Tall & Bakar, 1992). Finally, there is no indication that the lack of continuity (See 
Markovits et al., 1993) was a problem. 
8.7 Written and Verbal Facets 
The next pair of facets deal with written and verbal definitions of functions. They will 
be discussed together to allow for comparison of responses. Students were asked on 
both the pre- and post-course survey to write their definition of function. Subsequently, 
on the interview, they were asked to complete the sentence: "A function is ...... The 
results for each student appear in Table 8.10. 
TABLE 8.10: Function definition 
Student Pre- Post. Interview 
a symbol to a math process that a process which has an 
represent has an input to input and returns one 
AF something else create one output output 
a process that 
receives input and one input, then there is a 
returns a unique process to achieve one 
BF - output unique output 
a math operation 
involving input and a process involving 2 
CM - output inputs to get one output 
All three appear to be at the pre-procedure layer at the beginning of the course. Both 
AF and BF write a process-oriented definition indicating a relationship between input 
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and output on the post-course survey. These written definitions seems to closely match 
the verbal definitions on the interview. CM, on the other hand, places his emphasis on 
operation in his written answer and on a binary operation in the interview. Such a 
response suggests that CM has not advanced beyond the procedure layer for these two 
facets. 
Another measure of these facets is the ability to assimilate alternate definitions into the 
student's definition. The students were given two other function definitions and told 
the definitions came from a friend. This was to assure that they would not know ahead 
of time if the definitions are acceptable or not. They were asked to decide how the 
given definition "fit" with their definition. The first definition is as follows. 
Sue's definition: A function is a correspondence 
that assigns to each element of one set one and 
only one element of a second set. A diagram 
appears at right. 
AF: I would say that it is acceptable because basically what she is saying is that 
every dot in this first one is assigned to a dot in the oval so to me it's saying that 
if this is the input (points to left circle) then this is the unique output (points to 
right oval). 
BF: Hmm mm. She is saying that [for] each element of one set you only get one 
from the second set. 
Both students were asked to identify the input, process, and output in the picture. They 
both pointed to the left circle for input, the arrows for process, and the right circle for 
output. AF and BF appear to have had little problem assimilating the definition with 
her own. 
CM: I don't agree with it. I don't understand it. I don't think it's correct. It doesn't fit 
in. You've got one thing and you're assigning it to another and... I just don't 
know. 
Intvw: It doesn't fit your definition of function? , 
CM: No. 
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The second definition is as follows. Gail's definition: A function is a set of ordered 
pairs (a, b) in which for each value of a in the domain of the function, there is one 
and only one value of b in the range of the function. 
AF: I would say yes. It sounds like she is saying the same thing. For every a there is 
a b. You don't have more than one b for each a 
BF: She saying that a is the domain. There is one and only one value of b. Then if 
you only have one value there wouldn't just be one value. I don't know how to 
explain it. 
Intvw: So we have your definition of function and these two. Do they seem to be on 
the same track. 
BF: They do but as long as these (pointing to range in Sue's definition) are different 
values. 
Intvw: So you have some restrictions. You'd like to ask some questions first? 
BF: Yeah? 
Both AF and BF were asked to identify the input and the output. Both pointed to a and 
b respectively. BF called a the domain rather than an element of the domain. She also 
demonstrated some confusion between unique output and one-to-oneness. She seems 
to be saying that the outputs must be different. Her concern that all the dots in the out- 
put set be different and the b not having different values suggest some confusion about 
what unique output really means. CM, on the other hand, responds to Gail's definition 
as follows. 
CM: Not really. Ummm, it's just like the one above. I don't really understand either 
one of them 
Intvw: Okay. In order for a definition of function to make sense to you what does it 
have to have in it? Is there some essential part of it? 
CM: Ummm to me there just needs to be some kind'of process not just assigning a 
number or space to. You have to take it and do something to it even if the func- 
tion process is to ignore it. Even if you are ignoring it you are doing something 
with it. 
AF demonstrates good flexibility in her concept image of a function's definition. She 
appears able to identify the similarities between the definitions and easily merge them 
with her own definition. She is minimally at the process layer and may well have suffi- 
cient understanding to be classified at the concept or even procept layer with respect to 
Facets and Layers of Function for College Students in Beginning Algebra 188 
Main Study: Qualitative Data Analysis Notation Facet 
her verbal definition of function. BF has a bit more trouble assimilating the definitions 
seemingly struggling with the difference between the uniqueness to the right condition 
and one-to-oneness. CM has great difficulty with the alternate definitions. Even his 
own definition is incomplete. He emphasizes that he needs to have a procedure to fol- 
low. Finally, both AF and BF demonstrated verbal and written definitions that match 
indicating a smooth crossing of the boundary between the verbal and written facets. 
CM's written and verbal definitions may indicate a more solid boundary between the 
two facets or may simply reflect a changing viewpoint depending on when he responds 
to the question. 
8.8 Notation Facet 
The next facet investigated tests student understanding of function notation. Students 
were asked on both the pre- and post-course surveys and on the interview to identify 
the meaning of f (x), of y (x) = 4, and of a (b + c). The results for each student 
appear in Table 8.11. 
TABLE 8.11: Function notation 
Student Symbol Pre- Post- Interview 
AF f (x) f multiplied by x f of x f of x 
BF P x) f times x f of x f of x 
CM P x) f times x f depends on x function notation 
AF y(x) =4 
y multiplied by 
x=4 
output of function 
y(x) is 4 
y of x is a process 
and the output is 4 
BF y(x) =4 y times x=4 
yofxis4; 4is 
output 
yofxis4; 4is 
output 
E CM y(x) =4 ytimesx=4 ytimesx=4 x=4 
All three appear to be at the pre-procedure layer at the beginning of the course. By the 
end of the course and during the interview, both AF and BF interpret the notation 
appropriately. CM seems to have progressed little, if at all. 
All 3 students consistently interpreted a(b + c) as multiplication across all 3 instru- 
ments. The interviewer chose to probe this with AF. 
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Intvw: Could this (a(b + c)) ever mean function notation instead of multiplication? 
AF: No because a function is something that has one input. If I were to look at this 
as function notation there would be two inputs b and c. 
Intvw: But can't b+c be thought of as one thing? 
AF: Yeah if you know what they were you'd know their sum. So yeah. 
Intvw: In fact I could define a function f (x) = 2x +3 and ask you to compute 
f (b + c). Do you know what you would do? 
AF: I would just input b+c for x. So 2 (b + c) + 3. Wow. 
AF demonstrated true wonderment at this idea. Note, however, that she initially sees 
b+c as two inputs indicating a temporary inability to accept the expression as a sin- 
gle entity. When she calculates b+c, is she only performing a rote process or does she 
really understand why a(b + c) could be function notation in an appropriate context? 
Vinner (1997) might suggest that her demonstrated understanding is pseudo-concep- 
tual, rather than conceptual. 
The post-course survey provided two more pieces of information on function notation. 
Students responded "true" or "false" to the following statements: "Suppose that f is the 
name of a function and x is the input to that function. 
a. f (x) represents the output of the function when x is input. 
b. f (x) represents the product off and x. 
c. f (x) represents the rule you follow to find the output. " 
All three students responded true, false, true respectively to this question indicating 
flexibility in viewing the notation as both an output and as a name for a process. 
Another question asked on the post-course survey was: "Assume that f is the name of a 
function. Is there a difference between 3f(2) and 2f{3)? " AF did not respond, but both 
BF and CM indicated that there was no difference citing the commutative property 
thus exhibiting an inconsistency with their answer to the previous question. AF and 
CM were asked the same question during the interview. Unfortunately, the question 
was overlooked during the interview of BE CM said he had no idea. AF's response fol- 
lows. 
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AF: They are different -f of 2 is the function you would take the output and multiply 
it by 3. Down here (pointing to 2fl3)) 3 is the input to the function you'd take 
the output of the function and multiply it by 2 so they generally would not be 
the same. 
Only AF demonstrates an ability to understand this more complex notation. The ability 
to recognize f (2) and f (3) as outputs is critical to answering this question. This abil- 
ity suggests that AF may even be at the concept layer with respect to the notation facet. 
Overall, AF demonstrates the most understanding of function notation, though her 
application of it is not consistent. BF appears to recognize and interpret function nota- 
tion appropriately in basic cases, but reverts to a multiplication interpretation in a more 
complex case. CM recognizes f (x) as function notation but cannot apply this to other 
situations. Overall, the understanding of function notation seems quite fragile with 
inconsistent interpretations when new situations arise. 
8.9 Kinesthetic Facet 
Each student was asked to demonstrate what a function is without using words by 
using a physical motion. Unfortunately, none were willing to demonstrate a physical 
motion. The investigation of the kinesthetic facet remains for a future study. 
8.10 Boundaries Between Facets 
8.10.1 Boundaries between the notation, numeric, symbolic, and geometric 
facets 
One specific interview question was designed to investigate the boundaries that exist 
between tables, equations, and graphs. Since function notation is used in the symbolic 
form, the notation facet also enters this discussion. An equation, a table, and a graph 
are displayed in Figure 8.3 for the same function. Students were asked a series of ques- 
tions involving finding outputs given inputs and vice versa. Careful attention was 
noted as to which facet the students used. 
Students were first asked to find the output if the input is -1. All 3 answered correctly 
with BF and CM immediately indicating they used the table. Strangely, AF used the 
graph. 
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Figure 8.3 Equation, table, and graph: interview 
AF: -6. 
Intvw: What did you use? 
AF: The graph. 
Intvw: Is there something else you could use? 
AF: The equation. 
Intvw: And what would you do? 
AF: I would input -1 for x. 
Intvw: And is there anything else you could use? 
AF: The table like on your calculator. 
Intvw: Well look at table. 
AF: Oh (laughs) -6. 
It seems that AF had overlooked the table looking for something harder to do (Princi- 
ple of Optimal Complexity: when something appears too simple, a person will natu- 
rally add unnecessary complexity to it). She may be so confident with this question 
that the representation is inconsequential. Next they were given an input of -5. All 3 
responded with 30 immediately and indicated they used the table. Notice CM's com- 
ment regarding his preference. 
CM: 30. Same as last one. I used the table. It's a lot easier than messing around with 
the graph or using trace or zoom in. I like the tables. 
Now they are asked to find the output if the input is 4. Note that this input does not 
appear in the table. Both AF and BF responded correctly using the graph, though BF 
initially made a sign mistake. CM's response is most interesting. 
CM: It's not showing on my table. If I had the calculator I'd scroll up or down then 
I'd hafta... -6. 
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Intvw: Tell me what you are doing. 
CM: Well the input is 4 so first I'd square it and then 3 times 4 is 12 subtract it and 
subtract 10 to get -6. 
Intvw: Okay so you used the equation to plug in 4 for x? 
CM: Right. 
Noteworthy is the fact that he avoided the graph, but was able to evaluate the function 
at 4 mentally quite easily. The students were then given an input of 12. All indicated 
that they would plug 12 in for x. Next the researcher explored responses when the 
input is a variable. 
Intvw: Suppose that the input is h? 
AF: It would be y of h. h squared minus 3h minus 10. 
Intvw: Okay. Is that an acceptable output to you? 
AF: Hm hmm. 
BF: Input is h. I don't know. You can't evaluate it. 
Intvw: But can you still give me an output? 
BF: . I'm not sure. 
Intvw: When I said the input was 12, you put 12 in for x. What if the input is h? 
BF: Okay. Then I put in h for x. 
Intvw: And what would the output be? 
BF: h squared minus 3h minus 10. 
Intvw: Okay. Is that an acceptable output to you? 
BF: It is but it's just a variable. It's the same as x. 
Intvw: So you see it as just replacing x? 
BF: Yeah. 
CM: Input is h? Um then you just plug in h ... h squared minus 3 times 
h minus 10. 
Intvw: In your mind is that an acceptable output? 
CM: Yeah. 
It is interesting to note that BF had the most problem with this. She seemed to have 
difficulty accepting a non-numeric input and a non-numeric output. Probing questions 
only seemed to increase the confusion. Meanwhile AF dealt with the question effort- 
lessly while CM demonstrated that he was comfortable with function evaluation 
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("plug-and-chug"), but how much does he really understand? Next the focus shifts to 
finding inputs given the output. 
Intvw: What are the input(s) if the output is 0? 
AF: (Looks in table. ) -2. (Switches to graph) And 5. First I use the table and then I 
looked at graph, saw the parabola, and saw there was another answer. 
BF: -2. Table. 
Intvw: Are there any others? 
BF: Hmm. Move to the graph. -10 (pointing to the y intercept) 
Intvw: Remember I said the output is 0. 
BF: Oh the output is 0. -2 and 5. 
CM: Input is a -2. Table. 
Intvw: Are there any others? 
CM: Not that I can see from this table. 
Intvw: Okay. Any possibilities from the other forms? 
CM: Probably but I just don't know. 
While AF handled the question beautifully, BF needed prodding to look beyond the 
first answer. CM was unable to move to the graph and thus was unable to find the sec- 
ond input. AF demonstrates great flexibility in shifting between the table and the 
graph. BF is able to shift from table to graph, but exhibits confusion between x- and y- 
intercepts. 
Intvw: Suppose the output is 44? 
AF: I would have to put 44 in place of y. 
Intvw: What would you write? 
AF: 44 of x=x squared minus 3x minus 10 
Intvw: How would you do that? 
AF: I would add 10 divide by 3 and square root it. 
Intvw: If you had you calculator could you do this? 
AF: Yeah. I would scroll up on the table to find the output of 44 or you could possi- 
bly zoom on the graph. 
Intvw: Can you tell by what kind of function you have how many answers there would 
be? 
AF: I would say 1. 
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Intvw: Just 1? When you had an output of 0 there were 2 answers. 
AF: (looking at graph) So there would be 2 but they would be a lot further apart. 
AF knows that 44 must be substituted for y, but then says "44 of x" indicating a mis- 
reading of function notation. She attempts to find x by reversing, unsuccessfully, the 
operations implicit in the quadratic function. Students have not solved quadratic equa- 
tions in the course so AF would not know an appropriate symbolic solution method. 
The interviewer, rather than dealing with the algebraic solution technique, turned her 
attention to the calculator which allowed her to state more appropriate algorithms for 
finding the answers. Finally, she did not think carefully about the graph initially when 
asked about the number of solutions, though immediately saw the flaw in her thinking 
when referred to a previous problem. 
Next BF attempts to address the problem. 
BF: If the output is 44 (holds her head; goes to equation) it would be 44x. I'd go up 
to 44 on the graph. 
Intvw: So your focus would be to use the graph. 
BF: Yeah. 
Intvw: Could you use the table or the equation also? 
BF: Oh sure. If I had to use the table, I punch in y= 44 and... I'm not sure. I just 
scale it til I got 44. 
Intvw: Is there any way to use the equation? 
BF: This equation? 
Intvw: Hmm mm. 
BF: I'd reverse the process of the function machine beginning with 44 (she tries to 
do it but quickly runs into trouble). 
While AF went to the equation first, BF looks at the equation, but, rather than continu- 
ing, suggests that she would use the graph to find the answers. She does say "44x" 
which might suggest some confusion with the function notation, similar to that exhib- 
ited by AF. When asked about the table she appears confused about how to get the 
table to do what she wants. She seems to recognize that she can't "punch in y= 44" 
and is unclear about what she would do when she says: "I just scale it til I got 44. " 
Finally, when asked to return to the equation, she attempts to reverse the operations 
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just like AF, but at least recognizes that this isn't as easy at it seems. It is not clear that 
AF ever recognized this problem. 
Finally, CM attempts to answer the question. 
CM: Ummm. Well I couldn't use this table but if I had the calculator I'd scroll up or 
down and look for it. 
Though questioned by the interviewer, CM could not identify any way to use either the 
equation or the graph to answer the question. He remained firmly tied to his favourite 
facet: numeric. 
AF seems to be the most comfortable of the 3 students moving between tables, equa- 
tions, and graphs flexibly. Her ability when given the output of 0 to use the table and 
graph simultaneously without prompting supports this suggestion. BF is not far behind 
though she wasn't as flexible in using several facets to answer a question. She wasn't 
comfortable with nonnumeric inputs and outputs and exhibited some confusion about 
how to use a table to find an input. CM was the least flexible. He was unable to use the 
graph at all and was only able to use the equation procedurally. Finally, both AF and 
BF indicated some misunderstanding of function notation when given a value for the 
output. 
8.10.2 Boundaries between the colloquial, numeric, symbolic, and geometric 
facets 
All three students were asked a series of 4 questions that probed their ability to create 
3 other representations from a given representation of a linear function. Specifically, 
they were asked to: 
" given an equation, create a table, a graph, and a function machine; 
" given a table, create an equation, a graph, and a function machine; 
" given a function machine, create a table, a graph, and an equation; and, 
" given a graph, create a table, an equation, and a function machine. 
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They were encouraged to create the other forms in any order they wished. Tables 8.12- 
8.14 display the results along with the order the student used (the "X" indicates suc- 
cessful creation and the number indicates the order each was created). 
TABLE 8.12: Creating representations: AF 
AF 
From/To Equation Table 
Function 
machine Graph 
Equation X (2) X (3) 
Table A X(1 
Function machine X (1) 
. 
Y(3 
Graph X (2) 
After doing the first problem in which the equation is given. AF commented: 
AF: I am much more comfortable with the function machine and the table as 
opposed to creating a graph on my own. I'm not as comfortable doing a graph 
on my own. 
When given the table, AF first created the graph, but then went back to the table to cre- 
ate the equation. She actually used the graph to determine the type cif equation but then 
used the table to determine the slope by using finite differences. 
AF: I'm trying to find the finite difference. I know from the graph it looks like it 
will be a line so I think it will be linear which I know is Y(x) = ax + h. So for 
that I need the slope and the 0 input which I already have which is -3. It looks 
like the slope is 2 so I get v(x) = 
2x -3. 
Figure 8.4 displays a diagram illustrating the connections between facets that AF dem- 
onstrareu answenng UIIJ "Cl ICS 01 
Numeric 
Symbolic Geometric 
""ýCoiloyuia! 
Fi!, urc 8.4 Boundaries between numrnL, ,v inhOliC, colloquial. 
and geometric facets crossed by AF 
While BF was able to start from the equation or function machine and generate the 
other facets, she was only able to move between table and graph when starting from a 
table or a graph. She kept trying to generate either an equation or a function machine 
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using only one point. Consequently, she was unable to determine the slope. Figure 8.5 
displays a diagram illustrating the connections between facets that BF demonstrated 
answering this series of questions. 
TABLE 8.13: Creating representations: BF 
BF 
From/To Equation Table 
Function 
machine Graph 
Equation X(2) X (1) X(3) 
Table X(1) 
Function machine X(1) X(2) X (3) 
Graph X(1) 
yu 
Symbolic 
Numeric 
Geometric 
Colloquial 
Figure 8.5 Boundaries between numeric, symbolic, colloquial. 
and geometric facets crossed by HF 
Similar to BF, CM was able to start from the equation or function machine and ýgener- 
ate the other facets. He was also able to move from table to graph, but unable to 
reverse this direction. 
TABLE 8.14: Creating representations: CM 
CM Function 
From/To Equation Table machine Graph 
Equation x(I) X(3) X(2) 
Table x(I) 
Function machine X(2) X(I) X( 3) 
Graph 
His comments when initially given the table are interesting. 
CM: I'm not real sure on equation or function machine. 
Intvw: If you had to choose between the two, which would you prefer" 
CM: It doesn't matter. I don't like either. I really don't like anything that has to do 
with math. 
The pained look on his face and the nervous body language speak volumes. 
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Intvw: You like tables. 
CM: Yeah. Tables are a little bit easier for me. I trust those more than having to fig- 
ure out stuff. 
Notice he suggests that "stuff doesn't have to be figured out" if he sticks to tables. 
Given the graph he draws the structure for the table but gives up. 
CM: No. I can't do it. 
Intvw: You started to do a table. 
CM: Yeah ummm. If I were to sit down and think about it for a while I probably 
could. That's the way a lot of math is to me. I just keep trying different ways 
until I hit upon one that works. To save my life I probably could, but I'm not 
real sure. 
The attitude exhibited in this last comment permeated the interview with CM. He dem- 
onstrated a high degree of frustration that seemed to cause him to give up quickly. This 
was particularly true when graphs were part of the question. Figure 8.6 displays a dia- 
gram illustrating the connections between facets that CM demonstrated answering this 
series of questions. 
Numeric 
Symbolic Geometric 
olloquial 
Figure 8.6 Boundaries between numeric, symbolic, colloquial, 
and geometric facets crossed by CM 
Overall, AF's performance on this series of questions was flawless. She demonstrated 
the most ability in crossing boundaries between facets. BF demonstrated good connec- 
tions between symbolic and colloquial and between numeric and geometric, but was 
unable to establish solid connections between these pairs. CM established good con- 
nections between symbolic and colloquial, but any connection to graphs was tenuous 
at best. 
8.10.3 Boundaries between the written and verbal facets 
This boundary was explored in Section 8.7. Suffice it to say that AF and BF demon- 
strated consistency between their written and verbal definitions of function. CM sup- 
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plied quite different definitions in writing and verbally. This may indicate an ever 
changing concept image since the questions were asked about two weeks apart. 
8.11 Profiles 
In this section, visual profiles of the concept images of function for each of the 3 stu- 
dents are created. These are snapshots of their understanding according to the theoreti- 
cal perspective. The shading indicates the number of layers the student has 
demonstrated in his/her understanding of each facet. The student's knowledge of a spe- 
cific facet has not been assessed if the outermost layer (pre-procedure) is unshaded. 
Profiles for each student at the beginning of the beginning algebra course, at the end of 
the beginning algebra course, and at the completion of the interview are displayed. The 
profiles include a network of directed segments indicating the porousness of bounda- 
ries between facets. This network begins with the connections between the symbolic, 
numeric, geometric, and colloquial facets displayed previously. Connections to the 
notation, written, and verbal facets are added. Arrowheads indicate the direction that 
the boundary was perceived to be crossed. If a boundary was not crossed in either 
direction, the segment connecting the facets is omitted. These networks indicate the 
connections students were able to make by the time of the interview. 
The pre-course survey provided information on the colloquial, symbolic, numeric, 
geometric, written, and notation facets. Thus each student is minimally at the pre-pro- 
cedure layer for these facets at the beginning of the instructional treatment. Sufficient 
data were collected to analyse whether the student was at the pre-procedure, proce- 
dure, or process layer for each facet. The post-course survey provided additional infor- 
mation on the colloquial, symbolic, numeric, geometric, written, and notation facets. 
In addition, one question on the post-course survey provided some initial information 
on the boundaries between the notation, colloquial, numeric, and symbolic facets. 
Finally, the interview provided additional data on the verbal facet and the nature of the 
boundaries between numeric, symbolic, geometric, and notation facets and between 
verbal and written facets. The additional information provided by the post-course sur- 
vey and the interview permits the refinement of the profiles. 
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8.11.1 AF's profile 
Figures 8.7 and 8.8 display the facet-layer and facet boundary profiles for AF. 
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Figure 8.8 Boundaries crossed by AF 
At the beginning of the course, survey results suggested that AF was at the process 
layer on the colloquial facet and at the procedure layer on the symbolic and numeric 
facets. She may have been at the process layer on the numeric facet, but the informa- 
tion was insufficient to conclude this. By the end of the course, survey results indicated 
that AF had moved at least to the process layer on all facets assessed. Her answers to 
the two notation questions on the post-course survey suggest that she may be at the 
concept layer for this facet since she indicated the ability to see function notation as 
representing an object. She may even be at the proceptual layer for notation, being able 
to flexibly think about notation as representing both a process and an object, but the 
fact that she did not do the question comparing 3f (2) with 2f (3) prevents such a 
conclusion from being drawn. Her ability to see two function machines with different 
procedures as representing the same function suggests she may be at the concept layer 
for the colloquial facet. Finally, she was placed at the concept layer for the numeric 
facet based on her choices of tables that represent functions. These suggest she is nei- 
ther procedure nor process dependent. Additionally, she demonstrates the ability to 
correctly apply the "uniqueness on the right" condition. 
AF demonstrated knowledge during the interview that was at least equivalent to that 
displayed on the post-course survey. Her knowledge of the verbal facet matched that of 
the written facet since her verbal and written descriptions of function were identical. In 
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addition, she was able to assimilate alternate definitions easily into her own concept 
image. 
She was placed at the process layer on the symbolic facet. AF did exhibit difficulty 
during the interview identifying implicit equations as functions of one variable in 
terms of a second variable. She did not use the "uniqueness on the right' 'condition in 
her selection of functions from a set of equations. She initially eliminated the constant 
function as a function, but later changed her mind. She displays proceptual abilities 
working with both tables and function machines. She is easily able to think of them as 
functions (static objects) and as processes (dynamic objects). AF's understanding of 
graphs was developing even as we conducted the interview. She did not need to know a 
specific procedure recognizing each graph as representing a set of input-output pairs. 
She was not prototype-driven and did not initially realize how to apply the "unique- 
ness to the right" condition. However, after some instruction, she demonstrated an 
ability to check the existence of this condition. The researcher did not place her at the 
concept layer for the geometric facet because she demonstrated a process orientation 
in looking at graphs as opposed to seeing a graph as a function object. Her knowledge 
of the notation facet appeared strong and consistent except for the time she substituted 
44 for y and said "44 of x. " She did quickly back off from this statement and thought of 
44 as replacing y(x). AF was the only student interviewed able to appropriately 
describe the distinction between 3f (2) and 2f (3). 
AF displayed the most advanced abilities in crossing facet boundaries. She was able to 
begin with an equation, a table, a function machine, or a graph and develop the other 
three facets, something that the other two students could not do. She was able to move 
between a graph, a table, and an equation in the same problem choosing the represen- 
tation that was most appropriate, in most cases, to answer the question. She demon- 
strated consistency between the verbal and written facets which is why they are 
grouped as one in Figure 8.8. AF appeared unable, at least initially, during the inter- 
view to apply her written and verbal definition of function to the symbolic or geomet- 
ric facets. She demonstrated one problem interpreting function notation when given a 
symbolic form of a function as indicated by the "44 of x" mentioned above. Beyond 
these two problems, she appeared to cross boundaries among the facets with little dif- 
ficulty. 
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8.11.2 BF's profile 
Figures 8.9 and 8.10 display the facet-layer and facet boundary profiles for BE 
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BF may have been the student exhibiting the most growth during the course of the 
three interviewed. At the beginning of the course, she was judged to be at the proce- 
dure layer only on the symbolic facet. By the end of the course, she appeared to be at 
or near the process layer on all facets surveyed. Her understanding of the numeric and 
colloquial facets were most suspect of those facets surveyed. She was highly proce- 
dural in creating an equation from a function machine writing down the steps of the 
function machine literally. This result carried over to the interview. Her choice of 
tables that represent functions focused on those tables in which a clear procedure or 
pattern was present. Her strongest facet seems to be notation which she interpreted 
flexibly on the post-course survey and during the interview. However she did exhibit 
difficulty interpreting 3f (2) and interpreting y(x) when asked to substitute 44 for y. 
She was placed at the concept layer for notation because of her indicated ability to see 
the notation as an object. During the interview, BF's answers were consistent with 
those on the post-course survey. She did display improved understanding of tables no 
longer putting an emphasis on pattern and correctly using the "uniqueness on the 
right" condition. On the symbolic facet, she accepted the constant function as a func- 
tion, but had trouble with piecewise-defined functions. Though aware of the condition, 
she was unable to correctly apply the "uniqueness on the right" condition when given 
equations. BF was the only student of the 3 that was able to correctly apply the vertical 
line test to graphs both on the post-course survey and during the interview. While con- 
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sistent in her verbal and written definitions, BF was not as comfortable as AF in adopt- 
ing alternate definitions. She exhibited confusion between the "uniqueness on the 
right" condition and one-to-oneness when looking at other definitions. . 
BF had more difficulty crossing boundaries than did AF. She did not easily move from 
a function machine to an equation and was quite procedural in using equations. This 
caused difficulty when given a variable input. She was unsure what to do and was not 
sure the output made much sense. Unlike AF she was unable to move from either a 
table or a graph to an equation or a function machine. The boundaries are porous 
between numeric and geometric facets since she easily moved between the two. The 
boundaries are also porous among the notation, colloquial, and symbolic facets since 
BF was able to move between these facets, but in a way that suggested dependency on 
procedure rather than the more generic process. BF exhibited a similar difficulty to AF 
when she said "44x" when she had to substitute 44 for y in y(x). She quickly cor- 
rected her error showing she understood what had to be done next, but recognized she 
did not legitimately know a process for answering the question using the equation. 
Similar to AF, BF exhibited consistency between her verbal and written definition of 
function. She appeared more able than AF to apply her definition to symbolic and geo- 
metric facets. 
8.11.3 CM's profile 
CM was the least successful of the students profiled. At the beginning of the course, he 
demonstrate procedure layer knowledge in both numeric and colloquial facets placing 
him slightly ahead of BE However, by the end of the course, he demonstrated process 
layer knowledge only in the symbolic facet since he was able to reverse a symbolic 
procedure. The post-course results suggest he might be at the process layer on the 
numeric facet since he indicated partial ability to reverse the table and was not proce- 
dure-dependent when selecting tables as functions. The interview results, however, 
discount this. CM appears to be at the procedure layer on all facets except geometric 
where he is at the pre-procedure layer. In addition, his interview answers on the sym- 
bolic, geometric, numeric, and verbal facets were highly inconsistent with those on the 
post-course survey. 
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Figures 8.11 and 8.12 display the facet layer and facet boundary profiles for CM. 
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CM looked for specific procedures when identifying equations or tables as functions 
and was unable to identify any usable rule when looking at graphs. His written and 
verbal definitions of functions varied and he was unable to assimilate any alternate 
definitions of function into his own. At best, he indicated some use of prototypes when 
looking at graphs. He demonstrated some knowledge of function notation but was una- 
ble to correctly interpret y (x) = 4,3f (2), and 2f (3). 
Many boundaries between the facets were impenetrable for CM. He was unable to cor- 
rectly move from function machine to equation, from numeric to symbolic, and could 
not interpret the geometric facet at all. There was a disconnect between his verbal and 
written definitions, unlike AF and BE He seemed able to relate notation to symbolic 
and colloquial facets only. His verbal definition which emphasized process connected 
with his interpretation of the symbolic and colloquial facets. The data suggest no con- 
nection between his written definition and any other facet. The same holds true for the 
geometric facet. 
8.12 Conclusion 
This chapter has profiled the growth in three students' understanding of function as a 
result of the instructional treatment described in Chapter 4. Using the results of pre- 
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course surveys, post-course surveys, and interviews, profiles as described in the theo- 
retical framework are developed for each student at three different points: at the begin- 
ning of the course; at the end of the course; and, at the end of the interview. In-depth 
analysis and comparison of the each student's responses to each question provides the 
opportunity to compare and contrast developing concept images of function. Both AF 
and BF developed at least a process-layer understanding of function along all facets 
tested. In some facets, their understanding may be at the conceptual or even at the pro- 
ceptual layer. Each demonstrates some weaknesses and AF demonstrates a somewhat 
more developed concept image based on her ability to more easily cross boundaries. 
Ultimately, she seems to be the more flexible of the two students across facets. Unfor- 
tunately, CM seems to be at the procedure layer across facets, except the geometric, 
and appears to have even slid backwards between the end of the course and the inter- 
view. His understanding of graphs seems particularly weak. 
AF demonstrates the most connections between pairs of facets, though BF is not far 
behind. BF demonstrates a better connection among verbal, written, and symbolic fac- 
ets and between verbal, written, and geometric facets. However, AF appears stronger at 
making the crucial connections among tables, equations, and graphs. CM makes few 
connections between facets. In particular, the geometric and written facets appear iso- 
lated. No connections are bi-directional. His understanding of the various facets of 
function seems to be very compartmentalized and fragile. 
The creation of profiles demonstrates the complexity of students' concept images of 
function. The written surveys provide only a partial glimpse at student understanding 
while the interview allow for a more complete pictures. In several places, students' 
answers conflict across facets or across instruments indicating the fragility of the con- 
cept image over time. Places where the cognitive connections are tenuous or non-exist- 
ent become apparent. One place to look for helpful information lies in areas of 
common difficulties. This will be the focus of the last chapter as the information 
gained is summarized and suggestions for future research and for modifications in cur- 
rent curriculum are made. 
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CHAPTER 9 Reflections on Future 
Directions 
9.1 Introduction 
This chapter will discuss several implications of the findings presented in the previous 
two chapters. Some conclusions will be suggested about the relationship between the 
"reform" curriculum and the achievement of students as measured by their demon- 
strated understanding of the function concept. In particular, the relationship among the 
intended curriculum (an independent variable), the implemented curriculum (an inter- 
vening variable) as best as can be surmised, and the attained curriculum (a dependent 
variable at least as far as the function concept) must be considered. 
The implications of this research are discussed. In particular, the reasonableness of 
using function as an organizing principle in a college beginning algebra course is 
reviewed. How must the intended curriculum be modified to better develop student 
understanding of function? What were the weaknesses of the research design that 
could be altered to inform future studies? Included is a reflection on the theoretical 
framework. The usability and adaptability of the facets-layers construct for mathemat- 
ical entities will be discussed. First, the researcher discusses how well the framework 
served as a perspective for analysing student understanding of function. Secondly, the 
researcher attempts to apply the framework to other mathematical entities. 
The chapter concludes with some recommendations for future directions. These will 
include both curricular recommendations and suggestions for future research in this 
area. 
9.2 Intended Curriculum and Student Understanding 
The purpose of this research is to determine if a refocused beginning algebra curricu- 
lum, with function as an organizing concept, makes mathematics more accessible to 
students who have been previously unsuccessful in learning mathematics. This thesis 
is a first step. If the curriculum is entered on function, can students be expected to 
acquire, minimally, a process layer understanding of the concept? This understanding 
should be sufficient to help them appreciate how knowing mathematics and function 
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are crucial to a quantitatively literate citizenry. In addition, for those that continue in 
mathematics, the understanding of function developed in this course should result in a 
concept image that can be effectively expanded in later courses leading to an ever 
deepening understanding of function and its pivotal role in mathematics. 
9.2.1 Intended curriculum 
One independent variable for this thesis is the "reform" curriculum as defined by the 
text (DeMarois, McGowen, & Whitkanack, 1996a) used in the course. The other inde- 
pendent variable is the use of technology, in particular, the extensive use of graphing 
calculators which students were required to purchase. The text is organized so that stu- 
dents answer questions about mathematical situations first. The questions are struc- 
tured to assist them in the discovery of key mathematical ideas. These questions, 
called Investigations, are followed by a Discussion which explains the key mathemati- 
cal ideas "discovered" in the previous set of Investigations. The Discussions serve two 
purposes: for students who were able to answer the Investigations, the Discussions 
help them check the accuracy of their discoveries; for students who were unable to 
answer the Investigations, the Discussions help them answer the questions. After 
exploring the meaning of variable and algebraic expressions, including the use of oper- 
ation machines to parse algebraic expressions, students are introduced to function as a 
process that receives input and produces one and only one output fora given input. 
The students encounter functions through function machines, equations in two varia- 
bles, two-column tables, and graphs. . Most functions arise from problem situations 
given to students. This approach continues throughout of the text. 
Students are required to have a graphing calculator from the beginning of the course. 
The calculator is initially used to parse expressions and assist students in developing 
some understanding of variable. Students learn to enter functions symbolically, to 
explore functions numerically using a dynamic table feature, and to graph functions 
both from two-column tables and from equations. The calculator is a ready tool 
throughout the course. 
Ultimately, in such a hypothetical environment, how would students' concept image of 
function develop? 
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9.2.2 Prior variables 
The prior variables include profiles of the students in a beginning algebra course and 
of the instructors who teach such a course. The researcher assumed that students enter- 
ing such a course would have had some prior exposure to algebra, but would have little 
or no prior exposure to function. Under this assumption, the prior exposure to algebra 
may serve as a hindrance to student development of reasonable concept images in this 
course. The lack of prior exposure to function provides a "clean slate" from which to 
build an appropriate concept image of one of the key concepts in mathematics. Both of 
these assumptions were verified by the data. The students entered the course with 
some prior exposure to algebra (z = 1.4 years, S=1.0). The responses on the pre- 
course survey suggest little or no prior exposure to function. For example, only 11 per- 
cent of 92 students were able to write a definition of function that indicated any prior 
familiarity with the mathematical concept prior to the course. Significant is the stu- 
dents' belief about mathematics and education in general. For example a student 
wrote: "I had been living so long in the valley of defeat that the last thought I had was 
to reattempt college, especially a dreaded maths course: ' 
The instructors constitute a second prior variable. They were selected based on their 
prior exposure to workshops designed to help them understand the philosophies and 
approaches of the material. All instructors were willing participants in the workshops 
and in teaching from the reform materials. All expressed dissatisfaction with the tradi- 
tional curriculum and with the traditional "lecture-approach" for these students. All 
instructors received training in appropriate uses of the technology. 
9.2.3 Implemented curriculum 
Due to the careful selection of instructors who were highly motivated by the material, 
the implemented curriculum did not vary greatly from the intended curriculum in 
terms of topic coverage. There was, however, some variation in the delivery of the cur- 
riculum. While all students were exposed to the first 5 chapters of the material where 
function is introduced and carefully presented, there was variation in what students 
were exposed to in the last two chapters. As these two chapters include an in-depth 
treatment of linear and quadratic functions, there were some variations across instruc- 
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tors in their emphasis on this material. Secondly, as time became short, some instruc- 
tors resorted to more of a lecture approach to "cover" the necessary material. Thus, it 
was not uncommon for the discovery process to become disabled by the end of the 
semester. 
The use of the technology varied from instructor to instructor. While all had received 
basic training in the use of technology and had received instructor manuals suggesting 
where and how to use the technology, some were ultimately more comfortable with its 
use than others. 
An intervening variable that was not controlled were assessment and evaluation prac- 
tices. Each instructor set up his/her own assessment policies. As a result, expectations 
of students varied by instructor though no instructor limited the use of technology in 
any way on any assessment instrument. 
Another intervening variable is the additional ideas teachers chose to introduce to stu- 
dents that are not presented in the text. For example, one instructor in the main study 
choose to introduce and place some emphasis on the vertical line test as a way to deter- 
mine if a graph is a function. This technique does not appear in the materials. Since 
this technique is often presented as a procedure with no conceptual understanding, it 
becomes another piece of procedural knowledge that students use and misuse. Some 
evidence of this appears in the data for the main study. 
Ultimately, the key intervening variable is the role of the student and the role of the 
teacher in such a classroom. The curriculum was designed to empower students to 
explore mathematics alone and within groups and to develop a conceptual understand- 
ing of important concepts by developing an ownership in the material. The hope is that 
such students would be more flexible in their understanding of what mathematics is 
and how to use it. Most questions used on the data-collection instruments were not 
questions students would have encountered during their course. The questions were 
designed to cause them to draw upon their concept image of function rather than upon 
some memorized and poorly-understood procedure. The success in creating empow- 
ered students varied greatly. Some instructors find it very difficult to relinquish their 
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role as the dispenser of knowledge. The degree to which this occurred certainly influ- 
ences the ultimately success of this curricular approach. 
9.2.4 Attained curriculum 
A dependent variable in this thesis is the student concept image of function that results 
from exposure to the curriculum. Understanding of function is a key component of the 
attained curriculum. 
The data indicate significant growth in student concept image of function along 
the colloquial, symbolic, numeric, geometric, verbal, written, and notation facets. 
These results suggest that the function concept is accessible to this level of stu- 
dent. 
In particular, based on results of the pre-course survey, students enter such a course 
able to: 
" manipulate function machines effectively; and, 
" use equations to evaluate functions. 
The function machine appears to be a sufficiently primitive structure so as to serve as 
an excellent entry point into the function concept. The ability to evaluate seems to 
stem back to prior exposure to mathematics. The researcher has suggested that much 
of the students' prior exposure to algebra has been procedural and something they 
seemed to learn rather well along the way is "plugging" in a number and computing 
the result. 
While the results point to the accessibility of function for these students, there are sev- 
eral areas of concern. 
" While the function machine appears to be a good entry point to function, the growth 
in the understanding of this facet is slight as students proceed through the course. 
On the pilot study, the demonstrated understanding of this facet did not change sig- 
nificantly from beginning to end of the course. 
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" Demonstrated understanding of the colloquial facet does not necessarily ease the 
transition to other facets. Some students exhibited real difficulty in crossing the 
boundary from the colloquial to the symbolic facet, to the numeric facet, and to the 
notation facet. There was little connection demonstrated between function 
machines and graphs. While both are essentially visual, function machines appear 
to be quite primitive representations for which increasing depth does not easily fol- 
low. 
" Student difficulty with the geometric facet remained at the end of the instructional 
treatment. Virtually, no student entered the course able to answer input-output ques- 
tions about graphs. While a significantly greater number of students improved by 
the end of the semester, the percentage of students able to appropriately interpret 
this facet was low. At the end of the semester, only 41 percent of 92 students were 
able to find output given input and only 19 percent were able to reverse the process. 
During the interviews, the highly capable student showed good depth in under- 
standing of this facet, but the capable and incapable students both struggled. 
" One problem seemingly introduced by the technology became apparent. A graphing 
calculator requires a student to look at both the graphing window and the window 
that determines the settings for the rectangular portion of the plane that defines the 
viewing window. It appears to be quite difficult for students to keep a focus on both 
at once. These appear to be two different representations with tenuous connections. 
On survey questions, the viewing window and graph were side by side making the 
transition between the two a bit easier. When a student actually uses a graphing cal- 
culator, the student cannot see these views simultaneously possibly causing a dis- 
connect between the two pieces of information. 
" The use of prototypes (Tall & Bakar, 1992, for example) to recognize functions was 
apparent though students did not generally exhibit a problem with lack of continuity 
(Breidenbach et al., 1992, for example). This may be due to the number of discrete 
graphs present in the materials. Such a result suggests how experience and context 
affects the concept image. 
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" Function notation was interpreted inconsistently. While students demonstrate an 
ability to interpret the notation correctly in some settings, this ability sometimes 
does not translate to a new, similar setting. Even the most capable students on the 
surveys and interviews demonstrated some inconsistency with this facet. 
" Students exhibited the use of prototypes when asked to select equations as func- 
tions. However, the more capable students tend to look for the presence of some 
process or relationship between variables. 
" The well-documented problem with the constant function (Markovits, Eylon, & 
Bruckheimer, 1988, for example) arose though, again, the more capable student was 
able to work her way through it though her interpretation of the constant function in 
various representations was inconsistent. 
" The requirement that a function have one and only one output for a given input- 
the "uniqueness to the right" condition (Breidenbach et al., 1992, for example)- 
was interpreted inconsistently depending on the facet. While easily recognized with 
tables, confusion arose related to one-to-oneness. In the interview, the highly capa- 
ble student "learned" how to recognize this condition on a graph exhibiting concep- 
tual knowledge while the capable student was aware of how to recognize this 
condition on graphs, but seemed to apply the methods procedurally. The incapable 
student exhibited no ability to differentiate using this condition on a graph. The 
symbolic facet caused the most problem of the three with this condition. No student 
consistently applied this condition to equations. 
It appears that it is significantly more difficult than expected to neutralize the inter- 
ferences of prior procedural, instrumental learning. Two points are at issue here. 
First, the prior learning about topics, such as equations, seemed to cause problems 
when students had to view equations in two variables more flexibly as defining rela- 
tionships between two variables. Such a result suggests that students may be view- 
ing the as the action "makes" which results from interpreting the notation as a 
process rather than an object. This problem seemed particularly acute when trying 
to develop flexible understanding of the symbolic facet. Secondly, by introducing 
such a radically different curriculum to students, they may believe that it has no rel- 
evance ("alien" in the sense of Duffin and Simpson, 1995). Even if the material 
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appears relevant, this student population is often driven by external goals that 
revolve around completing their mathematics requirement, not understanding math- 
ematics. 
" Students are often good at "plug and chug" mathematics and use this ability to hide 
the weaknesses in their understanding. CM, for example, resorted to using the more 
abstract symbolic facet when the more primitive table failed him. He indicated little 
understanding of the symbolism, but demon§trated several times that he could eval- 
uate a function. This appears to be an example of "pseudo-conceptual" understand- 
ing (Vinner, 1997). 
" Finally, the ability to establish connections between facets varied greatly. Some 
major differences between highly capable, capable, and incapable student arose in 
this context. Both highly capable and capable students exhibited consistency 
between verbal and written facets. The incapable student did not. The highly capa- 
ble student was most able to assimilate alternate definitions into her own. The capa- 
ble student did this with difficulty while the incapable student was unable to adapt 
alternate definitions. The highly capable student most easily moved between sym- 
bolic, numeric, colloquial, and geometric facets exhibiting the most connections of 
the three students. The capable student made fewer connections and the incapable 
student fewer yet. . 
9.2.5 Consequent variables 
The consequent variables revolve around the students' next step. Most will have to 
take at least one more mathematics course. All will have to enter a society that is over- 
loaded with quantitative information. Another phase of this research would study the 
continued growth of the function concept in subsequent courses. Another key element 
is the role that function plays in the concept image that the student has of mathematics. 
" Will the early introduction of function ease or prevent student development of more 
sophisticated views of function? 
" Will student understanding of function contribute to or inhibit student understand- 
ing of other key mathematical ideas? 
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Another area of interest is the students' entry into the appropriate mathematical com- 
munity based on their role in society. Even if they take no more mathematics, have 
they been sufficiently empowered to think quantitatively and participate in the crucial 
quantitative decisions of their life? As one student wrote on an end-of semester evalua- 
tion: "A proof of understanding, or learning, is that these ideas are integrated into eve- 
ryday life, even outside of class. " 
9.3 Implications of the Research 
9.3.1 Reasonableness of function as a core concept 
This research seems to suggest that a majority of students in the "reform" college 
beginning algebra course can achieve a process layer understanding of function. The 
concept is not "beyond" them. However, numerous caveats are necessary. The devel- 
opment of their concept images is truly uneven. A much more careful look at how 
graphs are dealt with is an example since the growth in this facet was minimal for so 
many students. The research was not designed to test for concept or procept layer 
understanding of various facets, though some conjectures regarding this depth can be 
made by studying the data. The belief of the researcher is that this depth of understand- 
ing is not necessary for students exiting a beginning algebra course. Should they con- 
tinue with their mathematical training, the hope is that such depth will develop. It 
appears that students do not need to be proficient in certain procedural aspects of alge- 
bra, as suggested by Sierpinska (1992), to develop a process layer understanding of 
function. As indicated in previous research Winner & Dreyfus, 1989. for example), 
connections between facets prove to be troublesome. In revising the curriculum, the 
authors must further analyse difficulty in moving among the facets, particularly among 
the symbolic, numeric, colloquial, notation, and geometric facets. Finally, will the con- 
cept image of function formed in this course be an adequate building block for deeper 
understanding of function in later courses or will it serve to create misconceptions that 
will hinder students' understanding of function at a deeper level? 
9.3.2 Modifications of the intended curriculum 
The analysis of the data suggests some changes in the curriculum that may allow stu- 
dents to develop a more complete concept image of function. 
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" The intended curriculum introduces functions as a process that receives input and 
returns one and only one output. Some time should be devoted to see functions 
more generally as objects-possibly, as sets of ordered pairs. From student 
responses, it seems this would not be beyond the grasp of some students. Too much 
emphasis on process may strengthen the procedural layer and make it difficult for 
students to develop a more flexible concept of function. 
" The curriculum could spend more time discussing ways of recognizing functions 
when given a table, an equation, a function machine, or a graph. Students in the 
study developed their own techniques to do this, but such techniques appeared to be 
strewn with misconceptions. 
" Connections between various facets could be more explicitly drawn. In particular, 
more effort should be devoted to exploring the pros and cons of using a function 
machine, a table, an equation, or a graph to describe a function. What is the best use 
of each facet? How can one move from one facet to the other or create one facet 
from another? 
" As mentioned above, the geometric facet proved most difficult for students. Under- 
standing what they are seeing when given a graph of a function is a key to develop- 
ing materials that will help them view the representation in the most advantageous 
way. While extensive research exists on this subject (Romberg et al., 1993, for 
example), little has been done with this population and the impact of the graphing 
calculator on this population is unknown. The data suggest that the curricular mate- 
rials assume too much about student understanding and interpretation of graphs. 
9.3.3 Facets and layers 
The theoretical framework designed around the ideas of facets and layers of a mathe- 
matical entity appears to be a valuable way to analyse the function concept. The con- 
cept itself proves quite complex and the technique of dividing the concept via two 
dimensions to allow for micro-analysis seems helpful. Some important observations 
include: 
Facets and Layers of Function for College Students in Beginning Algebra 219 
Reflections on Future Directions Implications of the Research 
" Analysing the depth of each facet can prove problematic for some facets. The more 
primitive facets seem to be the colloquial and the numeric. It is these facets that stu- 
dents seem to enter the course with some innate understanding of how to interpret. 
However, incapable students appear to find it difficult to move beyond these facets 
to more complex ones, such as symbolic or geometric. 
" By beginning the course with a focus on these primitive facets, the curriculum 
quickly gives students access to function, but, on the other had, may create miscon- 
ceptions by oversimplifying the concept in such a way so that student growth along 
other dimensions is inhibited. 
" Some facets tend to be more figural in the sense of appearing to be an object 
already. These include the function machine, the graph, and sometimes the table. 
Students can intuitively grasp the idea behind the table and the function machine, 
but may have a difficult time seeing these as procedures or processes. Graphs on the 
other hand appear to carry an added complexity. Other facets, such as the symbolic, 
tend to be more proceptual than figural in that there are definite stages when a stu- 
dent may see an equation as a procedure, other times as representing a generic proc- 
ess, and still other times as an object that can be used as input to higher level 
procedures. 
" Methods for describing the nature of the boundaries need to be further defined and 
developed. 
While the facets-layers profile proves helpful in analysing student understanding of 
function, is it generalizable to other mathematical entities? Table 9.1 suggests how the 
mathematical entities "rational expression" and "instantaneous rate of change" may be 
viewed in terms of facets. 
TABLE 9.1: Facets of two mathematical entities 
Facet 
Rational expression (in one 
variable) Instantaneous rate of change 
f (x) 
, where f (x) and g(x) are S(x) rf (x + h) f (x)1 
symbolic polynomials 
lim. lh 
fractions or decimals resulting 
l f table of x versus -! -(f 
(x) ) 
d numeric rom eva uation x 
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TABLE 9.1: Facets of two mathematical entities 
Rational expression (in one 
Facet variable) Instantaneous rate of change 
colloquial fraction, decimal, or division average rate of change 
geometric graphs of rational functions local straightness 
meaning off 
(x) 
meaning ofd (f (x) ) 
notation 8(x) dx 
definition/description stated in definition/description stated in 
verbal words words 
written written definition/description written definition/description 
physical ways of demonstrating physical ways of illustrating 
kinesthetic division instantaneous change 
As mentioned in the theoretical framework and also suggested by Sfard (1992,1995) 
developing a procedural understanding of one concept may initially require the reifica- 
Lion of a more elementary concept. The idea of levels, each consisting of facets and 
layers, was previously mentioned as a way of thinking about the prior concepts and 
how they must be understood before moving to the more advanced concept. For exam- 
ple, to begin developing an understanding of rational expressions, one first needs 
understanding of rational number, division, and polynomials, at least. To begin the 
development of a concept image of instantaneous rates of change, one first need some 
understanding of ratios, of rates, and of function. The framework suggests that a facet- 
layer analysis of concepts that are needed for the next level may point toward potential 
problems when the student attempts to build a concept image of a mathematical entity 
one level up. 
Thus it appears that the facet-layer construct is applicable to other mathematical enti- 
ties. It may be the case that some of these entities have slightly different facets from 
those discussed for function, but by thinking of the entity in terms of the depth of 
development along each facet and the connections between the facets, the researcher 
may better be able to interpret the level of student understanding and to identify gaps 
in that understanding. Seeing new concepts as being built upon old concepts supports 
the part of the structure called levels. If a student is having trouble building an under- 
standing of a particular concept along a particular facet, it may be due to inadequate 
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understanding of a mathematical entity one level down. These thoughts are subjects 
for future research. 
9.3.4 The future 
The future depends on how the developmental mathematics curriculum changes to 
meet the needs of the next century. A key variable is how the curriculum incorporates 
technology. This research project was designed around the developmental mathemat- 
ics curriculum as it is currently manifested in the United States. This curriculum usu- 
ally involves a semester of basic skills (arithmetic), a semester of plane geometry, and 
two semesters of algebra (beginning and intermediate algebra). While few students 
take the entire sequence of courses, a majority of community college students take at 
least one course. Is this an appropriate way to structure a developmental curriculum 
designed to prepare students to take college credit mathematics courses along with 
preparing students to be informed, contributing citizens? The answer, if based on suc- 
cess rates alone, is "no". AMATYC, in its Standards document (AMATYC, 1995) out- 
lines the basic structure of a mathematical curriculum, called the Foundation, that is 
radically different from the existing model. Such a curriculum would be built around 
the content areas of number sense, symbolism and algebra, geometry and measure- 
ment, functions, discrete mathematics, probability and statistics, and deductive proof 
(ibid, pp. 26-28). Instead of the content being divided into discrete courses, the con- 
tent areas would be integrated into one or several courses. In terms of pedagogy, teach- 
ing with technology would be paramount and cooperative learning strategies would be 
employed. Increased attention would be given to actively involving students in prob- 
lem analysis, skills in context, mental arithmetic and estimation, conceptual under- 
standing with the ability to use valid arguments, and appropriate use of technology 
(ibid, p. 29). Paper-and-pencil drill, contrived problems, isolated topics, and single 
method, single answer problems would receive reduced attention (ibid, p. 30). 
The curriculum used in this research study exhibits some of the characteristics of this 
new, recommended curriculum. However, as changes are made in the curriculum, care- 
ful research must be done to measure the success of such change. This was the case 
with this study. If the curriculum is to focus on function, is it reasonable to expect stu- 
Facets and Layers of Function for College Students in Beginning Algebra 222 
Reflections on Future Directions Conclusion 
dents to develop an appropriate level of understanding of the concept? As the changes 
are made, research is needed to judge the effectiveness of the change and to suggest 
future avenues. 
It is this researcher's opinion that the traditional beginning algebra curriculum in 
mathematics must be eliminated. As new curricula are gradually implemented, the cor- 
responding research must be done in order to inform curriculum developers of the suc- 
cess or failure of such changes. By success and failure, this researcher means the level 
of understanding the student demonstrates and the usefulness of that understanding as 
a future member of society. It is hoped that the framework described in this project can 
serve as a useful guideline for measuring understanding that occurs as a result of 
future changes in curriculum and instruction. 
9.4 Conclusion 
This chapter has served as a reflection on this research study and what the future may 
hold. The chapter began with a discussion of the relationship between the "reform" 
curriculum (independent variable) and student understanding of function (the depend- 
ent variable). The results of this research suggest that, with some reservation, the func- 
tion concept is accessible to beginning algebra students via a curriculum that uses the 
concept as an organizing principle. In the process of discussing these results, the 
researcher looked back at the intended curriculum as included in the text, the imple- 
mented curriculum as devised and actualized by the teacher, and the attained curricu- 
lum as demonstrated by students on the three instruments that were part of this study. 
The section concluded with a look at the consequent variables that relate to the next 
step students take after this instructional treatment and whether the concept image of 
function developed during the beginning algebra course will prove helpful as they con- 
tinue their education. 
The chapter next turned to a look at the implications of this research. Included was a 
discussion of the effects of the function concept on students' mathematical knowledge 
and suggestions for where the intended curriculum can be modified due to weaknesses 
exposed by this research. The researcher looked at the theoretical framework entered 
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on facets and layers and discussed the effectiveness of this framework in the analysis 
of understanding of function. In addition, how the framework might be used to analyse 
understanding of other concepts, such as rational expression and instantaneous rate of 
change, was demonstrated. The researcher looked at mathematical understanding on a 
broader level by discussing a superstructure, called levels, to the facet-layer structure. 
Finally, the researcher reflected on future directions in curriculum for the developmen- 
tal mathematics student, including recommendations for major reorganization sug- 
gested by the American Mathematical Association of Two-Year Colleges (AMATYC, 
1995). 
Williams (1993) states that "learning- mathematics is profitably viewed in terms of 
enculturation into a society of users of mathematics.... successful learning is learning 
that enables students to participate in a reasonable way both in the practices and in the 
language games of a mathematical community" (p. 316). He goes on to list several 
types of mathematical communities: research mathematicians, technical users, mathe- 
matics teachers, and the casual, occasional user of mathematics. This researcher sug- 
gests that it is this last community that the great majority of students in developmental 
mathematics courses will join. For these students, a process layer understanding of 
function is probably more than sufficient for their future mathematical needs. The 
research discussed in this thesis supports the theory that students can acquire such an 
understanding, albeit sometimes fragile and uneven. 
Facets and Layers of Function for College Students in Beginning Algebra 224 
Bibliography 
Alder, H. L. & Roessler, E. B. (1976). Introduction to Probability and Statistics (Sixth 
Edition). San Francisco, CA: W. H. Freeman and Company. 
Ali, M. & Tall, D. O. (1996). Procedural and Conceptual Aspects of Standard Algo- 
rithms in Calculus. In Puig, L& Gutierrez, A. (Eds. ), Proceedings of the 20th 
Annual Conference for the Psychology of Mathematics Education Vol. 2. 
Valencia, Spain. pp. 19-26. 
American Mathematical Association of Two-Year Colleges (AMATYC) (1995). 
Crossroads in Mathematics: Standards for Introductory College Mathematics 
Before Calculus. Memphis, TN: AMATYC. 
Artigue, M. (1992). Functions from an Algebraic and Graphic Point of View: Cogni- 
tive Difficulties and Teaching Practices. In Harel, G& Dubinsky, E. (Eds. ), The 
Concept of Function Aspects of Epistemology and Pedagogy. Washington, 
D. C.: Mathematical Association of America. pp. 109-132. 
Ausubel, D. P. (1968). Educational Psychology: A Cognitive View. New York: Holt, 
Rinehart & Winston. 
Ayers, T., et al. (1988). Computer Experiences in Learning Composition of Function. 
Journal for Research in Mathematics Education 19 (3). pp. 246-259. 
Bachelard, G. (1983). La formation de l'esprit scientifique. Paris: J. Vrin. (First pub- 
lished 1938). 
Bakar, M. & Tall, D. O. (1991). Students' Mental Prototypes of Functions and Graphs. 
In Furinghetti, F. (Ed. ), Proceedings of the Fifteenth Conference of the Interna- 
tional Group for the Psychology of Mathematics Education Vol. 1. Genova, 
Italy. pp. 104-111. 
Banister, P., Burman, E., Parker, I., Taylor, M., & Tindall, C. (1996). Qualitative Meth- 
ods in Psychology: A Research Guide. Buckingham: Open University Press. 
Barnard, T. & Tall, D. O. (1997). Cognitive Units, Connections, and Mathematical 
Proof. In Pehkonen, E. (Ed. ), Proceedings of the 21st Annual Conference for 
the Psychology of Mathematics Education, Vol 2. Lahti, Finland. pp. 41-48. 
Barnes M. (1988). Understanding the Function Concept: Some Results of Interviews 
with Secondary and Tertiary Students. Research on Mathematics Education in 
Australia. pp. 24-33. 
Beth, E. W. & Piaget, J. (1966). Mathematical Epistemology and Psychology. (W. 
Mays, trans. ) Reidel, Dordrecht (originally published 1965). 
Biggs, J. B. & Collis, K. F. (1982). Evaluating the Quality of Learning: The SOLO 
Taxonomy. New York, NY: Academic Press. 
Bliss, J., Monk, M., & Ogborn, J. (1983). Qualitative data for educational research: A 
guide to uses of systemic networks. London & Canberra: Croom Helm. 
Facets and Layers of Function for College Students in Beginning Algebra 225 
Bibliography 
Boers, M. A. M. & Jones, P. L. (1994). Student's Use of Graphics Calculators Under 
Exam Conditions. International Journal of Mathematics Education in Science 
and Technology. 
Breidenbach, D., Dubinsky, E., Hawks, J., & Nichols, D. (1992). Development of the 
Process Concept of Function. Educational Studies in Mathematics 23 (3). pp. 
247-285. 
Brousseau, G. (1986). Fondements et methodes de la didactique des mathematiques. 
Recherches en didactique des mathematiques, 7 (2). pp. 33-115. 
Brown, J. S., Collins, A., & Duguid, P. (1989, January-February). Situated Cognition 
and the Culture of Learning. Educational Researcher, 18(1). pp. 32-42. 
Bruner, J. (1962). On Knowing Essays for the Left Hand. Cambridge Massachusetts: 
Harvard University Press. 
Bruner, J. (1966). Towards a Theory of Instruction. New York, NY: Norton. 
Bruner, J. (1996). The Culture of Education. Cambridge, MA: Harvard University 
Press. 
Chazan, D. (1996). Algebra for all Students. In Davis, R. (Ed. ), The Journal of Mathe- 
matical Behavior. 15(4). pp. 455-477. 
Chevallard, Y, (1985). La transposition didactique du savoir savant du savoir 
enseigne. Grenoble, France: La Pensee Sauvage. 
Cobb, P. (1994). Learning Mathematics: Constructivist and Interactionist Theories of 
Mathematical Development. Dordrecht, The Netherlands: Kluwer Academic 
Publishers. 
Cocking, R. R. & Chipman, S. (1988). Conceptual Issues Related to Mathematics 
Achievement of Language Minority Children. In Cocking, R. R. & Mestre, J. 
P. (Eds. ), Linguistic and Cultural Influences on Learning Mathematics. Hills- 
dale, NJ: Lawrence Erlbaum Associates. pp. 17-46. 
Collis, K. (1975). A Study of Concrete and Formal Operations in School Mathematics: 
A Piagetian Viewpoint. Melbourne: Australian Council of Educational 
Research. 
Confrey, J. (1991). Function Probe. Department of Education, Cornell University, Ith- 
aca, NY. 
Confrey, J. (1993). The Role of Technology in Reconceptualizing Functions and Alge- 
bra. In Becker, J. R. & Pence, B. J. (Eds. ), Proceedings of the 15th Annual 
Meeting of the North American Chapter of the International Group for the Psy- 
chology of Mathematics Education, Vol. 1. Pacific Grove, CA. pp. 1-47. 
Confrey, J. (1995). Student Voice in Examining Splitting as an Approach to Ratio, Pro- 
portions, and Fractions. In Miera, L. & Carraher, D. (Eds. ), Proceedings of the 
19th Annual Conference for the Psychology of Mathematics Education, Vol. 1. 
Recife, Brazil. pp. 3-29. 
Facets and Layers of Function for College Students in Beginning Algebra 226 
Bibliography 
Confrey, J., & Smith, E. (1995). Splitting, covariation, and their role in the develop- 
ment of exponential functions. Journal for Research in Mathematics Education 
26: 1. pp. 66-86. 
Cooney, T. J. & Wilson, M. R. (1993). Teachers' Thinking About Functions: Historical 
and Research Perspectives. In Romberg, T. A., Fennema, E., & Carpenter, T. P. 
(Eds. ), Integrating Research on the Graphical Representation of Functions. 
Hillsdale, NJ: Lawrence Erlbaum Associates. pp. 131-158. 
Cornu, B. (1983). Apprentissage de la notion de limite: conceptions et obstacles. 
These de doctorat de troisieme cycle. L'Universitd Scientifique et Medicale de 
Grenoble. 
Cottrill, J., Dubinsky, E., Nichols, D., Schwingendorf, K., Thomas, K., & Vidakovic, 
D. (1996). Understanding the Limit Concept: Beginning with a Coordinated 
Process Scheme. In Davis, R. (Ed. ), Journal of Mathematical Behavior 15. pp. 
167-192. 
Crawford, K. (1997). Distributed Cognition, Technology, and Change: Themes for the 
Plenary Panel. In Pehkonen, E. (Ed. ), Proceedings of the 21st Conference of 
the International Group for the Psychology of Mathematics Education Vol. 1. 
Lahti, Finland. pp. 81-89. 
Crick, F. (1994). The Astonishing Hypothesis. London: Simon & Schuster. 
Crowley, L., Thomas, M., & Tall, D. O. (1994). Algebra, Symbols, and Translation of 
Meaning. Proceedings of the 18th Annual Conference for the Psychology of 
Mathematics Education, Vol 2. Lisbon, Portugal. pp. 240-247. 
Cuoco, A. (1994). Multiple Representations of Functions. In Kaput, J. & and Dubin- 
sky, E. (Eds. ), Research Issues in Undergraduate Mathematics Learning. 
Washington, D. C.: Mathematical Association of America. pp. 121-140. 
Cuoco, A., Goldenberg, E. 0., & Mark, J. (1996). Habits of Mind: An Organizing Prin- 
ciple for Mathematics Curricula. In Davis, R. (Ed. ), The Journal of Mathemat- 
ical Behavior. 15(4). pp. 375-402. 
Davis, R. B. (1975). Cognitive Processes Involved in Solving Simple Algebraic Equa- 
tions. Journal of Children's Mathematical Behavior 1 (3). pp. 7-35. 
Davis, R. B. (1983). Complex Mathematical Cognition. In H. P. Ginsburg (Ed. ), The 
Development of Mathematical Thinking. New York: Academic Press. pp. 254- 
290. 
Davis, R. B. (1984). Learning Mathematics: The Cognitive Science Approach to Math- 
ematics Education. Norwood, NJ: Ablex. 
Davis, R. B. (1986). Conceptual and Procedural Knowledge in Mathematics: A Sum- 
mary Analysis. In Hiebert, J. (Ed. ) Conceptual and Procedural Knowledge: 
The Case of Mathematics. Hillsdale, NJ: Erlbaum. pp. 265-300. 
Davis, R. B. (1989). Three Ways of Improving Cognitive Studies in Algebra. In Wag- 
ner, S. & Kieran, C. (Eds. ), Research Issues in the Learning and Teaching of 
Algebra. National Council of Teachers of Mathematics and Lawrence Erlbaum 
Associates. Pp. 115-119. 
Facets and Layers of Function for College Students in Beginning Algebra 227 
Bibliography 
Davis, R. B., Maher, C. A., & Noddings, N. (Eds. ) (1990). Constructivist Views on the 
Teaching and Learning of Mathematics. Journal for Research in Mathematics 
Educations Monograph Number 4. Reston, VA: National Council of Teachers 
of Mathematics. 
Demana, F., Schoen, H. L., & Waits, B. (1993). Graphing in the K-12 Curriculum: The 
Impact of the Graphing Calculator. In Romberg, T. A., Fennema, E., & Carpen- 
ter, T. P. (Eds. ), Integrating Research on the Graphical Representation of Func- 
tions. Hillsdale, NJ: Lawrence Erlbaum Associates. pp. 41-68. 
Demana, F. & Waits, B. (1990). College Algebra: A Graphing Approach. Reading, 
MA: Addison-Wesley Publishing Co. 
DeMarois, P. (1997). A Snapshot of Developmental Algebra Students' Concept 
Images of Function. Proceedings of the 19th Annual Conference of the North 
American Chapter of the International Group for the Psychology of Mathemat- 
ics Education Vol. 1. Bloomington/Normal, IL. pp. 185-191. 
DeMarois, P. & McGowen, M. (1996). Understanding of Function Notation by Col- 
lege Students in a Reform Developmental Algebra Curriculum. In Jakubowski, 
E., Watkins, D., & Biske, H. (Eds. ), Proceedings of the Eighteenth Annual 
Meeting of the North American Chapter of the International Group for the Psy- 
chology of Mathematics Education. Vol. 1. Panama City, Florida. pp. 183-188. 
DeMarois, P. & Tall, D. O. (1996). Facets and Layers of the Function Concept. In Puig, 
L& Gutierrez, A. (Eds. ), Proceedings of the 20th Annual Conference for the 
Psychology of Mathematics Education Vol. 2. Valencia, Spain. pp. 297-304. 
DeMarois, P., McGowen, M., & Whitkanack, D. (1996a). Mathematical Investiga- 
tions: Concepts and Processes for the College Student. New York, NY: Harper- 
Collins College Publishers. 
DeMarois, P., McGowen, M., & Whitkanack, D. (1996b). Applying Algebraic Think- 
ing to Data New York, NY: HarperCollins College Publishers. 
DeMarois, P., McGowen, M., & Whitkanack, D. (1996c). Instructor Resource Manual 
for Mathematical Investigations: Concepts and Processes for the College Stu- 
dent. New York, NY: HarperCollins College Publishers. 
Dreyfus, T. & Eisenberg, T. (1982). Intuitive Functional Concepts: A Baseline Study 
on Intuitions. Journal for Research in Mathematics Education 13. pp. 360- 
380. 
Dreyfus, T. & Eisenberg, T. (1983). The Function Concept in College Students: Lin- 
earity, Smoothness, and Periodicity. Unpublished manuscript. 
Dreyfus, T. & Eisenberg, T. (1984). Intuitions on Functions. Journal of Experimental 
Education 52. pp. 77-85. 
Dreyfus, T. & Vinner, S. (1989). Images and Definitions for the Concept of Function. 
Journal for Research in Mathematics Education 20. pp. 356-366. 
Dubinsky, E. (1991). Reflective Abstraction in Advanced Mathematical Thinking. In 
Tall, D. O. (Ed). Advanced Mathematical Thinking. Dordrecht, The Nether- 
lands: Kluwer Academic Publishers. pp. 95-124. 
Facets and Layers of Function for College Students in Beginning Algebra 228 
Bibliography 
Dubinsky, E. & Harel, G. (1992). The Nature of the Process Conception of Function. 
In Harel, G. & Dubinsky, E., The Concept of Function Aspects of Epistemology 
and Pedagogy. Washington, D. C.: Mathematical Association of America. pp. 
85-106. 
Dubinsky, E., Schoenfeld, A., & Kaput, J. (1994). Research In Collegiate Mathematics 
Education. 1. Providence, R. I.: American Mathematical Society. 
Dubinsky, E. & Tall, D. O. (1991). Advanced Mathematical Thinking and the Com- 
puter. In Tall, D. O. (Ed). Advanced Mathematical Thinking. Dordrecht, The 
Netherlands: Kluwer Academic Publishers. pp. 231-243. 
Duffin, J. M. & Simpson, A. P. (1995). A Theory, a Story, Its Analysis, and Some 
Implications. Journal of Mathematical Behavior (June). pp. 237-250. 
Duffin, J. M. & Simpson, A. P. (1997). Towards a New Theory of Understanding. In 
Pehkonen, E. (Ed. ), Proceedings of the 21st Annual Conference for the Psy- 
chology of Mathematics Education, Vol 4. Lahti, Finland. pp. 166-173. 
Dugdale, S. (1993). Functions and Graphs-Perspectives on Student Thinking. In Rom- 
berg, T. A., Fennema, E., & Carpenter, T. P. (Eds. ), Integrating Research on the 
Graphical Representation of Functions. Hillsdale, NJ: Lawrence Erlbaum 
Associates. pp. 10 1-130. 
Eisenberg, T. (1991). Advanced Mathematical Thinking and the Computer. In Tall, D. 
0. (Ed). Advanced Mathematical Thinking. Dordrecht, The Netherlands: Klu- 
wer Academic Publishers. pp. 140-152. 
Eisenberg, T. (1992). On the Development of a Sense for Functions. In Harel, G. & 
Dubinsky, E. (Eds. ), The Concept of Function Aspects of Epistemology and 
Pedagogy. Washington, D. C.: Mathematical Association of America. pp. 153- 
174. 
Eisenberg, T. & Dreyfus, T. (1989). On Visualizing Function Transformations (Techni- 
cal Report). Beer Sheva, Israel: Ben Gurion University. 
Eisenberg, T. & Dreyfus, T. (1991). On the Reluctance to Visualize in Mathematics. In 
Zimmermann, W& Cunningham, S. (Eds. ). Visualization in Teaching and 
Learning Mathematics MAA Notes Number 19 Washington, D. C.: Mathemati- 
cal Association of America. pp. 25-37. 
Eisenberg, T. & Dreyfus, T. (1994). On Understanding How Students Learn to Visual- 
ize Function Transformations. In Dubinsky, E., Schoenfeld, A., & Kaput, J. 
(Eds. ), Research In Collegiate Mathematics Education. 1. Providence, R. I.: 
American Mathematical Society. pp. 45-68. 
Ferrini-Mundy, J. & Graham, K. (1991). Research in Calculus Learning: Understand- 
ing of Limits, Derivatives, and Integrals. Paper presented at the Joint Mathe- 
matics Meeting, Special Session on Research in Undergraduate Mathematics 
Education, January, 1991. San Francisco. CA. 
Fey, J. T., Heid, M. K., Good, R., Sheets, C., Blume, G., & Zbiek, R. M. (1991). Com- 
puter-Intensive Algebra. College Park, MD: The University of Maryland and 
The Pennsylvania State University. 
Facets and Layers of Function for College Students in Beginning Algebra 229 
Bibliography 
Fey, J. T., Heid, M. K., Good, R., Sheets, C., Blume, G., & Zbiek, R. M. (1995). Con- 
cepts in Algebra: A Technological Approach. Dedham, MA: Janson Publica- 
tions. 
Frid, S. (1994). Three Approaches to Undergraduate Calculus Instruction: Their 
Nature and Potential Impact on Students' Language Use and Sources of Con- 
viction. In Dubinsky, E., Schoenfeld, A., & Kaput, J. (Eds. ), Research In Colle- 
giate Mathematics Education. 1. Providence, R. I.: American Mathematical 
Society. pp. 69-100. 
Garcia-Mila, M., Marti, E., Gomez-Granell, C., & Steren, B. (1996). Learning Propor- 
tion Using a Computer Environment in the Classroom. In Puig, L& Gutierrez, 
A. (Eds. ), Proceedings of the 20th Annual Conference for the Psychology of 
Mathematics Education Vol. 2. Valencia, Spain. pp. 385-392. 
Garcia, R. & Piaget, J. (1989). Psychogenesis and the History of Science. New York: 
Columbia University Press. 
Goldenberg, P. (1987). Believing is seeing: How Preconceptions Influence the Percep- 
tion of Graphs. In Bergeron, J, Kieran, C, & Herscovics, N (Eds. ), Proceedings 
of the 11th Annual Meeting of the PME-NA (Vol 1). University of Montreal. 
pp. 197-203. 
Goldenberg, P. (1988). Mathematics, Metaphors, and Human Factors: Mathematical, 
Technical, and Pedagogical Challenges in the Educational Use of Graphical 
Representations of Functions. Journal of Mathematical Behavior, 7(2). pp. 
135-173. 
Goldenberg, E. P. (1991). The Difference Between Graphing Software and Educa- 
tional Graphing Software. In Zimmermann, W& Cunningham, S. (Eds. ). Vtsu- 
alization in Teaching and Learning Mathematics MAA Notes Number 19. 
Washington, D. C.: Mathematical Association of America. pp. 77-86. 
Goldenberg, P., Lewis, P., & O'Keefe, J. (1992). Dynamic Representation and the 
Development of a Process Understanding of Function. In Harel, G& Dubin- 
sky, E. (Eds. ), The Concept of Function Aspects of Epistemology and Peda- 
gogy. Washington, D. C.: Mathematical Association of America. pp. 235-260. 
Greeno, J. G. (1988). Situations, Mental Models, and Generative Knowledge (Report 
No. IRL 88-0005). Palo Alto: Institute for Research in Learning. 
Graham, K. G. & Ferrini-Mundy, J. (1989). An Exploration of Student Understanding 
of Central Concepts in Calculus. Paper presented at the Annual Meeting of the 
American Educational Research Association, San Francisco. 
Gray, E. M. (1991). An Analysis of Diverging Approaches to Simple Arithmetic: Pref- 
erences and Its Consequences. Educational Studies in Mathematics 22. pp. 
551-574. 
Gray, E. M. & Tall, D. O. (1991a). Duality, Ambiguity and Flexibility in Successful 
Mathematical Thinking. Proceedings of the XV International Conference for 
the Psychology of Mathematics Education Vol. 2. Assisi. pp. 72-79. 
Facets and Layers of Function for College Students in Beginning Algebra 230 
Bibliography 
Gray, E. M. & Tall, D. 0. (199lb). Success and Failure in Mathematics: Pmcept and 
Procedure: A Primary Perspective. Mathematics Education Research Centre. 
University of Warwick. 
Gray, E. M. & Tall, D. 0. (1991c). Success and Failure in Mathematics: Procept and 
Procedure: Secondary Mathematics. Mathematics Education Research Centre. 
University of Warwick. 
Gray, E. M. & Tall, D. 0. (1993). Success and Failure in Mathematics: The Flexible 
Meaning of Symbols as Process and Concept. Mathematics Teaching, 142. pp. 
6-10. 
Gray, E. M. & Tall, D. 0. (1994). Duality, Ambiguity, and Flexibility: A "Proceptual" 
View of Simple Arithmetic. Journal for Research in Mathematics Education 
25: 2. pp. 116-140. 
Greene, J. & D'Oliveira, M. (1996). Learning to Use Statistical Tests in Psychology. 
Buckingham: Open University Press. 
Grouws, Douglas A. (1992). Handbook of Research on Mathematics Teaching and 
Learning. New York: Macmillan Publishing Company. 
Guralnik, D. B. Editor in Chief (1980). Webster's New World Dictionary of the Ameri- 
can Language (Second College Edition). New York, NY: Simon and Schuster. 
Haimes, D. H. (1996). The Implementation of a "Function" Approach to Introductory 
Algebra: A Case Study of Teacher Cognitions, Teacher Actions, and the 
Intended Curriculum. Journal for Research in Mathematics Education 27: 5. 
pp. 582-602. 
Harel, G& Dubinsky, E. (1992). The Concept of Function Aspects of Epistemology 
and Pedagogy. Washington, D. C.: Mathematical Association of America. 
Harel, G. & Kaput, J. (1991). Conceptual Entities in Advanced Mathematical Think- 
ing. In Tall, D. 0. (Ed. ), Advanced Mathematical Thinking. London: Reidel. 
pp. 82-94. 
Harper, E. (1987). Ghosts of Diophantus. Educational Studies in Mathematics 18. pp. 
75-90. 
Harris, P. (1994). Designing and Reporting Experiments. Buckingham: Open Univer- 
sity Press. 
Hart, K, Johnson, D. C., Brown, M., Dickson, L., & Clarkson, R. (1989). Children's 
Mathematical Frameworks 8-13: A Study of Classroom Teaching. Windsor, 
England: Nelson Publishing Co. Ltd. 
Heid M. K. (1985). An Exploratory Study to Examine the Effects of Resequencing 
Skills and Concepts in an Applied Calculus Curriculum Through the Use of the 
Microcomputer (Doctoral dissertation, University of Maryland, 1984). Disser- 
tation Abstracts International, 46(6), 1548A. 
Heid M. K. (1988a). Resequencing Skills and Concepts in Applied Calculus using the 
Computer as a Tool, Journal forResearch in Mathematics Education 19: 1. pp. 
3-25. 
Facets and Layers of Function for College Students in Beginning Algebra 231 
Bibliography 
Heid M. K. (1988b, July-August). The Impact of Computing on School Algebra: Two 
Case Studies Using Graphical, Numeric, and Symbolic Tools. Paper presented 
to the theme group on Microcomputers and the Teaching of Mathematics at the 
Sixth International Congress on Mathematics Education, Budapest, Hungary. 
Herscovics, N. (1989). Cognitive Obstacles Encountered in the Learning of Algebra. 
In Wagner, S. & Kieran, C. (Eds. ), Research Issues in the Learning and Teach- 
ing ofAlgebra. National Council of Teachers of Mathematics and Lawrence 
Erlbaum Associates. pp. 60-86. 
Hiebert, J. & Carpenter, T. P. (1992). Learning and Teaching with Understanding. In 
Grouws, D. A. (Ed), Handbook of Research on Mathematics Teaching and 
Learning. New York: Macmillan Publishing Company. pp. 65-97 
Hiebert, J. & Lefevre, P. (1986). Procedural and Conceptual Knowledge. In Hiebert, J. 
(Ed. ), Conceptual and Procedural Knowledge: The Case of Mathematics. 
Hillsdale, NJ: Erlbaum. pp. 1-27. 
Hofstadter, D. (1980). Godel, Escher, Bach: An Eternal Golden Braid. New York, NY: 
Vintage Books. 
Hughes-Hallett, D., Gleason, A. M. et al. (1992). Calculus Preliminary Edition. New 
York: John Wiley & Sons. 
Janvier, C. (1978a). The Interpretation of Complex Cartesian Graphs Representing 
Situations-Studies and Teaching Experiments. Unpublished Doctoral Disserta- 
tion, University of Nottingham, Shell Centre for Mathematics Education & 
Universite du Qu6bec A Montrdal. 
Janvier, C. (1978b). Problems of Representation in the Teaching and Learning of 
Mathematics. Hillsdale: NJ: Lawrence Erlbaum Associates. 
Janvier, C. (1987). Representation and Understanding: The Notion of Function as an 
Example. In Janvier, C. (Ed. ), Problems of Representation in the Teaching and 
Learning of Mathematics. Hillsdale: NJ: Lawrence Erlbaum Associates. pp. 
67-72. 
Jones, P. L. (1994). The Educational Potential of the Graphics Calculator. In Lum, L. 
(Ed) Proceedings of the Sixth Annual International Conference on Technology 
in Collegiate Mathematics. Reading, Mass: Addison-Wesley Publishing Com- 
pany. pp. 212-217. 
Jones, P. S. & Coxford, A. F., Jr. (1970). Mathematics in the Evolving Schools. In 
National Council of Teachers of Mathematics (Ed. ), A History of Mathematics 
Education in the United States and Canada. Washington, DC: National Coun- 
cil of Teachers of Mathematics. pp. 11-92. 
Kaput, J. (1988). Notations and Representations as Mediators of Constructive Pro- 
cesses. Unpublished manuscript. Educational Technology Center, Harvard 
University, Cambridge. 
Kaput, J. (1989). Linking Representations in the Symbol Systems of Algebra. In Wag- 
ner, S. Kieran, C. (Eds. ), Research Issues in the Learning of Algebra. Reston, 
VA: National Council of Teachers of Mathematics; Hillsdale, NJ: Lawrence 
Erlbaum Associates. pp. 167-194. 
Facets and Layers of Function for College Students in Beginning Algebra 232 
Bibliography 
Kaput, J. (1992). Patterns in Students' Formalizations of Quantitative Patterns. In 
Harel, G& Dubinsky, E. (Eds. ), The Concept of Function Aspects of Episte- 
mology and Pedagogy. Washington, D. C.: Mathematical Association of Amer- 
ica. pp. 290-317. 
Kaput, J. (1993). The Urgent Need for Proleptic Research in the Representation of 
Quantitative Relationships. In Romberg, T. A., Fennema, E., & Carpenter, T. P. 
(Eds. ), Integrating Research on the Graphical Representation of Functions. 
Hillsdale, NJ: Lawrence Erlbaum Associates. pp. 279-312. 
Kaput, J. (1995). A Research Base Supporting Long Term Algebra Reform? In Owens, 
D. T., Reed, M. K., & Millsaps, G. M. (Eds. ) Proceedings of the Seventeenth 
Annual Meeting of the North American Chapter of the International Group for 
the Psychology of Mathematics Education (Volume 1). pp. 71-94. 
Kaput, J. & and Dubinsky, E. (1994). Research Issues in Undergraduate Mathematics 
Learning. Washington, D. C.: Mathematical Association of America. 
Karplus, R. (1979, October-December). Continuous Functions: Students Viewpoints. 
European Journal of Science Education. pp. 397-415. 
Keller, B. A. & Hirsch, C. R. (1994). Student Preferences for Representations of Func- 
tions. In Lum, L. (Ed) Proceedings of the Fifth Annual International Confer- 
ence on Technology in Collegiate Mathematics. Reading, Mass: Addison- 
Wesley Publishing Company. pp. 178-190. 
Kerslake, D. (1977). The Understanding of Graphs. Mathematics in Schools 6(2). pp. 
22-25. 
Kieran, C. (1983). Relationships Between Novices' Views of Algebraic Letters and 
their Use of Symmetric and Asymmetric Equation-Solving Procedures. In 
Bergeron, J. C. & Herscovics, N. (Eds. ) Proceedings of the Fifth Annual Meet- 
ing of PME-NA, Vol 1. Montreal, Canada. University of Montreal. pp. 161- 
168. 
Kieran, C. (1992). The Learning and Teaching of School Algebra. In Grouws, D. A. 
(Ed) Handbook of Research on Mathematics Teaching and Learning. New 
York: Macmillan Publishing Company. pp. 390-419. 
Kieran, C. (1993). Functions, Graphing, and Technology: Integrating Research on 
Learning and Instruction. In Romberg, T. A., Fennema, E., & Carpenter, T. P. 
(Eds. ), Integrating Research on the Graphical Representation of Functions. 
Hillsdale, NJ: Lawrence Erlbaum Associates. pp. 189-237. 
Kleiner, I. (1989). Evolution of the Function Concept: A Brief Survey. College Mathe- 
matics Journal 20(4). pp. 282-300. 
Krutetskii, V. A. (1976). The Psychology of Mathematical Abilities in Schoolchildren. 
Kilpatrick, J. & Wirszup, I. (Eds. ). (Teller, J. Tr. ). Chicago, Illinois: University 
of Chicago Press. 
Lacampagne, C., Blair, W., & Kaput, J. (Eds. ) (1995). The Algebraic Initiative Collo- 
quium. Washington, DC: U. S. Department of Education. 
Facets and Layers of Function for College Students in Beginning Algebra 233 
Bibliography 
Larkin, J. & Simon, H (1987). Why a Diagram is (Sometimes) Worth Ten Thousand 
Words. Cognitive Science 11. pp. 65-99. 
Laturno, J. (1994). The Validity of Concept Maps as a Research Tool in Remedial Col- 
lege Mathematics. In Kirshner, D. (Ed. ) Proceedings of the Sixteenth Annual 
Meeting of the North American Chapter of the International Group for the Psy- 
chology of Mathematics Education Volume 2. pp. 60-66. 
Lincoln, Y. S. & Guba, E. G. (1985). Naturalistic Inquiry. Newbury Park, CA: Sage 
Publications. 
Loftsgaarden, D. 0., Rung, D. C, & Watkins, A. E. (1997). Statistical Abstract of 
Undergraduate Programs in the Mathematical Sciences in the United States. 
MAA Reports Number 2. Washington, D. C.: Mathematical Association of 
America. 
Malik M. A. (1980). Historical and Pedagogical Aspects of the Definition of Function. 
International Journal of Mathematics, Education, Science, and Technology 
11: 4. pp. 489-492. 
Markovitz, Z., Eylon, B., & Bruckheimer, M. (1983). Functions: Linearity Uncon- 
strained. In Proceedings of the Seventh Conference of the International Group 
for the Psychology of Mathematics Education. Rehovot, Israel: Weizmann 
Institute, Department of Science Teaching. pp. 271-277. 
Markovitz, Z., Eylon, B., & Bruckheimer, M. (1986). Functions Today and Yesterday. 
For the Learning of Mathematics 6(2). pp. 18-24. 
Markovitz, Z., Eylon, B., & Bruckheimer, M. (1988). Difficulties Students have with 
the Function Concept. In Coxford, A. F. & Shulte, P. (Eds. ) The Ideas of Alge- 
bra, 1988 Yearbook. Reston, VA: NCTM. pp. 43-60. 
Martinez-Cruz, Armando (1995). Graph, Equation, and Unique Correspondence: 
Three Models of Students' Thinking about Functions in a Technology- 
Enhanced Pre-Calculus Class. In Ownes, D. T., Reed, M. K., & and Millsaps, 
G. M. (Eds. ), Proceedings of the Seventeenth Annual Meeting of the North 
American Chapter of the International Group for the Psychology of Mathemat- 
ics Education Vol. 1. Columbus, OH: ERIC Clearinghouse for Science, Mathe- 
matics, and Environmental Education. pp. 277-283. 
Mason, J., Burton, L., & Stacey, K. (1982). Thinking Mathematically. London: Addi- 
son Wesley. 
Monk, G. S. (1987). Students' Understanding of Functions in Calculus Courses. 
Unpublished manuscript. 
Monk, G. S. (1989). A Framework for Describing Student Understanding of Func- 
tions. Paper presented at the Annual Meeting of the American Educational 
Research Association, San Francisco, CA. 
Monk, G. S. (1992). Students' Understanding of a Function Given by a Physical 
Model. In Harel, G& Dubinsky, E. (Eds. ), The Concept of Function Aspects of 
Epistemology and Pedagogy. Washington, D. C.: Mathematical Association of 
America. pp. 175-193. 
Facets and Layers of Function for College Students in Beginning Algebra 234 
Bibliography 
Moschkovich, J., Schoenfeld, A. H., & Arcavi, A. (1993). Aspects of Understanding: 
On Multiple Perspectives and Representations of Linear Relations and Con- 
nections Among Them. In Romberg, T. A., Fennema, E., & Carpenter, T. P. 
(Eds. ), Integrating Research on the Graphical Representation of Functions. 
Hillsdale, NJ: Lawrence Erlbaum Associates. pp. 69-100. 
National Council of Teachers of Mathematics (1989). Curriculum and Evaluation 
Standards for School Mathematics. Reston, Virginia: NCTM, Inc. 
National Council of Teachers of Mathematics (1991). Professional Standards for 
Teaching Mathematics. Reston, Virginia: NCTM, Inc. 
National Research Council (1996). Mathematics and Science Education Around the 
World: What Can We Learnfrom the Survey of Mathematics and Science 
Opportunities (SMSO) and the Third International Mathematics and Science 
Study (TIMSS)? Washington, DC: National Academy Press. 
Norman, F. A. (1992). Teachers' Mathematical Knowledge of the Concept of Func- 
tion. In Harel, G& Dubinsky, E. (Eds. ), The Concept of Function Aspects of 
Epistemology and Pedagogy. Washington, D. C.: Mathematical Association of 
America. pp. 215-232. 
Norman, F. A. (1993). Integrating Research on Teachers' Knowledge of Functions and 
their Graphs. In Romberg, Thomas A., Fennema, Elizabeth, & Carpenter, Tho- 
mas P. (Eds. ), Integrating Research on the Graphical Representation of Func- 
tions. Hillsdale, NJ: Lawrence Erlbaum Associates. pp. 159-187. 
Norman, F. A. & Prichard, M. K. (1994). Cognitive Obstacles to the Learning of Cal- 
culus: A Kruketskiian Perspective. In Kaput, J. & and Dubinsky, E. (Eds. ), 
Research Issues in Undergraduate Mathematics Learning. Washington, D. C.: 
Mathematical Association of America. pp. 65-77. 
Novak, J. D. & Gowin, D. B. (1984). Learning How to Learn. New York: Cambridge 
University Press. 
O'Callaghan, B. R. & Kirshner, D. (1994). Students' Conceptions of Functions in a 
Computer-Rich Problem Solving Environment. In Kirshner, D. (Ed. ) Proceed- 
ings of the Sixteenth Annual Meeting of the North American Chapter of the 
International Group for the Psychology of Mathematics Education (Volume 1). 
pp. 271-277. 
Osborne, A. R. & Crosswhite, F. J. (1970). Forces and Issues Related to Curriculum 
and Instruction, 7-12. In National Council of Teachers of Mathematics (Eds. ), 
A History of Mathematics Education in the United States and Canada. Wash- 
ington, DC: National Council of Teachers of Mathematics. pp. 155-300. 
Papert, S. (1980). Mindstorms. New York: Basic Books. 
Papert. S. (1993). The Children's Machine. New York: Basic Books. 
Philipp, R. A., Martin, W. 0., & Richgels, G. W. (1993). Curricular Implications of 
Graphical Representations of Functions. In Romberg, T. A., Fennema, E., & 
Carpenter, T. P. (Eds. ), Integrating Research on the Graphical Representation 
of Functions. Hillsdale, NJ: Lawrence Erlbaum Associates. pp. 239-278. 
Facets and Layers of Function for College Students in Beginning Algebra 235 
Bibliography 
Piaget, J. (1972). The Principles of Genetic Epistemology, (W. Mays trans. ). London: 
Routledge & Kegan Paul. 
Piaget, J. (1985). The Equilibrium of Cognitive Structures (T. Brown and K. J. Thampy, 
trans. ). harvard University Press, Cambridge, MA (originally published 1975). 
Piaget, J. & Inhelder, B. (1969). The Psychology of the Child. New York, NY: Basic 
Books. 
Pinie, S. & Kieren, T. (1994). Growth in Mathematical Understanding: How Can We 
Characterise It and How Can We Represent It? In Cobb, P. (Ed. ). Learning 
Mathematics: Constructivist and Interactionist Theories of Mathematical 
Development. Dordrecht, The Netherlands: Kluwer Academic Publishers. pp. 
61-86. 
Rich, B. (1990). The Effect of the Use of Graphing Calculators on the Learning of 
Function Concepts in Precalculus Mathematics. Dissertation Abstracts Inter- 
national, 52,835A. 
Richardson, J, T. E. (Ed. ) (1996). Handbook of Qualitative Research Methods. Leices- 
ter: The British Psychological Society. 
Romberg, T. & Spence, M. (1995). Some Thoughts on Algebra for the Evolving Work 
Force. In Lacampagne, C., Blair, W., & Kaput, J. (Eds. ), The Algebraic Initia- 
tive Colloquium. Washington, DC: U. S. Department of Education. 
Romberg, Thomas A., Fennema, Elizabeth, & Carpenter, Thomas P. (1993). Integrat- 
ing Research on the Graphical Representation of Functions. Hillsdale, NJ: 
Lawrence Erlbaum Associates. 
Salamon, G, Perkins, D. N., & Globerson, T. (1991). Partners in Cognition: Human 
Intelligence with Intelligent Technologies. Educational Researcher 20: 3, 
April. pp. 2-9. 
Schwartz, J. (1987). The Algebraic Proposer. Pleasantville, NY: Sunburst Communi- 
cations. ' 
Schwartz, J. (1988, July-August). The Triple Representation Model Curriculum for the 
Function Concept. Paper presented to the theme group on Microcomputers and 
the Teaching of Mathematics at the Sixth International Congress on Mathemat- 
ics Education, Budapest, Hungary. 
Schwartz, J. & Yerushalmy, M. (1990a). Visualizing Algebra: The Function Analyzer. 
Pleasantville, NY: Sunburst Communications. 
Schwartz, J. & Yerushalmy, M. (1990b). The Function Supposer: Explorations in 
Algebra. Pleasantville, NY: Sunburst Communications. 
Schwartz, J. &Yerushalmy, M. (1990c). The Function Supposer: Symbols and Graphs. 
Pleasantville, NY: Sunburst Communications. 
Schwartz, J. & Yerushalmy, M. (1992). Getting Students to Function In and With Alge- 
bra. In Harel, G& Dubinsky, E., The Concept of Function Aspects of Episte- 
mology and Pedagogy. Washington, D. C.: Mathematical Association of 
America. pp. 261-289. 
Facets and Layers of Function for College Students in Beginning Algebra 236 
Bibliography 
Schwartz, B, Dreyfus, T., & Bruckheimer, M. (1990). A Model of the Function Con- 
cept in a Three-Fold Representation. Computers & Education 14. pp. 249-262. 
Schwingendorf, K., Hawks, J., & Beineke, J. (1992). Horizontal and Vertical Growth 
of the Student's Conception of Function. In Harel, G& Dubinsky, E. (Eds. ), 
The Concept of Function Aspects of Epistemology and Pedagogy. Washington, 
D. C.: Mathematical Association of America. pp. 133-149. 
Selden, A. & Selden, J. (1992). Research Perspectives on Conceptions of Functions: 
Summary and Overview. In Harel, G& Dubinsky, E. (Eds. ), The Concept of 
Function Aspects of Epistemology and Pedagogy. Washington, D. C.: Mathe- 
matical Association of America. pp. 1-16. 
Sfard, A. (1991). On the Dual Nature of Mathematical Conceptions: Reflections on 
Processes and Objects as Different Sides of the Same Coin. Educational Stud- 
ies in Mathematics 22(1). pp. 1-36. 
Sfard, A. (1992). Operational Origins of Mathematical Objects and the Quandary of 
Reification-The Case of Function. In Harel, G& Dubinsky, E. (Eds. ), The 
Concept of Function Aspects of Epistemology and Pedagogy. Washington, 
D. C.: Mathematical Association of America. pp. 59-84. 
Sfard, A. (1995). The Development of Algebra: Confronting Historical and Psycholog- 
ical Perspectives. In Davis, R. (Ed. ), Journal of Mathematical Behavior 14. pp. 
15-39. 
Sfard, A. & Linchevski, L. (1994). The Gains and Pitfalls of Reification-The Case of 
Algebra. Educational Studies in Mathematics 26. pp. 191-228. 
Sierpinska, A. (1988). Epistemological Remarks on Functions. Proceedings of the 
Twelfth International conference for the Psychology of Mathematics Educa- 
tion. Vesprem, Hungary. pp. 568-575. 
Sierpinska, A. (1992). On Understanding the Notion of Function. In Harel, G& 
Dubinsky, E. (Eds. ), The Concept of Function Aspects of Epistemology and 
Pedagogy. Washington, D. C.: Mathematical Association of America. pp. 25- 
58. 
Sierpinska, A. (1994). Understanding in Mathematics. London: The Falmer Press. 
Simoneaux, D. & Kirshner, D. (1994). Negative Consequences of Rote Instruction for 
Meaningful Learning. In Kirshner, D. (Ed. ) Proceedings of the Sixteenth 
Annual Meeting of the North American Chapter of the International Group for 
the Psychology of Mathematics Education (Volume 1). pp. 218-224. 
Skemp R. R. (1971). The Psychology of Learning Mathematics. London: Penguin. 
Skemp, R. R. (1976). Relational Understanding and Instrumental Understanding. 
Mathematics Teaching 77. pp. 20-26. 
Skemp R. R. (1979). Intelligence, Learning and Action, Wiley. 
Spradley, J. P. (1979). The Ethnographic Interview. New York: Holt, Rinehart and Win- 
ston. 
Facets and Layers of Function for College Students in Beginning Algebra 237 
Bibliography 
Tall, D. O. (1986). Building and Testing a Cognitive Approach to the Calculus Using 
Computer Graphics, Ph. D. Thesis. Mathematics Education Research Centre, 
University of Warwick. 
Tall, D. O. (1987a). Constructing the Concept Image for a Tangent. Proceedings of the 
11th International Meeting of the International Group for the Psychology of 
Mathematics Education. Montreal, III. pp. 69-75. 
Tall, D. O. (1987b). Algebra in a Computer Environment. Proceedings of the 11th 
International Meeting of the International Group for the Psychology of Mathe- 
matics Education. Montreal, I. pp. 262-271. 
Tall, D. O. (1989a). Different Cognitive Obstacles in a Technological Paradigm. In 
Kieran, C. & Wagner, S. (Eds. ) Research Agenda for Mathematics Education: 
Research Issues in the Teaching and Learning of Algebra. Reston, VA: 
National Council of Teachers of Mathematics. Hillsdale, NJ: Lawrence 
Erlbaum Publishers. pp. 87-92. 
Tall, D. O. (1989b). Concept Images, Generic Organizers, Computers, and Curriculum 
Change. For the Learning of Mathematics 9(3). pp. 37-42. 
Tall, D. O. (1991a). The Psychology of Advanced Mathematical Thinking. In Tall, D. 
0. (Ed. ), Advanced Mathematical Thinking. Dordrecht, The Netherlands: Klu- 
wer Academic Publishers. pp. 3-21. 
Tall, D. O. (1991b). Reflections. In Tall, D. O. (Ed. ), Advanced Mathematical Thinking. 
Dordrecht, The Netherlands: Kluwer Academic Publishers. pp. 251-259. 
Tall, D. O. (1991c). Intuition and Rigour: The Role of Visualization in Calculus. In 
Zimmermann, W& Cunningham, S. (Eds. ). Visualization in Teaching and 
Learning Mathematics MAA Notes Number 19. Washington, D. C.: Mathemat- 
ical Association of America. pp. 105-119. 
Tall, D. O. (1992a). Mathematical Processes and Symbols in the Mind. In Z. A. Karian 
(Ed. ), Symbolic Computation in Undergraduate Mathematics Education. MAA 
Notes 24. Mathematical Association of America. pp. 57-68. 
Tall, D. O. (1992b). The Transition to Advanced Mathematical Thinking: Functions, 
Limits, Infinity, and Proof. In Grouws, D. A. (Ed. ) Handbook of Research on 
Mathematics Teaching and Learning. New York: Macmillan Publishing Com- 
pany. pp. 495-511. 
Tall, D. O. (1993). Real Mathematics, Rational Computers, and Complex People. In 
Lum, L., Proceedings of the Fifth International Conference on Technology in 
College Mathematics. Reading, MA: Addison Wesley. pp. 243-258. 
Tall, D. O. (1995a). Cognitive Growth in Elementary and Advanced Mathematical 
Thinking. In Miera, L. & Carraher, D. (Eds. ) Proceedings of the Nineteenth 
International Conference for the Psychology of Mathematics Education. Rec- 
ife, Brazil. Vol. 1. pp. 61-75. 
Tall, D. O. (1995b). The Psychology of Symbols and Symbol Manipulators. Proceed- 
ings of the Seventh International Conference on Technology in College Mathe- 
matics. Reading, MA: Addison Wesley. pp. 453-457. 
Facets and Layers of Function for College Students in Beginning Algebra 238 
Bibliography 
Tall, D. O. (1996). Information Technology and Mathematics Education: Enthusiasms, 
Possibilities and Realities. Proceedings of International Congress on Mathe- 
matics Education 8. Seville, Spain. (in press). 
Tall, D. O. (in preparation). Biological Brain and Mathematical Mind. 
Tall, D. O. & Bakar, MdNor (1992). Students' Mental Prototypes for Functions and 
Graphs. International Journal of Math, Education, Science, and Technology 23 
(1). pp. 39-50. 
Tall, D. O. & Harel, G. (1991). The General, the Abstract, and the Generic in Advanced 
Mathematics. For the Learning of Mathematics 11(1). pp. 38-42. 
Tall, D. O. and Razali, M. R. (1993). Diagnosing Students' Difficulties in Learning 
Mathematics. International Journal for Math, Education, Science & Technol- 
ogy 24 (2). pp. 202-209. 
Tall, D. O. & Thomas, M. 0. J. (1989). Versatile Learning and the Computer. Focus 
11(2). p. 117-125. 
Tall, D. O. & Thomas, M. 0. J. (1991). Encouraging Versatile Thinking in Algebra 
Using the Computer. Educational Studies in Mathematics 22(2). pp. 125-147. 
Tall, D. O. & Vinner, S. (1981). Concept Image and Concept Definition in Mathemat- 
ics, with Particular Reference to Limits and Continuity. Educational Studies in 
Mathematics 12. pp. 151-169. 
Teles, E. J. (1989). Numerical and Graphical Presentation of Functions in Precalculus. 
Dissertation Abstracts International, 51,777A. 
Thomas, M. & Tall, D. O. (1988). Longer Term Effects of the Use of the Computer in 
the Teaching of Algebra. Proceedings of the 12th International Meeting of the 
International Group for the Psychology of Mathematics Education. Hungary. 
pp. 601-608. 
Thompson, P. W. (1994). Students, Functions, and the Undergraduate Curriculum. In 
Dubinsky, E., Schoenfeld, A., & Kaput, J. (Eds. ), Research In Collegiate Math- 
ematics Education. 1. Providence, R. I.: American Mathematical Society. pp. 
21-44. 
Turkle, S. & Papert, S. (1992). Epistemological Pluralism and the Revaluation of the 
Concrete. Journal of Mathematical Behavior 11. pp. 3-33. 
Usiskin, Z. (1988). Conceptions of School Algebra and Uses of Variable. The Ideas of 
Algebra, K-12. National Council of Teachers of Mathematics: 1988 Yearbook. 
pp. 8-19. 
Vinner, S. (1983). Concept Definition, Concept Image, and the Notion of Function. 
International Journal of Mathematical Education in Science and Technology 
14(3). pp. 293-305. 
Vinner, S. (1992). The Function Concept as a Prototype for Problems in Mathematics 
Learning. In Harel, G& Dubinsky, E. (Eds. ), The Concept of Function Aspects 
of Epistemology and Pedagogy. Washington, D. C.: Mathematical Association 
of America. pp. 195-213. 
Facets and Layers of Function for. College Students in Beginning Algebra 239 
Bibliography 
Vinner, S. (1997). From Intuition to Inhibition-Mathematics, Education and other 
Endangered Species. In Pehkonen, E. (Ed. ), Proceedings of the 21st Annual 
Conference for the Psychology of Mathematics Education, Vol I. Lahti, Fin- 
land. pp. 63 78. 
Vinner, S. & Dreyfus, T. (1989). Images and Definitions for the Concept of Function. 
Journal for Research in Mathematics Education 20: 4. pp. 356-366. 
von Glaserfeld, E. (1991). Abstraction, Representation, and Reflection: An Interpreta- 
tion of Experience and Piaget's Approach. In Steffe, L. P. (Ed. ), Epistemologi- 
cal Foundations of Mathematical Experience. New York: Springer-Verlag. pp. 
45-65. 
Wagner, W. Rachlin, S. L., & Jensen, R. J. (1984). Algebra Learning Project: Final 
Report. Athens, GA: University of Georgia, Department of Mathematics. 
Watkins, A., et al. (1993). A Survey of Two-Year College Mathematics Programs: The 
Boom Continues. The AMATYC Review 14: 2. P. 57. 
Western Australian Ministry of Education (1990). Lower Secondary Mathematics Syl- 
labus. Perth: Western Australian Ministry of Education. 
Williams, S. R. (1993). Some Common Themes and Uncommon Directions. In Rom- 
berg, T. A., Fennema, E., & Carpenter, T. P. (Eds. ), Integrating Research on the 
Graphical Representation of Functions. Hillsdale, NJ: Lawrence Erlbaum 
Associates. Pp. 313-337. 
Yerushalmy, M. (1997). Designing Representations: Reasoning About Functions of 
Two Variables. Journal for Research in Mathematics Education 24(4). pp. 
431-466. 
Yerushalmy, M. & Schwartz, J. L. (1993). Seizing the Opportunity to Make Algebra 
Mathematically and Pedagogically Interesting. In Romberg, T. A., Fennema, 
E., & Carpenter, T. P. (Eds. ), Integrating Research on the Graphical Represen- 
tation of Functions. Hillsdale, NJ: Lawrence Erlbaum Associates. pp. 41-68. 
Zimmermann, W& Cunningham, S. (1991). Visualization in Teaching and Learning 
Mathematics MAA Notes Number 19. Washington, D. C.: Mathematical Asso- 
ciation of America. 
Facets and Layers of Function for College Students in Beginning Algebra 240 
Appendix A 
Pre-Course Function Survey 
A note to the student 
You are enrolled in an algebra course where one of the key mathematical ideas is the 
concept of function. I am conducting a research study on this course and I need your 
help. I need your honest answers to two surveys. This survey is designed to assess your 
knowledge of the mathematical concept "function" prior to this course. Do not worry 
if you are unable to answer the following questions since you are not expected to have 
studied this concept before. I hope to learn how your concept image of "function" 
grows during the course. A concept image is everything that is associated in your mind 
with a concept. Each person's concept image is unique, like a fingerprint. You will be 
asked to complete another survey at the end of the course. Thank you very much for 
your cooperation in this venture. 
Sincerely, 
Phil DeMarois 
Identification information 
Please print the last five digits of your social security number: 
Name of 
school: 
Name of instructor: 
How much algebra have you had prior to this course (1/2 year, 1 year, etc. )? 
What is the first word that comes to your mind when you hear the word "math"? 
Directions for survey 
Next to each question is a box like the one at the right. Know Afraid Unsur No Idea 
Read the question. Check the box below the word that 
best describes your confidence about answering the 
question using the following guidelines. 
Know I can answer this question correctly. 
Afraid of making a simple mistake, but I know how to answer the question. 
Unsure of how to answer the question though I have some ideas about how to 
answer. 
No idea how to answer this question. 
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For example, Afraid has been checked in the box at Know Afraid Unsur No idea 
the right. 
After checking the box, attempt to answer the 
question, if you can. 
When you see the variable x, assume that it stands for input. 
When you see the variable y, assume that it represents output. 
Consider the diagram. 
x 
1i 
Add 1 to the input 
Multiply the sum by 3 
y 
a. What are the output(s) if the input is 7? 
Answer: 
b. What are the input(s) if the output is 18? 
Answer: 
2. Consider the equation y= 3x - 7. 
a. What are the output(s) if the input is 5? 
Answer: 
b. What are the input(s) if the output is 0? 
Answer 
Know Afraid Unsure No idea 
Know Afraid Unsure No Idea 
Know Afraid Unsure No Idea 
Know Afraid Unsur No Idea 
3. Consider the following table copied from a TI-82 graphics calculator. The "X" 
stands for x and the "Y1" stands for y. 
t 
i st 
Z 
"s o o -3 
1 'y 
3 
O 
a. What are the output(s) if the input is -2? 
Answer 
b. What are the input(s) if the output is -3? 
Answer: 
Know Afraid Unsu No Idea 
Know Afraid Unsur No Idea 
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4. Consider the following viewing window and graph copied from a TI-82 graph- 
ics calculator. 
Y 
FORMAT 
rURUM .:: .:... X Xmax=10 
.... ..... Xscl=1 """"" "" """" YMin=-16 
YMax=6 ...... ..... Ysc1=2 
,;;;;;, , ",,,, 
5. 
a. What are the output(s) if the input is 3? 
Answer 
b. What are the input(s) if the output is 0? 
Answer: 
What is a function? 
Know Afraid Unsur No idea 
Know Afraid Unsu No Idea 
Know Afraid Unsure No Idea 
6. Briefly state what each of the following words or phrases mean to you. 
a. a variable. Know Afraid Unsur No idea 
b. a two-column table of numbers. 
c. a graph. 
d. an equation. 
now Afraid Unsure No Idea 
Know Afraid Unsur No idea 
Know Afraid Unsure No idea 
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7. Briefly state what each of the following symbols mean to you. 
a. fl x) Know Afraid Unsur No idea 
b. y(x) =4 Know Afraid Unsure No idea 
c. a(b + c) Know Afraid Unsur No Idea 
Thank you for your help and cooperation. I 
appreciate it! 
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Post-Course Function Survey 
A note to the student 
You have completed an algebra course in which one of the key mathematical ideas was 
the concept of function. This survey is designed to assess your concept image of func- 
tion at the end of the course. You may recall that you completed a Pre-Course Function 
Survey when you began this course. Your answers established a basis for your knowl- 
edge of function at the beginning of the course. This survey will be used to measure 
the growth in your knowledge of function as a result of the course. Thank you very 
much for your cooperation in this venture. 
Sincerely, 
Phil DeMarois 
Identification information 
Please print the last five digits of your social security number: 
Name of school: 
Name of instructor: 
Circle your age group 17-20 21-25 26-30 31-? 
What is the first word that comes to your mind when you hear the word "math"? 
Directions for survey 
Next to each question is a box like the one at the right. Know Afraid Unsure No Idea 
Read the question. Check the box below the word that 
best describes your confidence about answering the 
question using the following guidelines. 
Know I can answer this question correctly. 
Afraid of making a simple mistake, but I know how to answer the question. 
Unsure of how to answer the question though I have some ideas about how to 
answer. 
No idea how to answer this question. If you circle N, go on to the next prob- 
lem. 
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For example, Afraid has been checked in the box at Know Afraid Unsur No idea 
the right. Then, answer the question, if you can. 
When you see the variable x, assume that it stands for input. 
When you see the variable y, assume that it represents output. 
Consider the diagram. 
x 
Add 1 to the input 
Multiply the sum by 3 
i 
Y 
a. What are the output(s) if the input is 7? 
Answer: 
b. What are the input(s) if the output is 18? 
Answer: 
2. Consider the equation y= 3x - 7. 
a. What are the output(s) if the input is 5? 
Answer: 
b. What are the input(s) if the output is 0? 
Answer: 
Know Afraid Unsur No Idea 
Know Afraid Unsur No idea II 
LLI 
Know Afraid Unsur No Idea 
ur Know Afraid Uns No idea 
3. Consider the following table copied from a TI-82 graphics calculator. The "X" 
stands for x and the "Y1" stands for y. 
:Z 5 0 0 -3 i -9 
i -3 
3 0 
a. What are the output(s) if the input is -2? 
Answer. 
b. What are the input(s) if the output is -3? 
Answer: 
Know Afraid Unsur No idea 
Know Afraid Unsur No Idea 
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4. Consider the following viewing window and graph copied from a TI-82 graph- 
ics calculator. 
y 
DIEM FQRMfiT 
Min=-10 ':.. . 
_. x Max=10 ,,. Xsc1=1 """"" """" Ymin=-16 
".,:, ,.,, YMax=6 ...... ..... Ysc1=2 
5. 
a. What are the output(s) if the input is 3? 
Answer 
b. What are the input(s) if the output is 0? 
Answer: 
What is a function? 
Know Afraid Unsur No Idea 
Know Afraid ]Un-s-u-rq No idea 
Know Afraid Unsur No idea I1 
-1 
-1 
6. Briefly state what each of the following words or phrases mean to you. 
a. a variable. Know Afraid Unsur No idea III-:: 
] 
b. a two-column table of numbers. 
c. a graph. 
d. an equation. 
Know Afraid Unsure No Idea 
Know Afraid Unsure No Idea 
Know Afraid Unsur No Idea 
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7. Briefly state what each of the following symbols mean to you. 
a. fl x) Know Afraid Unsur No idea 
b" y(x) =4 Know Afraid Unsure No idea 
c. a(b + c) Know Afraid nsureý No idea 
8. Assume that f is the name of a function. Is Know Afraid Unsur No idea 
there a difference between 3f (2) and 
2f (3) ? If yes, what is the difference? 
9. Suppose that f is the name of a function and x is the input to that function. Con- 
sider the notation f (x) . Check true or false. 
a. f (x) represents the output of the function Know Afraid Unsur No idea 
when x is input. 
True False 
b. f (x) represents the product off and x. Know Afraid Unsur No Idea 
True False 
c. f (x) represents the rule you follow to Know Afraid Unsur No Idea 
find the output. 
True False 
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10. Write the letters of those tables/sets listed Know Afraid Unsu No idea 
below that you believe are functions. What 
rule did you use to decide if the given table/ 
set is a function? 
Functions: 
a. 
d. 
Rule used: 
Input Output 
3 4 
7 -6 
2 9 
-5 3 
8 -6 
b. Input Output 
3 5 
4 6 
3 2 
8 -1 
2 0 
C. Input Output 
1 2 
2 4 
3 6 
4 8 
5 10 
Input Output 
3 4 
7 4 
2 4 
-5 4 
8 4 
e. {(-1,5), (7,2), (-3, -8), (4, -i)] 
f. A table has two columns. The left column begins at 0 and increases in 
increments of 2. The right column begins at 1. Each entry in the right col- 
umn is computed by multiplying the preceding entry by 3. Part of the table 
appears below. 
Input Output 
0 1 
2 3 
4 9 
6 27 
8 81 
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11. Write the letters of those equations listed Know Afraid unsur No idea 
below that you believe are functions. What 
rule did you use to decide if the given equa- 
tion is a function? 
Functions: 
Rule used: 
a. y=3x-2 
C. y=s 
1 ifx<-3 
e. y= x2 if xz -3 and x<4 
2 if x>4 
g. If x is rational, then y=0 
/0 if x is rational i. y =! 1 if x is not rational 
k. x=4 
b. y=9-z2 
a. x2 + y2 =1 
f. y=t x+2 
h., xy=7 
j. x=2+tandy=3t2-5r+1 
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12. Write the letters of those graphs listed below Know Afraid Unsur No idea 
that you believe are functions. What rule did 
youusetodecideifthegivenequationisafunction? 
Functions: 
Rule used: 
Output Output 
a. 
Output 
C. 
Output 
A 
Output 
9. 
Output 
i. , 
b. 
it 
Output 
d. 
Wut 
iput 
f. 
t 
Output 
" """" """""" 
put h" Input 
Output 
Wut 
iput 
aput 
iput 
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13. Consider the function machines for function Ann and function Natalie. 
t Input Invi 
i 
Function Add 1 to the input Function Na talie Multiply the input by 3 Ann Multiply the sum by 3 Add 3 to the product 
Output Output 
a. What is the output of function Ann if the Know Afraid Unsur No idea input is 7? 
Answer: 
b. What is the output of function Natalie if Know Afraid Unsure No Idea 
the input is 7? 
Answer 
c. What is the output of function Ann if the Know Afraid Unsure No Idea input is x? 
Answer: 
d. What is the output of function Natalie if Know Afraid Unsur No idea 
the input is x? 
Answer: 
e. Do you consider Ann and Natalie the same Know Afraid Unsur No Idea 
function? Why or why not? 
Thank you for your cooperation. 
I hope the course was a valuable experience for you! 
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Function Questions for Student Interview 
Consider the diagram. 
x 
i 
Add 1 to the input 
Multiply the sum by 3 
y 
a. What are the output(s) if the input is 7? 
b. ' What are the input(s) if the output is 18? 
2. Consider the equation y= 3x - 7. 
a. What are the output(s) if the input is 5? 
b. What are the input(s) if the output is 0? 
3. Consider the following table copied from a TI-82 graphics calculator. The "X" 
stands for x and the "Y1" stands for y. 
t 
2 S 
-1 0 
0 '3 
1 "I 
2 '3 
3 0 
a. What are the output(s) if the input is -2? 
b. What are the input(s) if the output is -3? 
4. Consider the following viewing window and graph copied from a TI-82 graph- 
ics calculator. 
y 
Min=-10 ..... x Xmax=10 
Xscl=1 """"" "" Ymin=-16 :.:.. ... Yriax=6 ...... ..... Ysc1=2 ;, ";,,, ,,,,,, 
a. What are the output(s) if the input is 3? 
b. What are the input(s) if the output is 0? 
5. Complete my sentence: A function is .... 
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6. Briefly state what each of the following symbols mean to you. 
a. fl x). Do you identify a process with the notation? Do you identify an output 
with the notation? 
b. y(x) = 4. do you identify the statement with a "process", do you identify 
the statement with an "output, or do you identify the statement with both a 
"process" and an "output? " 
c. a(b + c) Could this ever mean function notation? 
7. Which tables/sets listed below that you believe are functions. Why? 
a. 
d. 
Input Output 
3 4 
7 -6 
2 9 
-5 3 
8 -6 
Input Output 
3 4 
7 4 
2 4 
-5 4 
8 4 
b. Input Output 
3 5 
4 6 
3 2 
8 -1 
2 0 
C. Input Output 
1 2 
2 4 
3 6 
4 8 
5 10 
e. {(-1,5), (7,2), (-3, -8), (4, -1)} 
f. A table has two columns. The left column begins at 0 and increases in 
increments of 2. The right column begins at 1. Each entry in the right col- 
umn is computed by multiplying the preceding entry by 3. Part of the table 
appears below. 
Input Output 
0 1 
2 3 
4 9 
6 27 
8 81 
Facets and Layers of Function for College Students in Beginning Algebra 254 
Appendix C 
8. Which equations listed below that you believe are functions. Why? 
a. y=3x-2 b. y= 9-X2 
C. y=s 
1 ifx<-3 
e. y= x2 if x; -> -3 and x<4 
2 if x>4 
g. If x is rational, then y=0 
_0 
if x is rational 
1. y-\1 if x is not rational 
k. x=4 
d. x2 + y2 =1 
f. y=fx+2 
h. xy =7 
ý. x=2+tandy=3t2-5t+1 
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9. Which graphs listed below that you believe are functions. Why? 
Output Output 
a. 
Output 
C. 
Output 
C. 
Output 
g" 
Output 
it 
b. 
Output 
put 
d. 
1put 
f. 
1put 
1put 
Output 
..... ...... 
put h. Input 
Output 
Input j. E input 
10. Suppose you were to make a list pairing each student's first name with that stu- 
dent's score on a test. Could that pairing represent a function? Why or why 
not? (Norman, in Harel & Dubinsky, p. 232) 
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11. A catepillar is crawling around on a piece of coordinate graph paper like so. If 
we were to determine the creatures location on the paper with repsect to time, 
would location be a function of time? Why or why not? (ibid). 
12. Assume that f is the name of a function. Is there a difference between 3f (2) 
and 2f (3) ? Explain. Relate to each of the following. 
a. 
x f (x) 
0 7 
1 15 
2 5 
3 4 
4 9 
b. f(x) = x+2 
C. 
x 
Add 2 
Multiply by 4 
fx) 
d. 
F7 
LL-* 
JINUUW 
XMin=-1 
Max=5 
scl=1 
Yrh i n= -5 Yrnax=5 
Yscl=1 
Xres=1 
13. Can you demonstrate what a function is through actions rather than words. Act 
out a physical motion that demonstrates what a function means to you. 
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14. A friend comes to you with her definition of function. Is her definition accept- 
able? Why or why not? How does it "fit" with your definition? 
a. Sue's definition: A function is a correspondence that assigns to each ele- 
ment of one set one and only one element of a second set. A diagram 
appears below. 
b. Gail's definition: A function is a set of ordered pairs (a, b) in which for 
each value of a in the domain of the function, there is one and only one 
value of b in the range of the function. 
15. An equation, a table, and a graph are displayed below for the same function. 
y(x) = x2 - 3x-10 
-s io Min-10 e Max=10 3 e 
- ° Xsc1=1 ý 1 -s Ynin=-12 """ ' """ o 
IL - "12 
Yriax=6 
Yscl=2 
...... 
....... 
.... 
..... 
iOX2-3X-1 0 
a. What is the output if the input is -1? Did you use the equation, the table, or 
the graph to answer the question? 
b. What is the output if the input is -5? Did you use the equation, the table, or 
the graph to answer the question? 
c. What is the output if the input is 4? Did you use the equation, the table, or 
the graph to answer the question? 
d. What is the output if the input is 12? Did you use the equation, the table, or 
the graph to answer the question? 
e. What is the output if the input is h? Did you use the equation, the table, or 
the graph to answer the question? 
f. What are the input(s) if the output is 0? Did you use the equation, the table, 
or the graph to answer the question? 
g. What are the input(s) if the output is 44? Did you use the equation, the 
table, or the graph to answer the question? 
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16. a. In your opinion, what does it mean to say that two functions are the same? 
b. The function machines for two functions appear below. Are the two func- 
tions the same? Why or why not? 
Input 
Function 
Chris Multi] 
Add 6 
ly by 3 
I iI 
Input 
Function 
j 
Lee Add 2 to the input 
Multiply the sum by 3 
Output 
c. Write the algebraic form for each of these functions. Are the two functions 
the same? Why or why not? 
17. Given the function y(x) = 4x + 5, create a table, a graph, and a function 
machine. Describe the function verbally. 
18. Given the table, 
x y 
0 -3 
1 -1 
2 1 
3 3 
4 5 
5 7 
6 9 
7 11 
create an equation, a graph, and a function machine. Describe the function 
verbally. 
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19. Given the function machine, 
x 
i 
Add 1 to the input 
Multiply the sum by 3 
y 
create a table, a graph, and an equation. Describe the function verbally. 
20. Given the graph, 
.......... WINDOW :""": """" XMin= -5 """""" XMax=5 """""""""" Xscl=1 
YMin= -5 """""". 
Ymax=5 "" 
'' '"''"' Yscl=1 IL 
Xres=  
::...:. 
create a table, an equation, and a function machine. Describe the function ver- 
bally. 
21. Consider the following tables for functions f and g. 
x f(x) 
1 3 
2 -1 
3 1 
4 0 
5 -2 
a. What is the value of f (g(2)) ? Why? 
b. What is the value of g(f (2)) ? Why? 
x g(x) 
-2 3 
-1 1 
0 5 
1 2 
2 4 
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22. Consider the following function machines for functions f and g. 
xx 
I#IIjI 
square the input multiply by 5 
f multiply by 4g subtract 3 
add 1 
f cx> glx) 
a. What is the value of f (g(2)) ? Why? 
b. What is the value of g(f (2)) ? Why? 
23. Consider the following graphs for functions f and g. The graph off is the line. 
The graph of g is the parabola. 
ijcium rurrin i..... 
Min=-6 . ........ . ....... ... 
XSG1-1 
YMin= -5 . .... . 
Ymax=10 """ 
.......... YSC1=1 "" ""' .......... 
....... 
9 
a. Approximate the value of f (-3) . 
b. Approximate the value of g(1) . 
c. Approximate the value of g(f(2)) . Describe what you did. 
24. Consider functions f and g defined as f (x) = 3x -5 and g(x) = x2 +1. 
What is g(f (3)) ? Describe what you did. 
Facets and Layers of Function for College Students in Beginning Algebra 261 
Appendix C 
25. Consider the following function machine. 
Input 
II i* Multiply by 3 Add 2 
ýr Ou put 
a. What is the output if the input is 5? What did you do? 
b. What is the input if the output is 5? What did you do? 
c. What is the output if the input is y(x) = x2 - 5x ? What did you do? 
26. Consider the following function machine. 
Input 1 Input 2 
il Ii F--JAdd Input 1 and Input 2 
I +F- 
Output 
a. What is the output if Input 1 is 7 and Input 2 is 11? What did you do? 
b. What is the output if Input 1 is f (x) and Input 2 is g(x) where 
f (x) = 3x -5 and g(x) = x2 +1. What did you do? 
27. For each part of this question, f, g, and h represent functions and 
h(x) =f (g(x)) 
a. If only the information in the following table were known, would it be pos- 
sible to find h(O) ? If so, find it and if not explain why not. 
x f (x) g(x) 
-1 2 -3 
o -3 -1 
4 1 2 
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b. If only the information in the following table were known, would it be pos- 
sible to find f (2) ? If so, find it and if not explain why not. 
x h(x) g(x) 
-1 1 -3 
4 7 1 
7 0 2 
c. If only the information in the following table were known, would it be pos- 
sible to find g(4) ? If so, find it and if not explain why not. 
x h(x) f(x) 
-1 1 -2 
2 3 1 
4 -2 7 
28. Describe a real-world situation that is modeled by a function. 
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2O utput 
y=3x2 -x 
Input 
3 4 
x 
i 
multiply by 2 
addI 
10 
5 
x 
6 
-2 2/3 
-1 2 
0 6 x=4 1 18 
2 54 
8 
x 
-2 4 4 
0 4., y=2x+1 1 4 
2 4 
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InI 
-- 1U x 
i! -2 9 
raise 3 to power equal to input -1 
5 
04 
multiply result by 6 16 
i` 2 11 
output 
1 2 11 
1 E 
2x+1=7 
1 
13 14 
x 
{5,7,11,19,34} 11 
x2+y2 = 25 {-2,0,5,6,8,12} 5.5 
{1,5,19} 5 
16,9,11,45) 10 
18,17,4,76,21) 17 
15 16 
i I nput gnore 
i 4 
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17 18 
X 
i 
square input 
=4 
multiply by 3 
Y subtract input from product 
i 
y 
19 20 
list of numbers 
55 .j 
Ii 
add numbers in list 
k 
divide sum by number of numbers 
C 
1 
output 
121 22 
6(3)x 3x2-x=2 
23 x 24 x 
-2 -3 -3 4 
-1 -1 0 -5 
0 1 0 5 
1 3 -3 -4 
2 5 5 0 
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